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On Generalized Notion of Convergence by Means of
Ideal and Its Applications

Vladimir Balaz

Faculty of Chemical and Food Technology,
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Radlinského 9,812 37 Bratislava, Slovak Republic. Email:
vladimir.balaz@stuba.sk

Dedicated to the memory of Professor Tibor Saldt (*1926 — 12005)

Abstract: The starting point of this paper is the notion of Z—convergence, intro-
duced in this way by the paper [23]. Z—convergence is the natural generalization
of the notion of statistical convergence (see [13], [35]) which generalized the no-
tion of classical convergence and has been developed in [4], [5], [11], [16], [21],
[22], [24], [37] and [41] . This paper points out the usefulness of Z—convergence
mainly in number theory.

Keywords: Z—convergence, density, sequence, arithmetical function.

Introduction

The notion of statistical convergence was independently introduced by H. Fast
(1951) [13] and I.J. Schoenberg (1959) [35]. The notion of Z—convergence from
the paper [23] corresponds to the natural generalization of statistical convergence
(see also [10] where Z—convergence is defined by means of filter—the dual notion
to ideal). These notions have been developed in several directions in [4], [5], [11],
[16], [21], [22], [24], [25], [37], [41] and have been used in various parts of math-
ematics, in particular in number theory, mathematical analysis and ergodic theory,
for example [3], [7],[12], [14], [17], [18], [22], [33], [34], [38], [40], [39]. This
paper points out the usefulness of Z—convergence mainly in number theory.



Statistical convergence and Z—convergence

Both notions, statistical convergence and Z—convergence are a very natural gener-
alization of the classical convergence, which can be defined as follows.

Definition 1. We say that a sequence X = (z,,)%, of real numbers classical
converges to areal number L € R and we write lim,, ., z, = L, if foreache > 0
the set A(e) = {n : |z, — L| > &} is finite.

This definition is saying that for every ¢ > 0 sets A(e) are small in some
sense, it is clear that it is from cardinality point of view (final sets are small and
infinite are big). The notion of statistical convergence is based on the notion of
asymptotic density of sets of positive intigers N.

Definition 2. Let A C N. If m,n € N, m < n, we denote by A(m,n) the
cardinality of the set A N [m, n]. Limits

d(A) = liminf M, d(A) = limsup Aln)
n—00 n n
are called the lower and upper asymptotic density of the set A, respectively. If
there exists limit lim,, A(i’"), then d(A) = d(A) = d(A) is said to be the
asymptotic density of A.
We recall the definition of the notion of statistical convergence.

Definition 3. We say that a sequenge x = (x,,)> of real numbers statistical
converges to L € R and we write lim —stat x,, = L, if for each £ > 0 we have

d(A()) = 0.

Sets A(e) have asymptotic density zero, thus they are also small from a dif-
ferent point of view than it was in the Definition 1. Mathematics has several tools
how to express that a set is small, e.g. cardinality (finite sets), measure (sets hav-
ing measure zero) and topology (nowhere dense or sets of the first category). The
unifying principe how to express that a subset of N is small is the notion of an
ideal T of N. We say that a set A C N is small set if and only if A € Z. Recall the
notion of an ideal Z of subsets of N. Let Z C 2.

T is called an ideal of subsets of N, if Z is additive (if A, B€ Zthen AU B €
7T) and hereditary (if A € Zand B C Athen B € 7).

10



An ideal 7 is said to be non-trivial ideal if T # () and N ¢ Z. A non-trivial
ideal 7 is said to be admissible ideal if it contains all finite subsets of N.

Definition 4. We say that a sequence X = (z,,)°° ; of real numbers Z—converges
to L € R and we write Z — lim,,_,, x,, = L, if for each ¢ > 0 we have A(¢) € Z.

We shall say that the Z—convergence is generated by the ideal Z. In the paper
[23], the concept of Z—convergence is transported in a metric space and there is
observed that the basic properties of convergence are preserved also in a metric
space. In [24], the concept of Z—convergence is extended to a topological space.
For our purposes, sequences of real numbers are sufficient.

We recall the notion of uniform density.

Definition 5. Let A(m, n) denote the same as in the Definition 2. Put

as=minA(n+ 1,n+s), o =maxAn+1,n+s).
n>0 n>0

The following limits exist u(A) = lim,_,oc %, U(A) = lim,_,o & and they are
called lower and upper uniform density of the set A, respectively. If u(A) = u(A)
then we denote it by u(A) and it is called the uniform density of A.

It is clear that for each A C N we have

u(A) < d(A) < d(A) <a(A). (1)

If Z is an admissible ideal then for every sequence x = (z,)°; of real num-
bers we have immediately that lim,, ., z, = L implies that x = (z,,)2, also
T —converges to L, thus Z — lim,, ,, x,, = L. The following example shows that
the opposite is not true.

Example 1.

Let P be the set of all primes. Define x,, = 1 for n € P and z,, = 0 oth-
erwise. For the reason that u(P) = 0 (see [8]), we have that x = (z,,)% is
7, —convergent and also Z;—convergent to 0 but it is not convergent. On the
basis (1) we have Z, C Z; where Z, = {A C N : u(A) = 0} and Z;, =
{A Cc N : d(A) = 0}. To prove that Z, # Z, is enough to take the set
A= {10F +1,10F +2,...,10* + k} and we have d(A) = 0, u(4) = 0
andu(A) = 1.
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Examples of Z-convergence

Example 2.

a) The class of all finite subsets of N forms an admissible ideal usually denoted
by Z;. Then Zy—convergence coincides with the classical convergence.

b) Let o be a density function on N, the set Z, = {A C N : p(A) = 0} is
an admissible ideal. The most commonly used ideals are Z;, Z5, Z,, and Z},
related to asymptotic, logarithmic, uniform and Alexander density respec-
tively. These ideals generate Z,—, Zs—, Z,—, and Z—convergence respec-
tively. The definitions for those densities can be found in [2], [3], [15], [18],
[21], [31] and [36].

c¢) For an ¢ € (0,1) the set 79 = {ACN : > 4079 < +oo}is an
admissible ideal, which generates Ic(q)—convergence (see [18], [23]). The
ideal 7" = {ACN : >, a !t < +oo} is usually denoted by Z,. It is
easy to see, that for any ¢1, ¢2 € (0, 1), ¢1 < g2 we have

Iy T C T C 1. C 14 C T, )

d) A wide class of Z—convergence can be obtained by means of regular non
negative matrixes T = {t,, 1 }n xen. For A C N we put dE_EZ)(A) = o tuxalk)
for n € N where Y 4 is the characteristic function of A. If lim,, . dgf ) (A) =
dr(A) exists, then dr(A) is called T—density of A (see [27], [23]). Put
Zisp = {A C N : dr(A) = 0}. Then Z,, is a non-trivial ideal and
1 i.—convergence contains both Z;— and Zs;—convergence. For the matrix
T = {tnx}nren Where t,, ) = @ for k < n, k| nandt,, = 0 other-
wise we obtain p—convergence of Schoenberg (see [35]), where ¢ is Euler
function.

e) Let x be a finitely additive measure on N. The family 7, = {A C N
p(A) = 0} is a non-trivial ideal generates Z,—convergence. In the case if ;1

is the Buck measure density ((see [9], [31]), Z,, is an admissible ideal and
7, <1,

f) Let N = U;’;l D; be a decomposition on N (i.e. D, N D; = 0 for k # 1).
Assume that D; (j = 1,2,...) are infinite sets (e.g. we can choose D; =
{2971.(2s —1) : s € N} forj = 1,2,...). Denote Zy the class of all
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A C N such that A intersects only a finite number of D;. Then Zy is an
admissible ideal, which generates Zy—convergence.

The fact Z. C Z, follows from the following result in the paper [32]. Let
ACNand Y, < oothen d(A) = 0. The opposite is not true as it shows
Example 1. For the set of primes P, we have d(P) = O but ) _p é = 00. Thus
I, #1,.

The following example shows that for any ¢1,¢2 € (0,1], ¢1 < ¢o we have

Ic((h) C IC(QQ) .

Example 3.

Define the sequence X = (z,,)2, as follows: z,, = 1 forn = k% and x,, = 0
otherwise. Then Z,, — lim,,_, x, = 0 butx = (2,,)%, is not Z,,—convergent.

It is easy to prove the following lemma.

Lemma 1. If Z; C Z, then the statement Z; — lim,, .., x, = L implies
Ty —lim,, oo T, = L.

On the basis of Lema 1. if we examine the generalized convergence of the
sequence X = (z,,)5° 4, it is interesting to find the smallest element (if such exists)
in the class of all ideals Z (partially ordered by inclusion) for which the sequence
x = (2,)°, is Z—convergent.

Appllications

a) Normal order
Recall the notion of normal order

Definition 6. The sequence x = (z,,)%°; has the normal order 'y = (y,,)°2,
if for every ¢ > 0 and almost all (almost all in the sense of asymthotic
density) values n we have (1 — €)y, < x, < (1 + &)yp.

Let n > 1 be an integer with its canonical representation

— 2 QX
n=py Py Pp -

Put
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b)

w(n) — the number of distinct prime factors of n, thus w(n) = k
Q2(n) — the total number of prime factors of n, thus 2(n) = a;+as+. . .+
d(n) — the number of divisors of n, thus d(n) = >, ;0 1.

In the paper [20] we can find that the normal order of w(n) is In In n. Further
the normal order of €2(n) is also InInn and the normal order of Ind(n) is
In 2 In Inn. for more examples of normal orders see [20], [26] and [36].

Authors of the paper [34] pointed out that one of the equivalent definition of
the notion of normal order is as follows (for equivalent definitions see [36]):
The sequence X = (x,,)° ; has the normal order y = (y,,)22; if and only if
Ty —lim,, oo &2 =

Yn
w(n) )OO ( Qn) )00

Directly from this definition we have that sequences (ln T ) e

and ( In d(n) )OO are statistically convergent to 1. Thus

In2lnlnn
Q Ind
7, b P g g B0 g gy, A
n—oo Inlnn n—oo lnlnn n—oo In2lnlnn

In [6] it is proved that these sequences are not Ic(q)

(0, 1].

—convergent for all ¢ €

Pascal’s triangle

The n-th row of Pascal’s triangle consists ot the numbers (7), (7),..., (,",), (

Their sum equals to 2" = (1 + 1)" = Y5, (7). Let I'(t) denote the

number of times the positive integer ¢, ¢ > 2 occurs in Pascal’s triangle.
That is, I'(¢) is the number of binomial coefficients (7}) satisfying (}) = t.
['(t) > 1. Consider that every binomial coefficient t = ( ), n > 4 oc-
curs in Pascal’s triangle at least 4 times ((3), (,",), (}). (,* )) In [1] it is
proved that the average value (recall that average value of I'(t) is defined
as lim,,_o0 = STt ) and normal order of I'(¢) is 2. Thus we have that
Zg — limy_, o I'(t) = 2. The paper [19] shows that for every 1 > ¢ > % we
have also 7.9 — lim;_,, I'(t) = 2 but it does not hold for any ¢, 0 < g < %

Niven’s functions

Let n > 1 be an integer with its canonical representation

— €2 Qe
n=py PPy -
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d)

e)

Put H(n) = max{ay,ag,...,ar} , h(n) = min{a, as,...,a;} and
H(1) = 1, h(1) = 1 (so called Niven’s functions). In [29] there is
proved that the average value of (n) is 1 thus lim, . + > A(t) = 1
and lim,,_o. = >} | H(t) = C, where C is Niven’s constant given by the
formula C' =142, (1— z5) = 1.705211 ..., where ((k) = > 7| ¢ is

<) n=1 nk
the Rieman zeta function. In [34] it is proved that the sequences (% ),

Inn
1

and ( 11{11(2))2022 are dense on interval (0, -5 ) and both are Z,—convergent to

zero. In [6] functions H (n) and h(n) were studied again and authors proved

that the situation is a bit different for Iéq)—convergence of the sequences
(%)ZO:Q, (Ifn(z))zo:? The sequence (M)OO:2 is IC(Q)—convergent for ev-

Inn/n
ery ¢ € (0,1] and (H("))ZO:2 is Iéq)—convergent only for ¢ = 1, thus it is

Inn

7Z.—convergent and it is not 79 —convergent for any ¢ € (0, 1).

Functions f(n) and f*(n)

Let n > 1 be an integer with its canonical representation

— 1 a2 (895
n—pl 'p2 '...'pk.

Put f(n) - the product over the divisors d of n, thus f(n) =[], 4., d and
ff(n) = @ these functions were introduced by J. Mycielski in [28]. In

the paper [40] it is proved the following equality:

T4 — lim Inin f(n) ~7T,— lim Inln f*(n)

n—oo Inlnn n—oo Inlnn

lnlnf(n))oo and (lnlnf*(n>>oo (@)

The sequences are not Z.'—convergent
Inlnn Inlnn

for all g € (0, 1] (see [6]). "

=14+1n2.

n=

Function a,(n)

The function a,(n) is defined as follows: a,(1) = 0 and if n > 0, then
a,(n) is a unique integer j > 0 satisfying p’ | n, but p’ ™! { n, thus a,(n) =
max{j € N: p/|n}i. e., p2™||n.

Let us recall the result from [38] there was proved that the sequence <1n pa”—(”))

Inn =2

oo
is Zy—convergent to 0. Moreover the sequence <ln p‘ﬁ—?) is Iéq)—convergent
n=2

to 0 for ¢ = 1 and it is not Z.”—convergent for all ¢ € (0, 1), this was shown

15



g)

in [14]. In [3] it was proved that this sequence is also Z,—convergent to 0. It
is known that Z,, C Z, but the ideals Z. and Z,, are not disjoint and moreover
Z. < Z.and Z. € Z,,. For example PP, the set of all prime numbers belongs
to Z, but does not belong to Z.. On the other hand the set A (see Example

1.) does not belong to Z,, but it belongs to Z..

Functions (n) and 7(n)

In the paper [28] new arithmetical functions were introduced in connection
with representation of natural numbers of the form n = ab, where a,b are
positive integers. Let

_ b by _ b
n—al —GQ—"'—CL,Y(H)

be all such representations of given natural number n, where a;, b; € N.
Denote by 7(n) = by + by + - - - + by(n), (n > 1).

It is clear that y(n) > 1, because for any n > 1 there exist representation
in the form n'. In [14] there is shown that the sequences (y(n)) -, and

n=2
(7(n)).—, are T —convergent to 1 for all ¢ € (%, 1] and they are not Z*—
convergent for all ¢ € (0, %] As a consequence of the Lemma 1. we have
that both sequences are Z;—convergent to 1 and so they both have normal
order 1.

Olivier’s theorem

The following well-known result was published by L. Olivier in 1827 (see
[30).

If> > a, <oo,a, >0anda, > a,41, (n =1,2,...) thenlim,, o na, =
0. Simple example show that without the monotonicity condition a,, >

ani1, (n=1,2,...), the sequence (na,)>2; need not converge to zero. Let

us consider a,, = % ifn =k, (k=1,2,...)and a, = 7712 otherwise.

Then a,, > 0 for all n, 220:1 a, < oo but lim,,_,, na, # 0. The autors in

[39] dealt with the question as it would be the case if the sequence would

converge to zero in some weaker sense. They studied the ideals Z with the

following property:

If> " a, <oo,a,>0,(n=12,...)then Z — lim,_, na, = 0.
They proved that Z. is the smallest such ideal.
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TWO CLASSES OF POSITIVE SOLUTIONS OF A DISCRETE EQUATION

Jaromir Bastinec, Josef Diblik
Faculty of Electrical Engineering and Communication, Brno University of Technology,
Technicka 10, 616 00 Brno, Czech Republic,
bastineclfeec.vutbr.cz,diblik@feec.vutbr.cz

Abstract: In the paper we study a class of linear discrete delayed equations with perturbations.
Boundaries of perturbations guaranteeing the existence of a positive solution or a bounded vanish-
ing solution of perturbed linear discrete delayed equation are given. In proofs of main results the
discrete variant of Wazewski’s topological method and method of asymptotic decompositions are
utilized.

Keywords: positive solution, discrete delayed equation, perturbation.

INTRODUCTION

Discrete delayed equations are studied by many authors see e.g. books [1], [[16],[17], [21] and
papers [2] - [[15], [L8]] - [20], [22].

Denote Z? := {s,s+1,...,q} where s and q are integers such that s < ¢. A set Z2° is defined
similarly.
In the paper the scalar linear discrete equation with delay

k
Ax(n):—(kil) kilx(n—k)—l—w(n) (1)
is considered where function w: Z° — R will be more precisely defined later, £ > 1 is fixed
integer, n € Z:°, and a is a whole number.

We will find below and upper boundaries of perturbation function w in order to give sufficient
conditions for (] to have positive solutions or bounded vanishing solutions.

We prove that there exist two positive solutions x = z1(n), z = x5(n) of the equation (I]) defined
for n — oo such that x1(n) does not depend linearly on x5 (n) and

lim 22 (n)
n—-+oo 1(n)

= 0. 2)

Together with the equation (1) we consider equation without perturbation w:

"1
autn) == (1) ppvtn b ®

Its well-know, that the equation (3)) has two linearly independent positive solutions
(n) =wi(n) = —k ’ “4)
n n n 4
Y1 ®Y1 L+ 1
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and

k n
y2(n) = p2(n) = (k—Jrl) ; &)
defined onn € Z;°, a > 0 and satisfying
im 20 _
n—-+0oo Y1 (n)

The paper is organized as follows. In Part|I| necessary auxiliary notions and results are collected.
Main results are given in Part

1 PRELIMINARY
Letb,c: Z2°, — R be given functions such that b(n) < ¢(n), n € Z°, and
Q(n) :={z(n),ne Z°, : b(n) <z < c(n)}.
Let us consider the scalar discrete equation
Au(n) = f(n,u(n),u(n —1),...,u(n —k)), (6)
with f: Z>° x R*! — R,
Below we utilize a nonlinear result concerning the existence of a solution of () with the graph

remaining in a prescribed set.

Lemmal Let f: Z*° x R*' — R be continuous with respect to last (k + 1) coordinates. If,
moreover, the inequalities

f(n,b(n),uy,...,ux) —b(n+1)+b(n) <0, (7)

Fc(n), s . ug) = e(n+1) + e(n) > 0 ®)
hold for every n € Z>° and every
up € QUn—1),...,u, € Qn — k),
then there exists an initial problem
u(a—m)=u,, € Qa—m), m=0,1,...,k
such that the corresponding solution u = u*(n) of equation @ satisfies for every n € Z>°, the
inequalities

b(n) < u*(n) < c(n).

This result is proved in [2, 6] by a discrete variant of Wazewski’s topological method.
Due to the form of the right-hand side of the linear discrete equation ([1) the Lemma|l{implies the
following statement.
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Lemma 2 [f inequalities

k’ k U
_<k+1) b+ 1) + () + () <0, 9)
_(k)k S —e(n+1) + c(n) +w(n) >0 (10)
k_l_l k+1 c\n cln win

where

b(n —k) <u, <cln—k)
hold for every n € Z7° , then there exists an initial problem
u(a—m)=u,, m=0,1,... k

where
bla—m) <u, <cla—m)

such that the corresponding solution v = u*(n) of equation (1)) satisfies for every n € Z:°, the
inequalities
b(n) < u*(n) < c(n).

In the following, the symbols O and o mean the Landau order symbols.

Lemma 3 [/5] Let 0 € R and d € R be fixed. Then the asymptotic decomposition

o R
(1+§) :1+ﬂ+u+0(1) (11
n n

2n2 n3

holds for n — oc.

2 MAIN RESULTS

2.1 Ecxistence of a positive solution asymptotically equivalent with ¢, (n)

Let p € (0, 1) be fixed and ¢, 0 are a positive constants. Define

k ! oo
b(n) = (n — Enp> (/{;——l—l) , N E Zaflw (12)
c(n) := (n+ dnP) L ' nezZ> (13)
' k+1) -

Theorem 1 Letp € (0,1), ¢ > 0and § > 0. If inequalities (9)), with functions b and c, defined
by formulas (12)), hold for every fixed n € Z° and

w(n)=o (n;—p (%)7) ’
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then there is an initial problem
zr1(a; —m) =x1(—m) € Qay —m), m=0,1,...,k

where a1 > a exists, such that the corresponding solution x = x1(n) of equation satisfies for
everyn € Zg_, the inequalities

(n — en?) (k—L) < 21(n) < (n + 0n?) (%1)

z1(n)

and

=1 (14)

lim
n—-+00 1(n)
Proof: Without loss of generality assume that the number a; > a is sufficiently large and that for
n>a —k,b(n) < c(n) is valid.
We prove inequality (T0)). Let

H:-—(kil) k:l—bifl —c(n+1) +c(n) +wn)

>_(k—]l€—1) kilc(n—k)—c(n+1)+c(n)+w(n)

:_<ki£Y?i1Kn_@+5m_km(Eéiylk

—[(n+1) 4 8(n+1)] ( a )nH + (n + on?) (L)n + w(n)

E+1 kE+1
E\" 1
= _ - — — p
Y S
k
—[(n+1)+d(n+1)7] (—) + (n+5np)} + w(n)
kE+1
E\" 1 k
:(k+1) ({_k+1(n_k)_(n+l)k+1+n]
—Lé(n — k)P — L<5(n + 1)P +nP ) +w(n) = (*).
kE+1 kE+1
The term in square brackets is equal to zero since
1 k —(n—Fk)—k(n+1)+nk+1)
{ Al Al U )k+1+”} kot 1 0
So we have

() = (,{%1)” (—5(2111{)]) - kilé(n+ 1)p+6np) +w(n) =
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ont <L>n (_(” L)AL +p1)p +k+ 1) +w(n) = ().

E+1\k+1 np n
Now we use asymptotical decomposition (see Lemma/[3), for d = —k and o = p:
E\? k —1)k? 1
LA R U ) Y R (15)
n n 2n? n3
and ford =1 and o0 = p:
1\” —1 1
<1+—> :1+£+p(p—2>+0<—3). (16)
n n 2n n

n
_on? E\" _1_|_p_/<?_p(p—1)k;2
o k+1\k+1 n 2n?
—k — pk WJA)( )+k:+1} w(n).
_ P plp _plp— 1Dk 1
_k+1(k—|—1) 52 +0 = + w(n).

S e e

The term in square brackets is positive, because p € (0, 1) and the difference (p — 1) is negative.
Since
B 1 E\"
0= (5 (7))
then

(ex5) ~ /ﬁpl <ki1>np(];7;1)(_k)<k+ )= on (kil)np(pz_ k) > 0

and H is positive too.
Similarly we can prove that inequality (9) holds for sufficiently large n.
The limit (T4)) is obvious, because

k " k "
_ p - p .
0<(n 5n)(k+1) <x1(n)<(n+5n)<k+1)
and "
+ on?
n——+oo 901 (n) n—-+oo n (k_H)
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2.2 Existence of a bounded solution

New, let p € (0, 1) be fixed and ¢, § are a positive constant. Define

k " o0
b(n) = —en? (k—+1> . neZe, (17)
c(n) = on? —k ' nezZx (18)
o k+1) 7 a—h:

Theorem 2 Letp € (0,1) and e > 0, 6 > 0. If inequalities ), (I0) with functions b and ¢, defined
by formulas (I7), (18) hold for every fixed n € Z2°,

w(n)=o <n21—p (kziﬂ)n> ’

*(ag —m)=2a",, € Qa —m), m=0,1,...,k

then there is an initial problem

where a1 > a exists, such that the corresponding solution x = x*(n) of equation satisfies for
everyn € Z;7_, the inequalities

E\" E\"
—enP [ 2 * >
en (k—i—l) <z"(n) <dn (k:+1> :

Proof: Without loss of generality assume that the number a; > a is sufficiently large and that for
n>a; —k, b(n) < c(n) is valid.
We prove inequality (T0)). Let

G::—(kf_l) klfl —c(n+1)+c(n) +wn)

>_(k—]|€—1) kilc(n—k)—c(n+1)+c(n)+w(n)

"1 B\
= — — kY[ —
<k+1) pe ) (k+1)
_ Pl ___ P ____
d(n+1) (k—|—1) +dn (k;—l—l) + w(n)

_ Ll ' _%&n—k)p—a(nﬂ)p Ll Lo | +w(n)

<k+ ) [ k + k +

:(L)nnp[_ 0 -k _gntl)r k +5]+w(n)
(

k+1 np n?  k+1

" 1 (n—kP (m+1P k
>5np[_k+1 v he1 Y te

26



_ (kil)nkilénp [— (1-%)p—k(1+%)p+(k+1)] +w(n) = ().

Now we use formulas (I3)), (T6). After substitution into (x) we have

E\" 1 pk plp—1)k? 1
— p _ - > 7 -
() = on (k—i—l) /{;—i—l[ 1+n 2n? © n3

:(W( k )" 1 l_p(p—l)ﬁ_p(p—l)k‘JrO(i)}+w(n)

k+1 k+1 2n? 2n?

zénp( k ) ! [p(p_l)(—/#—kwo(i)}+w(n)

k+1) k+1 2n?

— §n? (kil) kil [Mg;l)(—k)(m 1)+0 (%)] Fw(n) = (%),

Since for sufficiently large n

then

f kK N\ 1 plp—1) ek \"p—1)
(ox) ~ on <k+1> Pl 2 CPkED=0n (k+1) 7 ()

Because p € (0; 1), then (p — 1) is negative and (%) is positive. So G is positive too.
Now we prove the inequality (9) for

We get

GQ::—( k )k D% b+ 1) + b(n) + w(n)

<—< i )k b — k) = b(n+ 1) + b(n) + w(n)

L k e L n—k k n+1
— AV A 1P 2
(k+1) P (k+1) Tem+l) <k+1)

e (%1)” +w(n)
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B kE \" en? (n—k:)p+k(n+1)p
C\k+1) kE+1 np np

Now we use formulas (13), (I6). After substitution into (x x x) we have

(***)Z( - )n et [1_ﬁ+M+o(i)

—k— 1] +w(n) = (x%*%).

k+1) kE+1 n 2n2 n3
k — Dk 1

L (e LSNCY (L DR B
n 2n2 n3

- (ki1>nkg—tp1 {p(gy;l)k(kHHO (%)} Tl = (V).

For sufficiently large n we get

(V) ~ ( b )n e PP U)oy = (L)nmp—ka.

E+1) k+1 2n? E+1 2

Because p € (0;1), (p — 1) is negative, V is negative, and G is negative, too.

Since
lim n? L T 0
n—-+oo k +1 B
we get
nl—lgloom (n) = 0.
O
2.3 Existence of a positive solution asymptotically non-comparable with ¢, (n)
Let p € (0, 1) be fixed and let § > p be a positive constant. Define
b(n):=0, ne Z>,, (19)
c(n) = on? L ' ne 2z, (20)
o k+1) 7 a—h:

Theorem 3 Let p € (0,1), § > 0. If inequalities (9), (I0) with functions b and c, defined by
formulas (19), hold for every fixed n € Z2°, w(n) < 0,

e (7))

zo(a; —m) = xo(—m) € Q(ay —m), m=0,1,...,k

then there is an initial problem

where a1 > a exists, such that the corresponding solution x = x5(n) of equation satisfies for

everyn € Z7 . the inequalities
0 < x9(n) < on? k)
? k+1)
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Proof: Verification of inequality (I0) can be done by the same scheme as the proof of Theorem [2}
Now we prove the inequality (9) for b(n) := 0. Then

Gs ‘:_(kL) kqffl —b(n+ 1) + b(n) + w(n)

<—(k_’i1> kilb(n—k)—b(n+1)+b(n)—|—w(n)

=w(n) <0.
0

2.4 Existence of a positive solution of equation asymptotically non-comparable with
p1(n)

New, let p, ¢ € (0,1) be fixed and § > p is a positive constant. Define

k n
b('fl) =q (l{j——|—1) , n c Zgikn (21)
c(n) == onP <ki+1) , NE L2, (22)

Theorem 4 Let p,q € (0,1) and § > 0. If inequalities (9), with functions b and c, defined by
formulas 1)), hold for every fixedn € Z°, w(n) < 0,

w(n) =o (nzl—p (k:LJrl)n> ’

zo(ag —m) = zo(—m) € Q(ag —m), m=0,1,...,k

then there is an initial problem

where ay > a exists, such that the corresponding solution z = z5(n) of equation satisfies for
everyn € Zg, . the inequalities

k " k "
v p_N
q(k+1) < z3(n) < on <k+1> .

Proof: Verification of inequality (I0) can be done by the same scheme as the proof of Theorem [2|
Now we prove the inequality (9)) for b(n) := ¢ (k/k + 1)". Then

Gs ‘:_(kL) kqfl —b(n+ 1) + b(n) + w(n)

<—(k_’i1> kilb(n—k)—b(n+1)+b(n)—|—w(n)
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L k 1 k n—k L n+1
:_(k+1)kwﬁg<k+1> _q(k+1)

k+1 k+1 k41
E\" [-1—-k+k+1
_(k‘——i—l) q[ T } (n) =w(n) <0

O

Remark 1 It is well-known (we refer, e.g., to [17]) that the equation with constant and positive
coefficient p:
Ax(n) = —pz(n — k)

has a positive solution if
P = c

and every solution is oscillating for n — oo if

D> Ck

ok S|
P\k+1) k1

Therefore, Theorem |l| gives sufficient conditions for the existence of a positive solution when
lim,, . p(n) exists and equals to a critical constant, i.e.,

where

o pn) — tim () e = () L
e N 7NEE I A P Tt s R (O I B PR B

Remark 2 If Theorem |I|and Theorem 3| hold simultaneously then for solutions x1(n) and z3(n)

relation (2) holds since
k n
onP <—k: n 1) 5
< lim = lim ——— =0.

0o k " n 00 1-p _
- (n—gnl’) (k+1) o (n 5)

lim z2(n)
n—+o0o I (n)

CONCLUSION

In the paper, sufficient conditions for existence of two classes of eventually positive and asymptoti-
cally different solutions or for the existence of bounded solutions of equation (1)) are given provided
that the perturbation function w satisfies prescribed asymptotic behavior.
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METRIC SPACES AND CONTINUITY OF QUADRATIC FUNCTION’S
ITERATIVE ROOTS

Jaroslav Beranek
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Abstract: The article includes one interesting and atypical approach to the continuity of
second iterative roots of quadratic function g(x) = x2. In the first part of the paper there is
mentioned the description of second iterative roots of this quadratic function and the
proposition that the set of discontinuous second iterative roots of quadratic function q is
uncountable. In the second part there is constructed quasi-metric d, so that each second
iterative root of quadratic function q is a continuous mapping of space (R, d) into itself.

Keywords: Quadratic function, iteration, iterative root, uncountable set, metric space.

INTRODUCTION

This article is devoted to iterative roots of the simplest real quadratic function q(x) = x? and it
follows up in the topic the previous author’s article published in the conference proceedings
MITAV 2016. (See [4]). While examining the existence and properties of real functions’
iterative roots, the essential issue is the discrete point of view approach to these functions
when we treat these functions as mono-unary algebras and represent them with the help of
vertex graphs (See e.g. [3]). Such approach occurs quite rarely while teaching mathematics
both at secondary schools and universities. However, it facilitates efficient solutions to many
problems, not only from the theory of functional equations and mono-unary algebras, but also
from the theory of metric spaces, continuous mappings and others. First, let us mention basic
notions from the theory of mono-unary algebras, then introduce the definition and description
(the intuitive and formally precise ones) of the second iterative roots of real function q(x) =
x2. It is also necessary to give some statements which were proved in articles [2], [4] and [5].

1 BASIC NOTIONS AND VERTEX GRAPHS

A mono-unary algebra is an ordered pair (A, f), where A is a non-empty set and f is the
mapping of set A into itself. Such algebra will be shortly called a unar according to [9]. Unar
(A, ) is called continuous if for each pair of its elements a, b € A there exists a pair of non-
negative integers m, n with the property f "(@) = f M(b); otherwise the unar is called non-
continuous. Symbol f " denotes the n-th iteration of mapping f defined as follows: f1 =f, f" =
f of "1 where the symbol ° means the composition of mappings. Unar (B, g) is a subunar of
unar (A, f), where B is a non-empty subset of set A with the property f(B) < B and g is the
contraction of mapping f on set B. The maximal subunar (with respect to the set inclusion of
the carriers) of unar (A, f) is called a component of unar (A, f). The smallest subunar (if it
exists) is called a cycle of this component. Let us remark that in the iteration theory the carrier
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of the component of unar (A, f) is called an orbit of transformation f. On every unar (A, f)
there can be defined a pre-ordering <t (a reflexive and transitive binary relation) as follows:
Fora, b € Aholds a < b if and only if there exists non-negative integer n with the property
f "(@) = b. This relation <t is an ordering if and only if transformation f has no multiple-
element cycles, but only the one-element ones ([6], [12]). Letn € N, n > 1. Mapping g: A— A
is called an iterative root of order n of mapping f if g" =f. The set of all second iterative

roots of function q(x) = x* will be denoted \/E

Now let us mention the description of quadratic real function g(x) = x? using its vertex graph.
Unar (R, q) has just two finite components with carriers Ko = {0}, K1 = {-1, 1} with one-
element cycles {0}, {1} respectively. Further, it consists of innumerably many countable
components K, t € (0,1). These infinite components K; are isomorphic to each other, i.e. they
have the same vertex graph. This vertex graph is the same as for unar (Z, x), where 1: Z - Z,
u(z) =z +2 for odd z, u(z) = z +1 for even z; according to [9] these components are called
two-sidedly infinite chains with short chains. The vertex graph of function q is shown in
Figure 1 (here x1 = 1, xo = -1):

O %

0
X2

SO
&\\\\: )

Fig. 1. Vertex graph of duadfatic function Cj(x) = X2,
Source: own

Now let us describe formally the structure of functions f e\/?. We will show that there can

only be two possibilities for such structure (the proof is given in [2] and [5]). In the next part
of the article we will demonstrate how favourable and useful such description is. Let us
further note that in this description the term component represents the infinite component

because for finite components Ko, K1 and function f e\/g*there holds f(0) = 0, f(-1) = f(1) =
=1

Definition: Let for two components K., Kj of unar (R, q) and for any function f e\/;*there

hold:  f(x) € K, and f(y) € K; for every pair (x, y) € Ki x K. Then this pair of components
(K, KJ.) will be called an f-pair of components of unar (R, q).

Definition: Let (K, , K].) be an f-pair of components of unar (R, q), f e\/?. Then function
f| K, =f,;: Ki— K and function f | K, = f; - K; — K, will be called connective functions with
respect to the f-pair of components (K, Kj).
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Note: It is obvious that any component (K, f, ) of unar (R, f) can be created as follows:
K= KUK, where (K., Kj) is an f-pair of components, f, = f(j,i) uf(i’j), where f(i'j), f(m are
connective functions with respect to an f-pair of components (K, KJ.).

Lemma 1: Let us denote P = R —{-1, 0, 1}. Let f e\/g*. Let (K, f. ) be any component of
unar (R, f ), K < P. Then there exists an f-pair (K, , KJ.) of components of unar (R, q), for
which f, is either an even non-negative function or f, = f.., < f;; (with a suitable choice of
indices i,j), where f;; ., is an odd connective function and f;; is an even connective function
with respect to an f-pair of components (K, KJ.).

Note: Both possible cases of the construction of the second iterative roots of function q for
infinite components K; are demonstrated in the following Figure 2. In the left part there is
depicted the case when f, is an odd non-negative function, in the right part there is the case

f = i where f,., is an odd connective function and f;, is an even connective
function.

<oy

Source: own

2 CONTINUITY OF SECOND ITERATIVE ROOTS OF QUADRATIC FUNCTIONS

Now let us mention some statements which deal with iterative roots of function g (See e.g.
[2], [4], [5]). Let us further note that the monoid of endomorphisms End(R,q) is the set of all
real functions commuting to (interchangeable with) function g, with operation function
composition.

Lemma 2: For every function f: R — R, which is the solution of equation f ? = g, there holds
fogq=qofwhen \/g*c End(R,q).

Corollary: Every solution f: R — R of functional equation f 2(x) = x? is the solution of
functional equation f (x?) = [f(x)] 2.

35



Now we will consider the continuity of the solution of equation f ? = q, first in the classical
meaning of the real function connectivity. In [7] there is given one continuous solution, which

is f(x) :|x|ﬁ. This continuous solution of the given equation is a rare case. The following
Lemma 3 (See also [2]) can provide a certain answer to the problem of the continuity of the
solution of equation f = g.

Lemma 3: Thereexistsset F c {f:R - R; £2= g} with the following properties:

1° card F = 2% (=c);
2° every function f € F has an infinite number of the points of discontinuity.

Proof: Let {a } . {b},o be sequences for which a,= 2, b=

N |
[l
N
+

1 . . . .
b= an+2—n for every ne N, n > 2. It is obvious that the union of all intervals (‘an, bn ) for

n e N is the interval (2,3). Let us denote P as the set of all increasing sequences p = {rn }neNo :

p(n)=r, of real numbers from interval (2,3) defined as follows: p(0) = r, = 2 for every pe P,
p(n) =r, e (a,b,), while {p(n); p € P} = (a,b,) for every n € N. Then card P =

(2% )% = 2% = 2™ As for every sequence pe P there holds 3 —

e <p(n) <3 for every

n e N, then lim p(n)=3 for every sequence p < P. It is obvious that there are not any two

n—>0

members of any sequence pe P which would belong to the same component of unar

(R,q)= Z(K,,q,), and likewise there are not any two members of sequence 1
1e(0,1) p

n

(tj. {i} ), where r_ = p(n), which would belong to the same component of unar (R, q) for
nen,

any p € P. We will further demonstrate that for s, t € (0,1) with the property r,_ € K 2 e K
r

n

where r_, r_are members of one sequence or different ones from P, there holds s =t. Let us
assume to the contrary that there exist sequences {r, },_, ,1s,,},.,, € P and number t & (0, 1)

such thatr_ e Kt,,si € K.. Then for suitable ke N there applies either r, :(Si)zk ori:rjk :

From there we can get sjf .r,=lors_. r,fk =1, which is the contradiction to the assumption
r.=>2,s, =2

tl

Now we will assign to each sequence p e P the function fpe\/g* as follows: Let p ={rn}

neN, *
For every n e N, and every k e N, let us set fp(r,fk) =r?, fp(r,fk) = 2" Let K, K, be the
pair of different infinite components of unar (R, @), for which r_ e K, rn'le K, for some
n e N, Function f, will be extended to K  so that the restriction f, | Ks would be the
homomorphism of unar (K,,q,) to (K,.q,), while fp(—x) = fp(x) >0 (it is a simple special case of
the construction of all homomorphisms of one unar to another from [8]). Similarly, fp | K, will
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be homomorphism (K,, q,) into (K, g, ) such that fp(—x) = fp(x) >0 for every x € K,  and
fp| K, fp| K (where K™ = {x e K; x > 0}) project isomorphic corresponding two-sidedly
infinite chains to each other.

For every p e P let us denote K®

()]

as the set of all infinite components of unar (R, q) defined

as follows: K e K™ if and only if p(n) £ K, & K for every neN,. Let K (3), or K (g)

p(n)
denote the component of unar (R, q) containing number 3, or é Because 3 < 3” and

(9] for

1 < 37" <1,8 for every k e N, then K(3) N é’é = =K@ N 23), s0 K@) eK
every p e P. Further, 3 < 3% implies (é)” < é and also 3 <27 for every k e N, from where

there follows the inequality é < (é)” <1 (the last inequality is evident), so also K (é) N

(
e P. There holds card K

,é) =¢= K(é) N (2,3). Then there holds K(3) e K(p), K(é) e K® for every sequence p
()

W |~

= 2. Let {K!”’, K{"’} be a two-element decomposition of set
1
K® such that K(3), K(E) e K", cardK(” = card K("’. Let go(p), go(p):Kj”)—) K", be a

bijection (firmly selected for every p € P and the given decomposition of set K(p)). For every
(p) (p)

pair of components K e K", ¢ (K) € Ki” let us extend f to K v ¢ (K) so that

£ (K) = o (K), fp(go(p)(K)) <K, further fy | K is an odd function, fp | »”(K) is an even one and

there holds f,f x) = X’ for every number xe Ku (/)(p)(K) . Next, let us set fp(O) =0, fp(—l) =

fp(l) = 1. Thus the function fp is defined on set R. Now, we will show that fp e\/;*.

If x is an element of the union of sets (K v Ko w Ky ) for KeK®, then f; (x) = X (with
respect to the extension fID on the union of the given components). Let x = rf, where

p(n) =r,and k,n e Ny Then £ (x) =f,(r,”) = 7" =", and similarly if x =, , then

f; (x) = fp(rj”]) = rn‘zk” =% If x # r,fk, then for every n € N, and every k e N, let us
denote K, as the component of unar (R, q) with the property x € K, r, € K, for some ne N,,.
In view of the definition of function f on set K, L K, where K is a component of unar (R, q)
containing 1L , we will get that f,f x)= X

n

Such assignment p — fp for every p e P defines the mapping of set P to \/E*. We will
show that the mapping is an injection. Let p, , p, € P, p, # p,, p,(n) =r, , p,(n) =s, for
every n e Ny, r,, s, (2, 3). According to the definition of function f, there holds

n )

i i i i
fo () = fp(r) =~ fy ()= £, () = . Letr, eK, — eK,, t s e(01).
1 1

i y
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Then K, , K.e K(P2) If the components K., K belong to one block of decomposition

(kP2 K(P2)Y of the set of components K(P2), then f, (r) = f, (r). because
fo, () £ K. Let then K e K{P2), K, € K{P2) and let then assume that K, = ¢tP2)(K)),

(where o(P2)is a bijection corresponding to decomposition {K!P2), K{P2)}) Then there
again holds f, (r, ) & K, so f, (r; ) # f, (r,). To the contrary, let us assume that

K, = ¢{P2)(K ) (the case ¢'P2)(K )= K, is analogical to the case ¢P?)(K ) # K_).

Then f, (=) = —f, (L) <0, f, (=) = r7>0, and there holds again f, (-—) =
r r, o o

f, (—i). Thus we proved that in all possible cases there holds f, = f, . If we set
S

F={f,;p eP}thencard F=card P = 2% and at the same time F c\/g*.

In order to conclude the proof there remains to show that every function f e F has an infinite
k k
set of discontinuity points. Let us denote set M, M = {3% ; k € Z} U {(%)2 :k € Z}. Let

fpe F be any function, let p be the corresponding sequence from set P, where r. = p(n). Let
k e Z be random. There holds

. k k . k . ok ok ) _ok )
lim r2 =32, lim f (rZ )= limry? =372, lim f(r;? )=limr,
n

| 2K41 -3 K41
N =
nN—o0 n—oo n—oo n—oo —>»00

According to the definition of function fIO there holds fp 3) £ K(é), S0 fp(32k) = 37

fp(3‘2k ) = 37+ for every k e Z, therefore function f, is discontinuous in every point of set M.
Thus the proof is finished.

In the following part of the paper we will deal with the problem of the continuity of the
second iterative roots of function g generally, i.e. in the non-Euclidean metric. We will
present the construction of non-symmetrical non-discrete quasi-metric d (in the definition of
the metric there is omitted the requirement for the symmetry) which gains infinitely many
values on R x R and for which every solution of equation f 2 = ¢ represents the continuous
mapping of space (R, d) into itself. Let us note that this required quasi-metric d is function
d: R x R — Ro*, for which there holds:

() (v%, yeR)d(xy) =0=x=Yy,
(ii) (v, y, ze R) d(xy) + d(y,2) > d(x.2).

Let us now define quasi-pseudo-metrics do, ..., dk (there does not hold (i), k € No , as
follows:

ey y2m
do(x,y)={ 0 dmeNgy:x=y o
1 otherwise
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2m

d,(x,y)= 0 x:vaImzlf+1:x=y
1 otherwise

Let us further define function d: R xR — Ro* with the following formula:

d(xy)= Y “rd(xy)
k=02

We can easily prove that this non-negative real function d already satisfies (i) and (ii), so it
is a quasi-metric on R. The condition (i) follows from the evident fact that d(x,y) = 0 if and
only if dk(x,y) = O for every non-negative integer k, which according to the definition of quasi-
pseudo-metrics dk is valid only in the case x = y. The condition (ii) can be proved as follows:

_ 1 — 1 R
dixy) +dy2) = Y —dy(xy) * Y —di(y.z) T Y —ldi(xy)+di(y.z)] =
k:O2 k=02 k:O2
(e 0] l _
ZTdk(x,z)—d(X,Z)-
k=02

Therefore function d is a real quasi-metric. The range of this quasi-metric are elements of the

set union {0, 2} U {L; n € No}, i.e. this quasi-metric assumes infinitely many values on R.
2}’1

The only problem represents the value d(1,-1) due to the shape of the vertex graph of function

q(x) = x?. So it is necessary to define d(1,-1) = 1. Now the quasi-metric d is defined on the

whole setR xR .

In the following Theorem and its proof we will denote P = R — {-1}. qp is the contraction of
function g on set P, d, is the contraction of function d on set P x P. Finally, let us mention the
denotation C(R, d) for the monoid of all real functions of one variable continuous in metric d.

Theorem: There exists quasi-metric d on set R for which holds:

(a) Every functionf e \/g* is the continuous mapping of space (R, d) into itself.

(b) The bijective mapping f of subspace (P, dp) of space (R, d) into itself is an isometric
mapping if and only if there holds f(x?) = [f(x)]? for every x e P (i.e. f € End(P, qp).

Proof: (a) Let us consider the above defined quasi-metric d: R x R — Ro™. We will prove that
there holds \/g*c C(R, d). Such inclusion can be obtained as the result of a stronger

statement, namely from the inclusion End (R, q) < C(R,d), which together with inclusion
\/g*c End(R, q) proved in Lemma 2 (See [2], Theorem 1) leads to the inclusion in (a).

Let then f € End (R, ), i.e. f(x*) = [f(x)]? for every x € R. Let xo € {0, 1, -1}, then
f(xo) € {0, 1}. If &£ >0 is random, for 6 <1 (with respect to the definition of d) there holds
Ka(Xo, 6) = {Xo}, and thus f(Ka(xo ,0)) < Ka(f(X0),&), which means the continuity of function f
in point Xo.
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Now let xo be an element of an infinite component of unar (R, q). Let £ >0 be random. If
& > 2, then Kq(f(Xo), &) = R, so for any & > 0 there holds f(Ka(xo , 0)) < Ka(f(Xo), &). Let us
assume that 0 <& <2. Letus set 5= & If £ > 1, then Ka(x, &) = {x2", n e No}. We will show
that f(Ka(Xo , 0)) = Ka(f(xo), &). Let t e f(Ka(Xo ,9)), X € Ka(Xo, 6) with the property f(x) = t.
Thenx = X02” for suitable n e No. We will obtain

t = f(x) = ( XOZ”) = [f(x )]2” e Ka (f(x0), &), so f (Ka (Xo, 9)) < Ka (f(Xo0), &). Now let
t € Ka (f(xo), €). Then again there exists a number n € No such that t = [f (Xo )]2” =1f( onn ) e

f(Kd (x0,0)). Thereby we get the desired equality f (Ka (xo, 9)) = Ka (f(Xo0), &). If £ <1, let us
denote p as the smallest natural number with the property 2! < &. Then Ka(Xo, 6) = Ka(Xo, &)

={x,2 ;0 =0, p+l, p+2, ..}; Ka(f(x0), &) = {f(x,2"); n =0, p+1, p+2, ...}. Applying the

similar method as described above, we will show that there holds f (K4 (X0, 0)) = Kq (f(X0), &).
Thus we will obtain the continuity of function f in every point xo € R. According to Lemma 2

there holds \/g*c End(R,q). The just proven statement (a) means that there holds End(R,q) —
C(R,d); thus altogether\/g*c C(R, d).
(b) Let us consider subspace (P, dp) of space (R, d). Let f: P — P be a bijective mapping with

the property f(x?) = [f(x)]? for every x e P. For any pair of points xi, X2 € P, X1 # Xz, there will
hold one of these cases:

(i) x= X22” for suitable n e N,
(i) X2 = x, 2 for suitablem & N,

(i) X1 |q X2 .

In the case (i) there holds dp(f(x1), f(x2)) = dp(f(x1), f( X12m )) = do(f(x1), [f(x, )]zm) = 1 _=
2m+

dp(Xa, xlzm ) = dp(X1, X2).

In the case (i) dp(X1, X2) = 2 = dp(f(x1), f(x2)); let us note that f is an automorphism of unar

(P1 qp)
In the case (iii) there holds dp(x1, x2) = 2. If there was dp (f(x1), f(x2)) <1, then according to the

definition of quasi-metric dp we would find out that there exists n € N with the property f(x1)
= [f(x, )]2” . Then f( X22") = f(x1) (with respect to formulafo g = q o f). At the same time

there applies x1 = X22” , Which is the contradiction to the bijectivity of mapping f. Then there
must hold dp(f(x1), f(x2)) = 2, so f is an isometric mapping of space (P, dp) into itself.

On the contrary, let f be an isometric mapping of space (P, dp) into itself. Let xo € P be any
point, Xo & {0, 1}. There holds dy(f(X0?), f(Xo)) = dp(Xo?, Xo) = 1, from where f(xo?) = [f(X0)]?
with respect to the definition of quasi-metric d. Let xo e {0, 1}. Then set {xo} is ambiguous
(i.e. open and closed) in space (P, dp). As the isometry retains the set ambiguity and the
isometry is a homeomorphism, there holds f(xo) e {0, 1}. There is no one-point subset of
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space (P, dp) different from {0}, {1} which is ambiguous. But then with respect to the
definition of quasi-metric dp and the bijectivity of mapping f there holds: dp(f(0), f(1)) =
do(f(1), f(0)) = 2 = dp(0, 1) = dp(1, 0). If we consider the definition of quasi-metric dp and the
form of the vertex graph of function g, we will get the formula f 0 g = q o f. Thus the proof is
finished.

CONCLUSION

The paper follows up the author’s article [4] which was published in the Proceedings from the
international conference MITAV in 2016. It is devoted to the discrete description of real
functions (unlike the commonly used continuous representation) and to the possible
application of their discrete description. The representation of real functions in the form of
vertex graphs makes possible the decision about the existence of the given real function’s
iterative roots and it enables the effective formal mathematical description of these iterative
roots. Here is given the mathematical description of the second iterative roots of the simplest
quadratic function y = x?; further there follows the proof of the Theorem dealing with the
continuity of these second iterative roots in standard Euclidean metric. The paper is concluded
with the Theorem according to which there exists real quasi-metric d such that every second
iterative root of function f(x) = x? is a continuous mapping of space (R, d) into itself.
Particularly, the author points out the fact that the application of the discrete approach to
functions allows us to solve problems which at standard continuous approach would be solved
with great difficulties (e.g. some types of functional equations of one variable). The given
theory presents a number of open problems and topics for further creative mathematical
exploration. In some of the statements, the second iterative root can be replaced generally by
the iterative root of order n; similarly, the existence of a metric (not only of a quasi-metric)
satisfying analogous properties as the ones in the main Theorem of this paper is still open for
investigation. A lot of interesting and open problems can be found in [1] [6], [10], [11] and
[12].
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Abstract: This paper is devoted to study of geodesic and almost geodesic mappings of special
spaces with affine connection. In the first section, we mention the basic definition of geodesic and
almost geodesic mappings. The next section is devoted to geodesic mappings onto Ricci symmetric
manifolds and its fundamental diferential equation in Cauchy type form in covariant derivatives.
We also study almost geodesic mappings of the first type onto symmetric space.

Keywords: geodesic mapping, almost geodesic mapping, spaces with affine connection, (pseudo-)
Riemannian space

INTRODUCTION

This paper is dedicated to further development of theories of geodesic and almost geodesic map-
pings of spaces with affine connection on some special spaces, especially symmetric and Ricci
symmetric spaces.

T. Levi-Civita [14] set and solved a special equation for the problem of finding Riemannian spaces
with common geodesics. It is worth to note that it was connected with studying the equations of
mechanical systems.

The theory of geodesic mappings has been developed later in the works by Thomas, Weyl, Shi-
rokov, Solodovnikov, Sinyukov, Mike$ and others. Studying geodesic mappings was followed up
in the works by Kagan, Vraceanu, Shapiro, Vedenyapin and others. The mentioned authors identi-
fied special classes (n — 1)-projective spaces, see [[15, 17, 18, [19] 26].

The quasi geodesic mappings introduced A.Z. Petrov [23]. Special quasi geodesic mappings, in
particular, are holomorphically projective mappings of Kéhler spaces, which first had been studied
by Otsuki and Tashiro [22], Prvanovich [25] and others, see [16, 17, (18,19, 26]].

The natural generalizations of these classes are almost geodesic mappings, which were introduces
by Sinyukov. He also defined three types of almost geodesic mappings 7y, me and 73, see [26].
The almost geodesic mappings has been developed later in the works by Sobchuk, Yablonskaya,
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Berezovskii, Mikes, see [}, 12, 13,4, 15,16 16, 18], [[17], pp. 455-480.

Recently, some questions related to geodesic and almost geodesic mappings, and tehir generaliza-
tions have also been studied in [9} [10, (11, 12} {13} 15, 16,17, 1819, 20} 21} 24, [27].

In this paper there were obtained the main equations of geodesic mappings of spaces with affine
connection onto Ricci symmetric manifolds and almost geodesic mappings of the first type of
spaces with affine connection onto symmetric spaces in a form of closed systems of Cauchy type
in covariant derivatives. In this paper was also set the number of essential real parameters for the
general solution of that system.

We assume that the studied spaces are simply connected with dimension n > 2, and we consider
that geometric objects are continuous and smooth enough.

1 GEODESIC AND ALMOST GEODESIC MAPPINGS THEORY

Let us mention the following definition of geodesic and almost geodesic curves and mappings, see
[17], pp. 88, 257, 455-458, [26]], pp- 43, 70, 156-162.

1.1 Geodesics and geodesic mappings

It is known, the curve ¢ defined in space with affine connection A, is called geodesic if there exists
a parallel tangent vector field along it.

The diffeomorphism f: A, — A, between spaces with affine connection is called geodesic map-
ping if any geodesic of A,, is mapped onto geodesic on A,,.

The diffeomorphism f is geodesic mapping if and only if in a common coordinate system x =
(', 22, ..., 2") respective mapping f yields the Levi-Civita equation

=h h h h

[y(x) = T3 () + 9307 + 9507, (1)
where T, (2) and T'%, () are components of affine connection of manifolds A,, and A, respectively,
1; are components of covector, and 5;1 is the Kronecker delta.
1.2 Almost geodesics curves and mappings
The curve ¢ defined in space with affine connection A,, is called almost geodesic if there exists two

dimensional parallel plane along it, which contains its tangent vector.

The diffeomorphism f: A, — A, is called almost geodesic mapping (AGM) if any geodesic of A,
is mapped onto almost geodesic in A,,.

The diffeomorphism f is almost geodesic mapping if and only if in a common coordinate system
xr = (2%, 2?,... 2") respective mapping f the deformation tensor of connections

Pl(z) =T(z) — Th(=) 2)
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yields the Sinyukov’s equation
Al g XNXT = aX + AP AN

where A”. e = PR+ P[;‘P(fk A" is a vector, a and b are functions of variables 2" and \". Here and

after a symbol *“ | denotes a covariant derivative respective connection of A,,.

Sinyukov defined three types of almost geodesic mappings 7, mo and 73. We proved [1], that if
dimension n > 5 no other types exist.

Almost geodesic mappings of type 7 are characterized by the following conditions on deformation
tensor
h
Ay = a0 + 0P, 3)
where a;; is a symmetric tensor, b; is covector, and (1,7, k) is symmetrization of mentioned indices

without division.

If in an equation the covector b; is vanishing, then the mapping is called canonical. 1t is
known [26]], p. 171, [[17], p. 463, that any almost geodesic mappings of type 7, can be regarded as
a composition of canonical almost geodesic mapping of type m; and geodesic mapping.

2 THE GEODESIC MAPPINGS ONTO RICCI SYMMETRIC MANIFOLDS

In this section we will study the geodesic mappings of A,, onto Ricci symmetric spaces A,,. The
manifold with affine connection is called Ricci symmetric if the Ricci tensor in it is absolutely par-
allel, see [17], p. 87.

Therefore, Ricci symmetric manifold A, is characterized by the condition
Rij|k =0, “4)

where R;; is the Ricci tensor of A, the symbol “ |  denotes a covariant derivative of connection

on A,,.

Because for Riemannian tensor (or curvature tensor) R of A,, holds

D, aRZk mh  pa « a «
ijklm — orm +Fma i1k F Ra]k F szk F ]CRZOéj7

then from the formula we obtain

R1]k|m Rz]km + P’r}}wz _%k Pa ROéjk‘ Pa Rzak pakaom (5)

where R ., are components of Riemannian tensor R.

Contracting formula ([5) with respect to indices h and k, we obtain

Rijim = Rijm — PaiRaj — Py Ria. (6)
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To follow, let us suppose the manifolds A,, is Ricci symmetric. Using the formula , we get

Rijm = PoiRaj + P Ria. (7)
Taking into consideration the Levi-Civita equation (1)) and basing on the formula , we can write

Rijm = 20 Rij + Vi Rpyj + ¥ Ri. (8)
It is known, that between Riemannian tensors on A,, and A,, there is a dependence

R}y = Rl + Py

h = P+ PyPl — PAPL 9)

ijk T

where Rl " are components of Riemannian tensor R on A,,.

Because deformation tensor P has the structure from the formula @ after computation we
obtain

Rw Rij = 00 + Oitbi — 07 + 01 n + 87 ihe — SRebin)y. (10)
Let us contract ([10]) with respect to indices h and k. As the result we get
Rij = Rij +nthij — i + (1 — n)hindy. (11)
From the equation (1), we obtain the following
1 _ _

The following theorem holds.

Theorem 1 The manifold A,, admits geodesic mapping onto Ricci symmetric manifold A,, if and
only if it consists a solution of closed system of Cauchy type equations in covariant derivative (8 .
and (12 . with respect to unknown functions R;;(z) and ¢;(x).

General solution of the above system depends on at most than n(n + 1) essential real parameters.

Because the systems and ((12)) have only one solution for the initial conditions in point z
Rz‘j(l'o) and @Z)i(l'o),

from this follows the above number of essential real parameter.

3 AGM OF THE FIRST TYPE ONTO SYMMETRIC SPACES

Now, let us consider canonical almost geodesic mappings of spaces with affine connection A,, onto
symmetric space A,,.

A space A, with affine connection V is called (locally) symmetric if Riemannian tensor in it is
absolutely parallel (P.A. Shirokoy, E. Cartan [7], S. Helgason [8], see [17], p.286, [26], p.42.
Therefore, symmetric manifolds A,, are characterized by the condition

Rl = 0. (13)

ijk|lm —
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Further, let us suppose that manifold A,, is symmetric. Basing on the formula , from we
obtain
= PR + PoRE, + PoyRE, — PR, (14)

ijk,m ijo ma~ ijk:

Rl
Formula can be applied to general mappings of A,, onto symmetric spaces A,,.

It is known that the equation @ 3) has the following form

3(Pfj . + P PY) = Ry — Rl + P Rija + 0(xaij) + b Py (15)

From formula ((15]) of canonical almost geodesic mappings of the first type, we obtain the equation
1 B, lo'

Pz?k 3 (R?ij)k - R? + 8, (kQij)) — Pz]Po}alk (16)

From the integrability condition of the equation ([16)) considering formulas (15) and (16), after
computation, we get the following

58”@1']‘) k= 5(hka’ij) 3Ph zkm 3PZZRjkm - Rofag)mptilk—i_
RGPt + Rmkm - R(mmk + 3Raka;; F R(Ja)k+ a7

After contracting the equation ((17]) with respect to indices /& and m, we obtain

_ B pa B pa B pa
(Tl + 1>aij E— Qik,y — Ajki = 3P Rz)kﬁ PakR (i5)B + P R(ij)k+

Rljs = Riik + 3P Ran — szR< i+ P;;';Rga (18)
o DB a D
Py R(m kT ijR(ia) - 5(/3%’) ak T 5(k%’) of

Let us alternate the equation with respect to indices j and k. Then, we can write in the
following form

— B8 pa B pa 6 a B
Rijk + 3P Rax — PoiRS, 5 + P Raj — Pﬁ Rw)ﬁ (19)
P R(m) ) BCLZ])Pﬁk + 5&@,])]3

(67

n-+ B(Z])k’

where
Byjr = P (RS 5 + RS;,) — P (Res + RSy,) + 3PYsRS, + 3R, ,—

R(ij),k -+ R(ik - QPQRQIC — 2Pﬁ‘€Raj + P]giRja_
P§ Ry — P§; R, + PsiR () — i Po—
aoszik + azk:P]g + a'ockP

It is evident, the equations (14), (16]) and (19) in the given manifold A, have a form of closed
system of Cauchy type equation regarding unknown function Rmk( ), P)(x) and a;(x) which
also satisfies the algebraic conditions

(20)

Rly=0,  Riyy=0 Pi=PL  a;=a; 1)

Ji

The following theorem hold.
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Theorem 2 The manifold A,, admits canonic almost geodesic mapping of type 7 onto symmetric
manifold A,, if and only if it contains a solution of a closed mixed system of Cauchy type equations
in covariant derivative , , and in respect to unknown functions Rl (x), Pi(x)
and a;;(x).
General solution of the above system depends on no more than 1/2n(n® + 2n + 1) essential real
parameters.

The systems ([14)), (16), have only one solution for the initial conditions in point z
th(jk)(xo) =0, Pz];(I[])’ aij<x0)7

which has to satisfy the condition (21). From this follows the above number of essential real
parameters.

CONCLUSION

In this paper we obtained the fundamental equations of geodesic mappings of spaces with affine
connection onto Ricci symmetric manifolds and almost geodesic mappings of the first type of
spaces with affine connection onto symmetric spaces. The fundamental equations have a closed
Cauchy type form in covariant derivatives. We also set the number of essential real parameters for
the general solution of such system.
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MODIFICATIONS OF ITERATIVE AGGREGATION - DISAGGREGATION
METHODS
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Abstract: This paper deals with iterative aggregation — disaggregation methods (IAD Methods)
which are a class of important numerical methods. The algorithm of the classical method and
some modifications are introduced and convergence is investigated. An always - convergent itera-
tive aggregation - disaggregation method is introduced and this is a new significant asset of this
paper. Some properties of the method are derived.

Keywords: iterative aggregation - disaggregation methods, numerical methods, Markov chains,
stationary distributions, always — convergent algorithms.

INTRODUCTION

We will deal with the search for the stationary probability distribution of a homogeneous Markovian
chain. For a description of the chain we use the so called transition matrix, which is a column
stochastic.

Definition 1 A matrix T € R™*" is a column stochastic matrix if its elements are non negative
and e T = e, wheree = (1,...,1)T € R,

We consider the problem

Tr=n, e'r=1,

where T is a column stochastic matrix and 7 is a stationary probability vector.

Such problems can be encountered in various important branches, for example, in particular in
queueing theory and performance analysis or when investigating a quantitative risk and reliabi-
lity analysis for signaling systems. Practical problems can be very large and a possibility how to
eliminate the size is to apply the IAD Methods.

1 THE ITERATIVE AGGREGATION - DISAGGREGATION ALGORITHM

In this section we describe the classic iterative aggregation - disaggregation algorithm (IAD algo-
rithm), see for example [1], [2] or [3].

We introduce an aggregation mapping

g:{l,...,N}={1,...,n},n<N,
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where n is the size of the coarse space.

The indices which are mapped to the same values of g define one aggregation group. The optimal
choice of mapping g is difficult and often depends on further information about the solved problem.
Distinctions between two choices of g for the same matrix T can be substantial.

By means of aggregation mappings we define the restriction and prolongation matrices.

The restriction matrix R € 3" is defined by nonzero elements r,(;; = 1,
this is N

(Rx); = Z ;.

i=1,9(i)=j
The prolongation matrix S(x) € SRN*" is parameterized by a vector x € RYN; the nonzero

elements of the matrix are .
i

(S(x))iga) = GRS

it means that (S(x) z); = 2z4() i/ (R X)4(s).-
As an illustrative example of an aggregation mapping we can introduce, for example, the following:
g:{1,2,3} — 1, g¢g:{4,5,6} =2, ¢:{7,8,9} = 3.

Then the restriction and prolongation matrices are

0 0
111 000 000 Rxh |
R=[ 000 111 000 |, S(x)= 0 W 0 7
000 000 111 0 02 T T3 Ty
(RX)g
T
(where the symbol x(lffi)xl 3 stands for column < (I: ;)1, (; >2<)17 (; i)l) , the other symbols

analogously).

One of the most important properties of these matrices is expressed in the following lemma.
Lemma 1 Ifx is a positive vector then R S(x) = L

Proof. The proof follows from the definitions of R and S(x).

Let us denote by A(x) = R T S(x) the aggregated matrix defined by a vector x and by an aggre-
gation mapping g. Some properties of the matrix A (x) are introduced in the following lemma.

Lemma 2 Let T be a column stochastic matrix, let g be an aggregation mapping and x € RN
such that x > 0 and Rx > 0. Then the aggregated matrix A(x) is a column stochastic matrix. If
the matrix 'T is irreducible and the vector X is strictly positive, then A (X) is irreducible.
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With the previous knowledge we can define the following algorithm for an irreducible stochastic
matrix T and for a positive initial approximation Xipit.

Suppose that matrices W7 and W5 form the regular splitting of the matrix I — T. It means that
I-T=W; — W,, where W; is a M —matrix and where W is a nonnegative matrix.

Algorithm IAD 1 (input: T, W1, Wa, Xjnit, €, g, S; output: x)
1. k:= 1, X1 ‘= Xjnit
2. while || T x; — xx|| > ¢ do

3. x:= (W' Wy) ' x,

4. A(x):=RTS(x)

5. solve A(X)z=zande’z =1
6. ki=k+1

7. X = S(i) Z

8. end while

Convergence theory for the Algorithm IAD 1 is not quite clear generally. There is a significant theo-
rem which is based on Theorem 3.2. proved in paper [2]. Using our notation it can be reformulated
as follows

Theorem 1 Let T be an irreducible column stochastic matrix. Let W1 be the identity matrix and
s = 1 in the step 3 of the Algorithm. Then the Algorithm IAD 1 is locally convergent.

Next convergence theories are, for example, in [1] or [3], but they all require some additional
assumptions.

2 AN ALWAYS - CONVERGENT VARIANT OF THE IAD METHOD

We now introduce a significant alternative IAD method. Let again
I-T=W; -W,.

Then
0= eT(I — T) = eT(Wl — W2) = eTW1 — eTWQ.

It implies that
eTW1 = eTW2.

Since Wj is a M —matrix then it has a non—negative inverse, we can then write
el =e"Wo,W; 1t

Denote .
T =W,W;'.

We can see that

el =e'T
and because W, and W ! are non—negative, then

T > 0.
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Thus T is a stochastic matrix. Then the matrix T created as

1 ~

is also stochastic and diag(T) > 0.
Lemma 3 Let ’/I\‘p = p. Then m = W7 'p is a solution of the problem
Tr =m.

Proof. It is easy to see that T and T have the same eigenvectors and therefore it is sufficient to
prove the Lemma for T'. From the assumption we have

Tp=p
this is
WoWitp=p.
If we denote o = VVl_1 p, we get
WQO' = Wla

and then successively
W10' - WzU =0

(Wl —Wz)O'IO
I-T)e=0

and thus we get
To =o.

As well, it is seen that the relation between the eigenvector of T, which is p, and the eigenvector of
T is that 7 = W7 'p. Then o = 7 and the Lemma 3 is proved.

Remark 1 T and T have the same eigenvectors for eigenvalue 1 (In fact, they have the same all
eigenvectors).

We now consider IAD 1 with T Ainstead of T. New decomposition is that I — T = W; — W,,
where W; = I and then W, = T.

Then the modified steps 3. and 4. from the algorithm IAD 1 are as follows:

3. X:= ’/I\‘xk, R
4. A(x):=RTS(x).
The approximations in 3. can be expressed as

~ 1 ~ 1 1~ 1 1 1 1
TXk = E(I —|— T)Xk = §Xk + ETXk = §Xk + §W2W1_1Xk = EXk —|— §W27Tk,
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where 7, = W7 ! x| is the k—th approximation of 7.

Then, using Lemma 1, we can write in step 4.

1 ~ 1 ~ ~ 1 ~ ~
§a+m5@p7§R$@+Rmsgﬂzip+Rng):-a+B@»

where B(X) = RT S(X). We can also use the form B(X) = R W, W7 ! S(X).

RTS(X) =R

We have got a new modified algorithm:

Algorithm IAD 2 (input: T, Wy, Ws, 7, €, g; output: )
1. k=1, m1 := Tinit, X1 := W1
2. while || T 7, — || > e - eTme do
3 X = %Xk + %Wzﬂm where 7, 1= Wfl Xk
4. A(x):=1(I+B(x)), where B(x) := RW,W;'S(x)
5. solve A(X)z==zandelz=1
6. ki=k+1
7

Theorem 2 The Algorithm IAD 2 converges locally for every irreducible column stochastic matrix,
arbitrary choice of the aggregation mapping and arbitrary regular splitting of the matrix I — 'T.

The proof is clear from Theorem 1.

CONCLUSION

In this work there is introduced a new algorithm for the iterative aggregation — disaggregation
method. This algorithm is locally convergent for every irreducible column stochastic transition
matrix, for any aggregation mapping and for arbitrary regular splitting of the matrix I — T. It is
a new asset and added value of the authors. There are no other requirements and the convergence
is without any additional conditions.
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Abstract: In the contribution, a linear differential system with a single delay
dx(t)
dt

where Ay, Ay are n X n constant matrices, vt € R", b€ R", 7 > 0,ty) € R, u € R, is considered.
A problem of minimizing (by a suitable control function u(t)) a functional

I= /t T @ (O (t) + 2" (O Cra(t — 7)

+ 2T (t — 7)Corz(t) + 27 (t — 7)Coox(t — 7) + du?(t))dt,

where C11, Co, Cy1, Cog are n X n constant matrices, d > 0, and the integrand is a positive-definite
quadratic form, is considered. To solve the problem, Malkin’s approach and Lyapunov’s second
method are utilized.

Keywords: delayed differential system, Lyapunov-Krasovskii functional, integral quality criterion,
optimal control.

INTRODUCTION

Assume that a system of differential equations of delayed type

?(t) = f(t @, ult), €= to, (1)
describes a process controlled by a vector-function u: [tg, 00) — R™. Let,in (1), to € R, f: D —
R",

D= {(t,,u) € [to, 00) x CT x R™, ||z[|, < M, |[u]| < M},

M > 0,n,m € N, C" = C([—7,0],R™) is the space of continuous mappings from the interval
[—7,0] into R™,

l(0)], = max (ot + O)]). ¢ > o,
€[—7,0]
lz(s)[l == max {[z;(s)]}, s € [to =T, 00)
and x; € C" is defined by z4(0) := z(t + 0), 6 € [—7,0].

Below we assume that
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1. f(t,05,0,) =0, t > ty, where 6, 6,,, are n and m dimensional zero vectors and 6% € C”

»Vn?

18 a zero vector-function.

2. The functional f is locally Lipschitzian in every bounded neighborhood of each point
(t*,z,u) € D.

Let us formulate the following problem for system (I]): Determine a control function u: [ty, 00) —
R™ such that zero solution z(t) = 6,,, t > t, of system (1) will be asymptotically stable and for an
arbitrary solution = = x(t), t > to — 7 of system (1) satisfying ||x|| < M, the integral

/oow (0, u(t)) 2)

to

exists and attains minimum value (provided that w: D — R is a positive-definite functional and
that the indefinite integral exists).

To formulate a result related to this problem we need to define an auxiliary functional
Vi [tg,00) x C* — R.

Below we assume that there exists the derivative dV/ (¢, x;)/dt of functional V' (¢, z;) along trajec-
tories of system ().

Repeating well-known definitions ([3]], see also [2]), we say that functional V' is positive definite
if there exists a continuous nondecreasing function w on [0, co) which is zero at 0 and positive on
(0, 00) such that

Vit z) 2 w(lz@)), =t

where x is assumed to be defined on [ty — 7, 00).
Functional V' has an infinitesimal upper bound if there exists a continuous nondecreasing function
W on [0, 00) which is zero at 0 and positive on (0, co) such that

V(t717t) < W(thHT), t > tp.

A positive-definite functional V': («, 00) x C”(D) — R having an infinitesimal upper bound is
called a Lyapunov-Krasovskii functional.
Define an auxiliary functional B: D; — R where

Dy :={(v,t,z,u) € R x [ty,00) x CF x R™, ||z| < M, |Ju]| < M},

by formula

_ dV(t, xt)

B(‘/v thtau) = dt +W(t,l’t,u<t)) (3)

The following theorem, motivated by optimality results for non-delayed systems in the book by
Malkin [4, Theorem IV] (wherein Lyapunov’s second method is utilized for the proof), is true.
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Theorem 1 Assume that, for the system of differential equations (1)), there exists a positive defi-
nite functional V' having an infinitesimal upper bound and a vector-function uq: [ty, 00) — R™,
|luo(t)|] < M, t > to such that

i) Functional w(t,z, uo(t)) is positive-definite for every t > t,

x| < M.
ii) Identity B(V,t,x;,up(t)) = 0 is true on [ty, 00) for every solution
x: [tg —7,00) = R"
of system (1)) where u = uy,.
iii) Inequality B(V,t,x,u(t)) > 0 holds on [ty, 00) for every solution
x: [tg — 1,00) = R"
of system (1)) and for every vector-function u: [ty, 00) — R™ with

lu(®)|| < M, t e [ty,o0).

Then, the function  is a solution of the problem (1)), (2) and

/Oow(t, 24, u0(t))dt = min {

to w

/Oow(t,mt,u(t))dt} = V(to, x,).

to

In the following part we apply Theorem|[I]to a linear differential system with a single delay.

1 SYSTEM WITH A SINGLE DELAY AND A SCALAR CONTROL FUNCTION

Consider linear systems with constant coefficients, a single delay and a scalar control function

dz(t)
dt

= Aox(t) + Ajz(t — 7) + bu(t), t>0, 4
where Ay, A, are n X n constant matrices, z € R", b € R", 7 > 0 and u € R. We need to find

a control function u = wug(t) such that the system is asymptotically stable and an integral quality
criterion

I = /OOO(xT(t)C’Hx(t) + 27 (t)Crax(t — 7)
+ 2T (t — 7)Corz(t) + 27 (t — 7)Coox(t — 7) + du?(t))dt. (5)

takes a minimum value provided that d > 0, n X n constant matrices C'1, Cs and 2n X 2n matrix
Cn C
C — 11 12
CV21 022
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are positive-definite symmetric matrices where Cy;, C}5 are n x n constant matrices and Cy; = CL,.
Below, by O, is denoted n x n null matrix.

In the following theorem we use a Lyapunov-Krasovskii functional
t
V(t, ) = o7 (t)Ha(t) +/ 27 (s)Gx(s)ds, (6)
t—1

where n x n matrices H and G are symmetric positive-definite. Such kind of functional is often
used (see, e.g. [[1] and the references therein).

Theorem 2 Assume that matrices H and G satisfying the matrix equation

1
1£H+H%+G+CH—#%ﬁH:@. (7)
If, moreover,
HA; +C;p =0 )
and
Coy =G, 9)

then the optimal control function of problem (), (5) exists and equals

up(t) = —ClibTHx(t), t>0. (10)

Moreover, system @) with u(t) = ug(t), i.e.,

dz(t)

T = on(t) + All'(t — T) + bU()(t), t> 0,

is asymptotically stable and

V(to, l‘(to)) = /OOO(J'T(t)Cul'(t) + xT(t)Clgl’(t — 7') + xT(t — T)Cgll'(t)
+ 2 (t — 7)Cox(t — 7) + duj(t))dt = min /000 (2" (t)Craz(t) + 2" (t)Craz(t — 7)
+27 (t — 7)Coz(t) + 2" (t — 7)Copz(t — 7) + du®(1)) dt.

PROOF. We utilize Theorem (I} Let ¢, = 0. In accordance with condition 7i) of Theorem [l| we
analyze the expression B given by (3)), i.e.,

B (V,t, 2, u0) = [Agz(t) + Arx(t —7) +bug(t)]" Ho(t) +27 () H[ Aoz (t) + Arz(t —7) 4 bug ()]
+ 2T ()G (t) — 2" (t — 7)Ga(t — 7) + 2" () Crx(t) + 27 (¢)Craz(t — 7)
+ 2T (t — 7)Co12(t) + 27 (¢t — 7)Copw(t — 7) + dud(t) = 0.

58



Simplifying the last expression, we get

B (V,t,xy,u0) = 27 ()[ATH + HAg 4+ G + C)a(t) + 27 (t — 7)[ATH + Co)a(t)
+ 2T (W)[HA;, + Cro)a(t — 1) + 27 (t — 7)[Coa — Gla(t — 1) + 227 (t) Hbuo(t) + dud(t) = 0.
(11)

Looking for an extremum of (IT)), we get
B;O(V, t, 2y, ug(t)) = 20" Ha(t) + 2dug(t) = 0,
1.e., |
UO(t) = —;leH(L‘(t),
which is the minimum of the function B because

Bl (V,t,zy,ug(t)) = 2d > 0.

uouo

For to be valid, i.e.,

1
B(V,t,xy,u0) = 2 ()[ATH + HAy + G + Cyy — C—ZbeTH]x(t)

(¢ = T)ATH + Cala(t) + 27 ([H A + Crolar(t — 7)
+ 2" (t — 7)[Co2 — Glz(t — 7) = 0.

we obtain

1
ATH + HAy+ G+ Cyy — EbeTH =0,

HAl + 012 - ("‘),
022 - G

Thus, for the control function defined by and the Lyapunov-Krasovskii functional (6)), the sys-
tem (4)) is asymptotically stable and the quality criterion (5] takes a minimum value. [J

Example. Consider system () with
-2 1 -1 -0.1 1
Aoz(l —2)’A1:(—o.5 —1)’b:(1)’

1(t) = = 2x1(t) + wo(t) — 21 (t — 7) — 0. 1o (t — 7) + u(t),
Zo(t) =21 (t) — 2x9(t) — 0.521(t — 7) — 2ao(t — 7) + u(t)

1.e.,

with a quadratic quality criterion (5)) with

. 3 0 _[a € _[a € . 3 0 -
Cll — (0 3) ) C{12 - (02 03) ) 021 - (CQ 03) ) 022 — (0 3) ) d - 17
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1= [T ewam (§ 5) ()« momo (2 2) (26-7)
+ (2t —7), 2ot — 7)) (2 Z) (28)
F(aa (f = 7, 2ot — 7)) (g g) (i;g _ 3) + “2(”} dt.

By formula (I0) we obtain the optimal stabilization control function in the form
uo(t) = —(h1 + ha)x1 — (ha + hs)zs. (12)

We need to find matrix H. In our case we can compute expression (7), using (9), i.e.,

1
ATH +HAg+ G+ Cyy — EbeTH =

B —4hy + 2hy + 6 — (hy + hy)? hy — 4hy + hg — (hy + ha)(ha + h3)\ o
~ \ g —4hy + hg — (hy + ho)(hy + h3) 2hy — 4h3 + 6 — (hy + h3)? -

which means that

—4h1 + 2h2 ‘I— 6 - (hl + h2>2 = 0,
hl - 4h2 + hg - (hl + hg)(hg + hg) = O, (13)
2h2 — 4h3 + 6 - (hg + h3>2 - O

To solve it we can, for example, add the first, the third and the second (multiplied by 2) equations.
We obtain

—2hy —4hg —2h3 +12 — [(hy +hy) + (ha +h3)]? = —2[hy + 2Ry + hs] + 12— [hy +2hy + hs)* = 0.

If put
hi+ 2hs + hy = K, (14)

then we have
K?4+2K —-12=0

and K = —1 ++/13.
After substracting the first equation from the third, we obtain

4hy —4hs+ (hy+ho)* — (ha+hs3)? = 4(hy —h3)+(h1+2ho+h3)(hy —hs) = (h1 —h3)(4+K) =0

and

Using the last equation to we find
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K
hi+ hy = 5 (15)
The second equation of system (13)), turns into

K2

2hy — 4hy — (hy + ho)®> =0 = hy — 2hy = = (16)
From and we find that
K K?
Mn=hs =450
K K?
T 6 247
Also (8) should be valid, so
012 - —HAl

For K = —1 — +/13 matrix H is not positive definite, so by (12)) the optimal stabilization control

function will be
_1-v13

uo(t) 5

(21(t) + 22(1)).

CONCLUSION

In the paper we extended Malkin’s approach, utilizing Lyapunov’s second method, to solve optimal
stabilization problem for linear delayed differential system with a single delay and a scalar control
function. In spite of Malkin’s approach making it possible to find optimal control functions for large
classes of systems of ordinary linear differential systems and minimizing problems, the results that
can be derived for the linear delayed differential systems considered are not so general and cover
only narrow classes of problems.
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GENERAL SOLUTION OF WEAKLY DELAYED LINEAR SYSTEMS
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Abstract: Weakly delayed planar linear discrete systems with variable coefficients are considered.
For one of the possible cases of the roots of the matrix of linear non-delayed terms, general solution
is constructed. The dimensionality of the space of solutions is discussed as well.

Keywords: discrete linear system, weakly delayed system, delay.

INTRODUCTION

Let s andq be integers such that< ¢ and define a set of integers
Zl:={s,s+1,...,q}

used throughout the paper. Similarly, the sets with infinite bound&feszZ and Z° can be
defined. Inl[1], linear discrete planar systems with constant coefficients

x(k+1) = Az(k) + Bx(k —m) (1)

were considered where > 0 is a fixed integerk € Z3°, A = (a;;), t,j = 1,2 andB = (b;;),

i,j = 1,2 are constan? x 2 matrices, and: 2> — R2 The numberm represents a delay if](1).
Formulas for a general solution were foundlin [1], provided that the system (1) is a system with
weak delay as defined below.

Definition 1 The systen{l]) is called a system with weak delay if, for evarg C \ {0},
det (A+X""B — \l) =det (A— \). (2)

Later, systems with weak delay have been considered, e.gl.| in [2, 3]. Since the property of being
a system with a weak delay is related, [@s (2) suggests, with the coefficients of the matriges
rather that with the delay:, in [3] with such systems, the termeakly delayed systermather than
weak delays used.

The Definitior{ ] is applicable for planar as well as higher-dimensional systems [4, 5].

Let an initial (Cauchy) problem for equatidn (1) be given by the relation

z(k) = o(k) (3)
wherek = —m,—m + 1,...,0 andy = (o1, ¢2)7: Z° — R2 Due to the linearity of[(1), the
initial problem [1),[(B) has a unique solution gi° . For completeness, the solution 2 — R?
of (1)), (3) is defined as an infinite sequence

{z(—=m) = o(—m),x(—m+ 1) = p(—m +1),...,2(0) = ¢(0),z(1),z(2),...,x(k),... }
if, for any k € Z§°, equality 1) holds.
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0.1 Weakly delayed systems with variable coefficients
Consider lineadiscrete planar systems with variable coefficients
x(k+1) = A(k)x(k) + B(k)x(k —m), ke Z° 4)

where, unlike the systemi|(I\(k) = (ai;(k)), 4,7=1,2 andB(k) = (b;;(k)), i,j=1,2 are2 x 2
matrices with variable coefficients. Definitiph 1 can be modified to sydtém (4) as follows:

Definition 2 The systenf) is called a system with weak delay if, for evarg C \ {0} and every
fixedk € Zg°,
det (A(k) + A" B(k) — M) = det (A(k) — AI). (5)

Let us consider a linear transformation
z(k) = Sy(k), ke 2> (6)
with the nonsingula? x 2 matrixS. Then, [(4) is transformed to
y(k+1) = SAK)Sy(k) + S'B(k)Sy(k —m), k€ 2. (7)

In [1] is showed that, if a systern](1) if weakly delayed, then its arbitrary linear nonsingular trans-
formation again leads to a weakly delayed system. The same property holds for weakly delayed
systems with variable coefficients.

Lemma 1 If the systenfd) is weakly delayed, then the systéfinis weakly delayed provided that
the transformatior{6) is nonsingular.

PrROOF Assume thaf (5) holds for everye C \ {0} and every fixed: € Z5°. Then,

det(STTA(K)S + A""S7'B(k)S — \I)
=det [S7' (A(k) + \™"B(k) — M) S|
= det (A(k) + A~ mB(k:) — )
= det (A(k) — \I)
= det [S7' (A(k) — A\]) S]
= det (STLA(K)S — AI) .

O

0.2 Coefficient criterion for determining a weakly delayed system
It is easy to find conditions that are necessary and sufficient for a system to be weakly delayed.
Theorem 1 Systen{d) is weakly delayed if and only if

tr B(k) = det B(k) =0, ke 2 8)

and
det(A(k) + B(k)) = det A(k), k€ Z5°. 9)
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PrROOF Computing the determinant on the left-hand side of equaition (5), we derive

det(A(k) + A" B(k)—AI)
an(k) + bu(k))/\im - A alg(k') + blg(k)Afm
a21(k‘) + b21(k’))\7m agg(k’) + bgg(k’))\im Y

Can(k) =X an(k) | —an
| ag(k) ags (k) — )\‘ A (b11(k) + baa(k))

CLH(I{?) alg(/{?)

b21<k) bgg(l{?)

o [ azi (k) axn(k)

-+

bii(k)  bia(k) ‘ }

>\f2m
+ bor (k) bas (k)

bi1 (k) 512(’5)‘

all(k) — )\ (Zlg(k')
azl(k) CLQQ(k’) — A

‘ — A" B(k)

+tr B(k) + A" det B(k).
Then, [) will hold if and only if[(8) and (9) are valid since, in that case,

an(k) — A CZ12<]€)

det (A(k) + A" B(k) — Al ) = det (A(k) — M) = (k) azm(k) - Al

O

1 PROBLEM UNDER CONSIDERATION AND RESULTS

A complete investigation of the system (1) is carried out'in [1]. The construction of a general
solution is given for every case of the Jordan form of the maftrigf non-delayed linear terms
except for the case of two complex conjugate roots of the characteristic eqdetioh— A7) = 0.

For general systems of linear equations with variable coefficiehts (4), it is much more difficult to
derive formulas for general solutions in way similarto [1]. Therefore, we will restrict the problem
to the construction of a general solution only in one of the possible cases. In particular, we will
assume that only the matri2(k) in (4)) is variable whileA(k) = A = (a;5),4,j = 1,2 is a constant
matrix. Thus, we will consider a system

x(k+1) = Ax(k) + B(k)x(k —m), ke Z5. (10)

In the proof, we need a formula for the solution of a scalar linear non-delayed difference equation
of the form
2(k+1) = az(k) +w(k), keZ

witha € C andw: Z2° — C. By, e.g., [6], the solution of the initial problem

Z(k?o) = 20 (11)
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Is given by the formula

k—1
2(k) = a7k 25 + Z A w(r), ke ZX,,. (12)

r=ko

By definition, we set
j
> f(s)=0

if, for integersi, j, inequality: > j holds.
Assume thatS—'AS = A for a nonsingulag x 2 matrix S whereA is the Jordan form ofi
depending on the roots of the characteristic equation

2 — (a11 + ag) A + (a11a22 — ajpas) = 0. (13)
The equationy(k) = S~'z(k) transforms[(ID) into
y(k+1) = Ay(k) + B*(k)y(k —m), k € Z5° (14)

whereB*(k) = S~'B(k)S, B*(k) = (bj;(k)), i, j = 1,2. The transformed initial problem fdr ([L4)
is
y(k) = ¢*(k), ke 2%, (15)

with o* = (o7, ¢5)": 22, = R?, o*(k) = S~ 'p(k).

1.1 Two real distinct roots of characteristic equation [(1B)

Assume that the characteristic equatipn| (13) has two real distinct kopfs. Then, obviously,
A = diag(A1, A\2). The necessary and sufficient conditions (8), (9) in the case of the system (14)
are

biy (k) + b3 (k) =0, k€ 257, (16)

B8 U )~ 0 )
by (k) by (k) 11 (F)bao (k) — b1, (k)b (K) 0 (17)

Al 0 bi (k) biy(k) i} . N
b3, (k) bzz(k)’ 0 Ao 1035 (k) 207, (K) 0 (18)

By (16), (I8) we havé;, (k) = b5, (k) = 0,k € Z5° (since); # \p) and [17) impliesi, (k)b (k) =
0,k € Z.

Theorem 2 Let systen{1() be weakly delayed and let the characteristic equaffbd) have two
real distinct roots\;, \o. Then,bj, (k) = b, (k) = bi,(k)bs, (k) = 0, k € Z§°. The solution of
the initial problem(10), 3) is (k) = Sy(k), k € 2>, where, in the casé;, (k) = 0, k € Z§°,
y(k) = (y1(k),y2(k))" has the form

(y1<k)v y2(k)) = (¢T(k)v gpg(k))? ke ng, (19)
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and

k—1

yi(k) =A@1(0) + ) - M b ()@ (r —m), ke 2P, (20)
r=0

yi(k) >‘1901 0) + Z /\’f_l_’"biz(r)sr%(r —m)

r=0

+@3(0) > AT (), k€ 23, (21)
r=m-+1

ya(k) =X503(0), k€ 2. (22)

PROOF Sinceby, (k) = bi, (k) = bi,(k)bs (k) = 0, k € Z§°, the transformed systern (14) is

yi(k +1) = \yi (k) + b5 (k)yz(k —m), (23)
Ya(k +1) = Xaya(k), (24)
ke Z5°

if b3,(k) = 0, k € Z§°. Consider the initial problen (23), (4], (15). Solve the equafioh (24).
Using initial data[(1p), we obtain

k if keZz° |
(k) = { f;(p:(()) if ke z; (23)
Thus, the formuld (22) holds. Substituting the first formuld i (25) intd (23), we get
y1(k+1) = My (k) + b3 (k)es(k —m) if ke Z! (26)
and substituting the second formula[in|(25) into] (23), we derive
y1(k +1) = \yi (k) + b, (k)Ns ™03(0) if ke Z2,,. (27)

Consider equatiorn (26) together with the initial problem (selected froin (15)), i.e.
{ yi(k +1) = i (k) + 0l (R)gps(k —m), ke Z5°,
y1(0) = ¢1(0).

Applying formula [12) with the prescribed initial dafa {11) whége= 0 and z(0) = 3;(0), we
have

y1(k) = Aei(0 JFZ)‘k b, (k)@s(r —m), ke ZT (28)

To solve equation| (27) fok € 27, ,, we need the initial datg, (m + 1). Deriving them from
formula (28) fork = m + 1, consider the problem

yl(k + 1) = )\1y1<k) + bTQ(k>)"2€_m90;(O)7 k G m+17

yi(m + 1) = A" pi(0) + Z()A’f’*’"b’fz(?“)soz(r —m).
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Applying formula [12) again with the prescribed initial ddtal(11) where- m+1andz(m+1) =
y1(m + 1), we have

k—1
yr(k) =My (m o+ 1)+ 95(0) S MTITALT(r)
r=m-+1
=AU A G1(0) + Y AT ()@ (r — m)
r=0
+@3(0) D AT (r)
r=m+1
=M1 (0 +2Ak b, () (r — m) + ©3(0 Z AN (). (29)

r=m-1

wherek € Z° ,. Formulas[(Z2B),[(29) together with the initial data ferare equivalent with (19)
(restricted to the co-ordinaig) and [20)4(2]L)

Example 1 Let (1)) is reduced to

ri(k+1) = —29(k) +0.5(=1)F 2 (k — 1) +0.5(=1)Fzy(k — 1), (30)
To(k +1) = —21(k) — 0.5(—=1)* 21 (k — 1) — 0.5(—1)* 25(k — 1), (31)
ke Z5°

wherem = 1,
_ (0 1 5(=1)F  0.5(-1)*

A= <—1 0)’ B(k) = ( 05(—1)F —0.5(—1)*
Since [8) and[(9) hold, systein (30), (31) is, by Theofem 1, weakly delayed. Transformaétion (6)
where

(11 . {05 =05
S‘(—1 1)’ s (05 0.5)

transforms systenji (B0J, (1) to a system

yi(k4+1) = yi(k) + (=D Fys(k — 1),
Y2(k + 1) = —ya(k),
ke Z5°

where (in accordance with ([L4), (32), [33))

A= ((1) _01> o A=1, N=-1, B*k)= (8 (_Ol)k) .

Compute
= (F0) =57ty - (93 09 (218) = (030803
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Theoren R is valid and, by formulgs (19), [20),](22), we derive solution of the systém[(30), (31):

(1(k), y2(k)) = (0.5¢1 (k) — 0.502(k), ¢5(k)), k€ 22,

and

y1(k) =0.5¢1 (0) — 0.5¢5(0) + Z "(0.5p1(r — 1) 4 0.5ps(r — 1)), k € 22,

y1(k) =0.501(0) — 0.5¢5(0 Z "(0.5¢1 (1 — 1) + 0.5p,(r — 1))

— (0.5¢1(0) + 0.5¢2(0))(k —2), ke Ze,
Y2 (k) =(—1)%(0.501(0) + 0.5p5(0)), k€ Z°.

Theorem 3 Let systen{1() be weakly delayed and let the characteristic equa{b8) have two
real distinct roots\;, \o. Then,bj, (k) = b, (k) = bi,(k)bs, (k) = 0, k € Z§°. The solution of
the initial problem(20), ) is z(k) = Sy(k), k € 2=, where, in the casé&],(k) = 0, k € Z§°,
y(k) = (y1(k), y2(k))T has the form

(1K), y2(K)) = (£5(k), @5(k)), ke Z°,,

and

yi(k) =Xi¢1(0), k€ 27,
k—1
y2(k) )‘2902 0) + Z )‘12671%5261(7")90?(7" —m), keZ",

r=0

ya (k) =XA55(0) + Z X5~ Tbs, (r)pi (r —m)
r=0

+ ¢1(0) Z AN by (), k€ 2%,

r=m-+1

PROOF If b3,(k) = 0, k € Z5°, then the transformed system|14) is

yi(k+1) = \yi(k), (32)
Yo2(k + 1) = Aaya(k) + b3 (k)y1 (k —m), (33)
ke Ze.

We investigate this by the same scheme as we investigated the prgblen (23), (R4), (15). Due to
the symmetry of both problems, the formulas for solutions of the proldlem (32), [38), (15) can be
derived from the formulas describing the solutions of the problern [23), (24), (15) by rephacing
with Ao, b7, (k) with b3, (k), ande?, 5 with @5, 1. O
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2 A GENERALIZATION

Our following considerations need an analogy of form{ld (12) to systems of equations. Consider a
system
z2(k+1)=Cz(k) +Qk), keZ (34)

whereC'is a2 x 2 constant matrix and(k), Q(k), k € Zp° are2 x 1 vectors. By, e.g./[6], the
solution of the initial problent (34)[ (35) where

Z(k?()) =20 (35)
Is given by the formula
k—1
2(k) =CF R 2+ Y CMITQ(r), ke 2, (36)
r=ko

In the above Theorein 2 and Theorgim 3, two main cases were considered, namely, in the first
theorem, the cageg, (k) = 0, k € Z§° and, in the second one, the ca$gk) = 0, k € Z5°. Now
we will discuss the general case

biy (k) = b3y (k) = biy(k)b3 (k) = 0, k€ Z5° (37)
without additional assumptions. Defin@ & 2 matrix (assuming (37))

G(k) = B*(k) = (b;lo(/f) b’f%’“)) ke zZE

and write the systeni (14) as
y(k+1) = Ay(k) + G(k)y(k —m), k € Z5°.
The initial problem
y(k+1) = Ay(k) + G(k)y(k —m), k € Z7,
y(ko) = yo

can be rewritten, by formula (B6), as

k—1
y(k) = AF=Ro yo 4+ Z Ak_l_rG(T)y(r -m), keZpr.,. (38)

r=ko

Formula [38) can serve as a tool for solving of the initial problem

y(k+1) = Ay(k) + G(k)y(k —m), k € Z°, (39)
y(0) = ¢*(0), (40)

where (by[(1b))
y(k) =" (k), ke 22, (41)

by what is called the step method. Now this method will be applied.
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2.0.1 Stepl

Denote byy'(k), k € Z™*! the solution of the problen (89), (40) whekec Z;*. Consider a
modified problem[(39)[ (40)

y (k+1) = Ayt (k) + G(k)p*(k —m), k€ 2, (42)
y'(0) = ¢*(0). (43)
By (38) we derive
k—1
y'(k) = A @ (0) + Y AMITG ()t (r —m), ke 2Pt (44)
r=0
2.0.2 Stepll

Denote byy?(k), k € Zf,ffjl) the solution of the problem (39}, (40) where= 227! and consider
a modified problerm (39)] (40)

yQ(k‘ +1)= AyQ(k’) + G(k:)yl(k —m), k € szf{l,
y*(m+1) =y (m+1).

By (38) we derive
k—1
k) = Ayl m+ 1)+ Y ARGy r—m), ke 200 (45)
r=m-+1
From (45%) we get
k—1
Pk) = Ay m )+ Y ARGy (r = m)
r=m-+1

— Akfmfl

AL (0) + > ATTTG (Rt (r — m)]

k—1
+ Z AkilirG(T)

r—m—1
A+ Y ATm“le)so*m—m)]

r=m-+1 r1=0
m k—1
=A@ (0) + D ATITTG(r)et(r—m) + > ARG AT 0% (0)
r=0 r=m-1

k=1 r—m-—1
+ 30 ) ARG G )" (r — m), ke 20T

r=m+1 r1=0
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2.0.3 Steps

Let s be anatural numbers > 1. Denote byy*(k), k € Z m“ ., the solution of the problem (89),
(40) wherek € Zs"”r °~1) . Consider a modified probler‘[q39|)1(40)

m+1

y*(k+1) = Ay (k) + G(R)y* D (k —m), ke ZHe Y
Y (s = 1)(m+1)) =y I((s — 1)(m + 1))

By (38) we derive

(k) = AFD0mD e (5 — 1) (m 4 1))
k-1
Y AT —m), ke ZLM) (46)

(s—1)m+s"
r=(s—1)(m+1)

Changings by (s — 1) in (46), we get

y*(k) = Ay G0 (s — 1) (m + 1))
k—1
+ Z A G )y (r —m)
r=(s—1)(m+1)

_ Ak—(s—l)(m—H) A(s—l)(m+1)—(s—2)(m+1) y(s—Z)((S o 2) (m + 1))

(s—1)(m+1)—1
+ Z A(s—l)(m—i—l)—l—rG(r)y(s—Q) (7“ . m)
r=(s—2)(m+1)
k—1
+ Z ARG () [ AT 20D (=2 (5 — 2)(m 4 1))
r=(s—1)(m+1)
r—(m+1)
FY TGy - m)
r1=(5-2)(m+1)
(s—1)(m+1)—1
= AP Y6 (s —)(m+ 1)+ Y ATTGE) I (r = m)
r=(s—2)(m+1)
k—1
D ATITGAT D (s — 2)(m + 1))
r=(s—1)m+1
k—1 r—m—1
DY > ATTGMATTG )y (r — m).

r=(s—1)(m+1) ri=(s—2)(m+1)

Based on the above we formulate the following theorem.
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Theorem 4 Let systen(10) be weakly delayed and let its characteristic equati@d) have two
real distinct roots. Assume

k—m—1
) Z Akfmfler(T)gp*(r _ m) — 9 (47)
r=0
for everyk € 22 and
m k—m—1
) ZAkfm—lerO,)(p*(r —m) + Z Ak*mflf"G(T)Arfmgo*(O) =0 (48)
r=0 r=m+1

for everyk € Z3 ., whered is null vector. Then, the solution of the initial problefid), (3) is

z(k) = Sy(k), k € 2, where

y(k) = ¢*(k), ke 22, (49)
and
y(k) = AFo*( ZA’“ =Gt (r —m), ke Zm (50)
k—1
+ > AFITG)ATN0), ke 2, (51)
r=m-+1

PROOF Formula[(49) is obvious since it represents the initial condition of the original problem.
Let us prove thaf (50) is valid. On the considered interval, this formula coincides with fofmula (44)

which solves problen (42), (43) being equivalent wjith| (39)] (40).
Finally, we prove that formuld (51) holds. Consider system (39), modified to the case consid-

ered:
y(k+1) = Ay(k) + G(k)y(k —m), ke 2. (52)

The left-hand side of (32) fay given by [5]) is equal to (fok € Z:°,,) to
L=y(k+1)=A"0"0)+ ) AG(r)e*(r —m)

+ > AFTG(r)ATT(0)

r=m+1
k—1
_ Ak+1 +2Ak rG )+ Z AkerOn)Arfm(p*(O)
r=m-+1

+ G(k)AF™* (0).
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The right-hand side of (52) fay given by [51) is equal (fok € Z50m ) to

R = Ay(k) + G(k)y(k —m)

m k-1
= A (0) £ )Y ARG (r —m) + Y AFTG(r) AT (0)
r=0 r=m+1
+G(k) [AFe(0) + ) ARG () (r — m)
r=0
k—m—1
+ Z Akfmfler(r)Arfmgo* (0)
r=m+1
m k—1
= AR (0) + > CAFTG(r )t (r—m) + Y AFTG(r) AT (0)
r=0 r=m+1
+ G(k)A*"0*(0)
m k—m—1
) ZAk_m_l_rG(T)QO*(T _ m) + Z Ak_m_l_rG(’f‘)Ar_m(p*(O)
r=0 r=m-1
and, due to[(48),
R = A" (0) + Z AFTG(r)p* (r — m)
) k—1
+ > AFTG(r)ATT"(0) + G(R)AM e (0) = L.
r=m+1

The right-hand side of ($2) far given by [51) is equal to (fok € Z274*

Ri = Ay(k) + G(k)y(k —m)

m k—1
= A (0) £ )Y ARG (r —m) + Y AFTG(r) AT (0)
r=0 r=m+1

k—m—1

+G(k) (A (0) + Y AFTTTG(r)t (r — m)

m k—1
= A (0) £ )Y ARG (r —m) + Y AFTG(r) AT (0)
= r=m+1
k—m—1
+ G (k)N E) Y ATTTTG(r)et (r —m)

r=0

and, due to[(47),
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Ry = N107(0) + 5 ARG (r — m)
r=0

+ 2 AFTG(r) A" (0) + G (k)M (0) = L.

r=m-+1
U

Remark 1 Let us remark that, fokc = m + 1, the formula(51) gives the same value as the
formula(B0) for £ = m + 1. Theorem§]4,|3 are particular cases of Theofem 4.

2.1 Active initial data

Analyzing carefully the formulas for solution in Theoréin 2, we deduce the following. The dimen-
sion of the set of initial data, being initialB(m + 1) (see[(1D)), is reduced. In formulas [20)4(22),
only the initial data

@T(O)a(p§<0)790;(_1)7'"790;(_m) (53)

play a role and the rest of the initial data

pr(=1), -, pi(=m)

are “hidden” and not used in the computations. Thus, parts of the solutions are identical and depend
onm + 2 initial data (parameters) itemized n (53) only.
Similarly, in formulas given in Theorefr} 3, only parameters

90;(0)’90’16(0)790%{(_1)7‘"ﬂpi(_m) (54)

determine the solutions. Consequently, the solutions are partially pasted as well and depend on
m + 2 initial data (parameters) described[in|(54).

The same analysis can be performed in the case of Thegrem 4. Again, the solution described
by formulas [(5D),[(51) depends on + 2 initial data because every multiplication of the type
G(r)e*(r —m), r € ZJ* deletes one of the two initial pieces of information givengyr — m).
Therefore formula[ (50) contains + 2 initial items. The number of initial items in formula (51) is
m + 2 as well.

CONCLUSION

Considered in the paper weakly delayed systems can be simplified and their solutions can be found
in an explicit analytical form. In the case of discrete systems of two equations, to obtain the
corresponding eigenvalues it is sufficient to solve only the second order polynomial characteristic
equation

det (A—XI)=0

rather than &(m + 1)-th order polynomial equation

det (A+X""B(k) =X ) =0
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whereA is an2 x 2 constanmatrix andB(k), k € Z° is an2 x 2 variable matrix,A and B(k)

satisfy [8),[(®). In the paper is considered the case when characteristic equation has two real distinct
roots. Moreover, in the considered case the solution of the initial problem depends-@nnitial

data only although the Cauchy is usually determine2py + 1) parameters, i.e2(m + 1)-
dimensional space of initial data is reduced1ta- 2-dimensional space. It is an open question if is
possible to investigate the remaining cases and to construct the general solution if the Jordan forms
of the matrix of linear terms are different from that investigated in this paper.
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SOLVING A HIGHER-ORDER LINEAR DISCRETE SYSTEMS

J. Diblik, K. Mencakova
Faculty of Electrical Engineering and Computer Science
Brno University of Technology, Technicka 8, 616 00 Brno, Czech Republic
diblik@feec.vutbr.cz,mencakova.k@fce.vutbr.cz

Abstract: In this paper there is considered a linear discrete homogenous system of the order
(m+2):
Az (k) + B*z(k —m) = f(k), k €Ny,

where B is a constant n x n regular matrix, m € Ny and x: {—-m,—-m + 1,...} — R",
frZy — R"

Two linearly independent solutions will be found as special matrix functions called delayed discrete
cosine and delayed discrete sine.

Formulas for solutions are gotten utilizing these matrix functions. An example illustrating results
is given as well.

Keywords: delayed discrete cosine, delayed discrete sine, discrete equation.

INTRODUCTION

Below it is used following notation: Ny := N U {0}, Z is the set of all integers and for integers s,
r,s < rdefine Z, := {s,s + 1,...r}. Similarly symbols Z" __, Z>° are defined.

—00°

In this paper we consider a linear discrete homogeneous system of the order (m + 2):

Az (k) + B*z(k —m) = f(k), k€Zy, (1)

where B is a constant n X n regular matrix, m € Ny and z: Z*>  — R", f: Z5° — R".

Solution = = z(k) of (1) is defined as a function z: Z>°, — R™ satisfying (1)) for k € Z3°. We will
find two linearly independent solutions of (1)) as a special matrix functions called delayed discrete
cosine and delayed discrete sine. With their aid a solution of initial Cauchy problem is given as
well. Previously, a similar problem for discrete linear systems

Az(k) = Ba(k —m) + f(k), ke Z, 2)

where m is a fixed integer, B is a constant n X n matrix, was considered in [1]. A fundamental
matrix was constructed as a delayed discrete matrix exponential. In [2] a particular case of (2) was
investigated and a new formula for solution of initial-value problem (when m = 1, z: Z*>, — R2,
f is a null vector) was derived. In the paper [3], there was considered a differential system of the
second order with delay

i)+ Qr(t—7) =0, 3)

where 7 > 0 and € is a constant n X n matrix and a generalization is given in [4]. A fundamen-
tal matrix for (3) was constructed as a special matrix functions called delayed matrix cosine and
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delayed matrix sine. Such special matrix functions served as a motivation for the present investiga-
tion.

1 DELAYED DISCRETE COSINE AND SINE
In this part there we define auxiliary discrete functions — delayed discrete cosine, delayed discrete

sine and some of their properties are proved.
Below, we use the following definition of combinative numbers:

!
P % it p>q>0,
( ) = q'(p—q) 4)
1 0 otherwise,

where p, ¢ are whole numbers and in common usage 0! = 1.
Symbols O, I and € stand for n x n null matrix, n X n unit matrix and n x 1 vector.

Definition 1. Delayed discrete cosine is defined as:
(O if kezZ ™
I if keZ',,

E\ . m+2)+1
J—B?<Q if kezimt

k k—m
2 4 . 2(m+2)+1
I—B.(2)+B-( ) > it kezZm,

- k-2
J—B?<§>+B#( 4m>—BW< 6"?+

Cos,, Bk =

k—(l—1)m
-1 lB2l .
renyp (PO
. I(m+2)+1 .
if keZ(l—l)(m+2)+2’ (=0,1,2,...,
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Definition 2. Delayed discrete sine is defined as:
(0 if kezZ™

B. (k+m> if kez

B. (k‘—l—m)

) it kezimT
5. (k+m

k k—m
3, 5 . 2(m+2)+1
) B (3)+B ( 5 ) if kGZ(m+2)+2,
Sin,, Bk :=
(k m) 5 () (k m)+
5
(I

—1
1B2l+1
(=1 ( o + 1 >

if kezg L, (=012,

L

‘We remind of the definition of summation:

f:() gla)+gla+1)+---+g(B-1)+g(B) if a<p,
9(j) =

where «, 8 € Z.
The definitions of Cos,, Bk and Sin,,, Bk can be shortly expressed as

0 otherwise,

/el G~ 1)m

CospBk:= > @4y3%< éj ) if kez>,,
j=0

in,, Bk := —1)’ B¥+! if keZ>,.

Sin ; (—1) ( % +1 ) if keZ>,

In the following theorem, there will be given basic properties of Cos,,, Bk and Sin,, Bk.

Theorem 1. For Cos,, Bk, Sin,, Bk and any k € Z are hold:
ACos,, Bk = —B - Sin,,, B(k — m),
ASin,, Bk = B - Cos,,Bk.

Proof. In the proof we will use well-known formula
()66
q q q¢—1)
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where p, ¢ are whole numbers.
At the first we prove the formula (8). The proof is divided into three parts.
a)lf ke 2772
ACos,, Bk = Cos,;, B(k + 1) — Cos,,Bk =0 — 0 =0 = —B - Sin,,, B(k — m).
For these k formula (8]) obviously holds.
b)Ifk € Zigmfm””g we get
ACos,, Bk = Cos,,B(k + 1) — Cos,, Bk

e () (e ()
I () T PRy (B (o
_Bﬁ.("f—62m)+...+<_1)53m,(k—(l%— 1>m>}

o ) (o (37
e [(k—2m A1y (k—2m
+ (159% . [G(’f - (>l - Emi 1))} E’f — (- 1>m)] .

21 21

Now we use formula ((10)).

— —2
ACos,,Bk = —B* . (T) + B*. (k 3””) — B (k . m) +

4 (1) (k - 1)m)

= —B - Sin,,B(k — m).
In this case formula (8]) holds too.

c)Letk =1(m+2)+ 1. Then
ACos,, Bk = Cos,,B(k + 1) — Cos,, Bk
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k+1 k+1-—
e () ().

E+1—(—1)m E+1—1Im
1\ R2. 1)H1 g2+
T UB ( 2 )+( B (2(z+1 )

_{[_Bz(’;)_gzx.(’f;m%.. 1B (’f (L =1)m )}
e [ (1) ()
b (—1)BY. Kk’- (1 —2l1>m+1) - <k— <z2l— 1)m>}

4 (1) R (k —Im + 1)

2(0+1)
Utilizing formula (I0)

ACos,,Bk = —B?- (]I) + B*. (k—gm) + ...

+(=1)'B*. (k (- 1)m> + (=12 B (kQ—(ler 1)

20 — 1 [+ 1)
k k—m
—_B.-|B-
() -2 (57)
(l—1)m k—Im+1
-1 p2i—1 2A+1
reymm (0] ) e (ML)

__3. [B.(k+7rll_m>—33.(k;m)+

H(—1)1BA (’“ e lm) + (1) BHH. (’“ _m 1)} —(%).

20+ 2
The last binomial coefficient can be decomposed by (10):

kE—Im-+1 B k—1Im N k—1Im
20+ 2 S\ 2041 20+ 2

—Ilm+m [(m+2)+1—1Im
( o+ 1 )+( o +2 )
(l—1)m Im+204+1—1Im
:( 20 41 )+( 20 + 2 )
k— (l—1)m 20+1
:( 20 41 )+(2l+2)
k— (I—1)m —m—(1-1)m
( 20+1 )H) ( 20+ 1 )

Then
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() =B [B.<’f+ﬂ;—m>_33,<kgm>+

o [(kK+m—Im k—m—({1—-1)m
_q)-1pR2-1 1\ R2H
A G R A (S|

= —B - Sin,, B(k —m).
So formula (8) holds in this case and we proved it for each £ € Z.

Now we prove formula (9), again in three parts.
a)Ifk € Z-"2

ASin, Bk = Sin, B(k + 1) — Sin,, Bk =0 — © = © = B - Cos,, Bk

and the formula obviously holds.

b) If & € Zji} 5" then

ASin,, Bk = Sin,,, B(k + 1) — Sin,, Bk
_35. (k+nl@+1) B (k;—gl) LB <k’+15—m) N
+(~1)'BHH <k+12_z$1_ ”m) - [B~ (“1’”)
() () s ()
= | ()= C)) 05 G)
[

E—({—-1)m+1 k—(l—1)m
g2 _

+(=1U'B K 20 +1 ) ( 20 +1 '
We use formula ((10)).

ASin,,Bk = B - (k;m) —B3. (];) +B°. <k;m) +

+(—1)BH (’f - (lzz_ 1)m)

e () ()-
eapp (F 2 m)

= B - Cos,, Bk.
In this case formula (9] holds too.
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c)Letk =1(m+2) + 1 we get
ASin,, Bk = Sin,, B(k + 1) — Sin,, Bk

:B.<k+T+1>—b3-<k§1>+35~<k+15_m)+

k+1—(—1)m E+1—1Im
_1 lBQH-l . _1 l+1B2(l+1)+1 .
T ( o+ 1 )H ) 21 +1)+1

) (o ()-
Ny
(o) (5] () )
(73]

o () ()

k:—lm+1)

-1 l+1B2(l+1)+1 .
+(=1) 21 +1)+1

Utilizing formula (10
) k+m s [k 5 [(k—m
ASin,, Bk = B - 0 - B’ 5 + B°. A +

k—(1—1)m k—lm+1
1\l R2+1 1)+l p20+3
+(-1)'B ( . )+( 1)+'B ( o3 )

= B[I— BQ.(];) +B4,(k_4m) N (_1>z321.(/€— (ZQZ_ 1)m)}
+ (1) B (lm +20+1—1Im+ 1)

2043
= B - Cos,, Bk,

because the last binomial coefficient
Im+2l+1—-Im+1 B 21+ 2 _0
20+ 3 o \20+3)

So formula (9) holds in the last case and for every k € Z too.

Remark 1. From formulas (8), (9) follows that for any & € Z:

A*Cos,,Bk = —B?* - Cos,, B(k —m),
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A?Sin,, Bk = —B? - Sin,, B(k — m),

i.e. Cos,, Bk -C1 and Sin,,, Bk - Cy, where C', C5 are any constant vectors, are linearly independent
solutions of homogenous system (T

2 SOLUTION OF AN INITIAL PROBLEM FOR HOMOGENOUS SYSTEM
Obviously, the expression

z(k) = Cy - Cos,bk + Cy - Sing, bk, k> 2,
where C, Cs are arbitrary constant 1 x n vectors, is a family of solutions of system ().

Theorem 2. Solution of initial problem (1)), (L)), where

z(k) = o(k) = (o1(k),...,on(B)', k=-m, ... 1, (1D

is expressed by formula
z(k) = (Cos,, Bk) p(—m)
+ B~ | (Sin,, Bk) Ap(—m) + Z Sin,, B(k —m — j) - A%p(5 — 1), (12)
j=—m+1
where k € 7>°,,.

Proof. According to Remarkit is easy to see that (k) from formula is a solution of equation
for any k € Z3°.

We prove that formula (12) satisfy also conditions . If k € Z',,, then Cos,,Bk = I,
Sin, Bk = B - (") and

k+m

o) = pomy+ 55 (1) dpem

0
> Sing Bk —m — j) - A%p(j — 1).

j=—m+1

Now we divide the proof into three cases.
a) For k = —m we get

z(—m) = p(—m) + ( )Agp )+ B! Z Sin,, B(—2m — j)A%p(j — 1)

=p(—m)+0+0=p(—m).
b)If Kk = —m + 1, we have

z(—m+1) = p(—m) + < )Agp )+ B! ZSmm (—2m 41— 5)A%p(j — 1)



= p(—=m) +e(—=m+1) —p(=m) +0 = p(-m +1).
¢) Finally let k € Z' . ,. Then

o) = (- + (5 felm ot 1) = o)

k—1
+ B‘ll Z Sin,, B(k —m — j)A%p(j — 1)

+Y Sing B(k —m — j)A%p(j — 1)] = (%).

j=k

The second sum is composed of all null terms. So we have

= pt=m) = (Yot + (T )etom

k-1

+ B ) Sing B(k—m — j) - A’p(j — 1)

j=—m+1
1—k—m kE+m
= (M e (M etemer
+ B~ - [Sin,,B(k — m +m — 1)A%p(—m)
+ Sin,, B(k — m +m — 2)A%p(—m + 1)
+ Sin,, B(k — m — k + 3)A%p(k — 4) + Sin,, B(k — m — k + 2)A?p(k — 3)

B(
+ Sing, B(k — m +m — 3)A%p(—m +2) + ...
B(
+ Sin,, B(

k—m—k+1)A%(k — 2)]

= (1 a kl_ m) o(—m) + (k —; m) ¢(—m+ 1) + B~"-[Sin,, B(k — 1)A*p(—m)
+ Sin,, B(k — 2)A%@(—m + 1) + Sin,, B(k — 3)A%p(—m + 2) + . ..
+ Sin,, B(—m + 3)A%p(k — 4) + Sin,,, B(—m + 2)A%p(k — 3)

+ Sin,, B(—m + 1)A%p(k — 2)]

= (AT e (M e s [ (T ) A%

k-2 k-
+B-( i+m)A%x—m+J)+B-( i+m>A%x—m+2)+“.

+B~G)A%QFAJ+B~G)A%@w3y+B~G>A%w—24

=(1—k—m)p(—m)+ (k+m)o(-m +1)+ B " B- [(k — 14+ m)A%p(—m)
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+(k—=2+m)A%o(—m+1) + (k — 3+ m)A%p(—m +2) + ...
+3A%(k — 4) + 20%p(k — 3) + A%p(k — 2)]
= (1L =k—=m)o(=m) + (k+m)o(-=m+1)
+ (k=1+m)[p(=m+2) = 2p(=m +1) + o(=m)]
+(k=2+m)[p(—m+3) = 2p(—m +2) + p(—m +1)]
+(k=34+m)[p(—m+4) —2p(—m +3) + (—-m +2)] + ...
+3[p(k =2) = 2¢(k = 3) + o(k = 4)] + 2[p(k — 1) — 20(k = 2) + p(k — 3)]
+ (k) = 20(k = 1) + o(k — 2)]
=p(-m)[l—k—m+k—1+m]
o(—-m+1)[k+m—2k—1+m)+k—2+m]
o(=m+2)[k—1+m—2(k—24+m)+k—3+m)]
o(-m+3)[k—24+m—20k—-3+m)+k—4+m]+...
ok —3)[4—2-3+2]+ ok —2)[3—2-2+1] + ok —1)[2 — 2] + p(k)
=p(=m) -0+ o(-m+1)-0+ -+ ¢k —1) -0+ p(k) = (k).

So we shown that z(k) = ¢(k) forany k € Z! |

]
3 REPRESENTATION OF SOLUTIONS OF NONHOMOGENOUS SYSTEM
Consider a nonhomogenous equation (/1)
A’x(k) + B*x(k —m) = f(k), k€Zy,
with the zero initial conditions
w(k)=0, keZ',, (13)

where £(k) = (fi (k). .., fa(k))"

Theorem 3. If B is a regular n X n matrix, solution x,(k) of nonhomogenous equation with
the zero initial condition (13)) has form

k—2

zp(k) =B Y Sin,B(k—1—m—j)- f(j), (14)

J=0

where k € Z3°.
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Proof. We show that the expression (14) satisfies the nonhomogenous equation (IJ), i.e.

APz, (k) + B? - x,(k —m) = f(k), kelZy. (15)
The left-hand side of equals:

L= A (B—l : i:Sint(k —1-m—j)- f(j))

=0
k—m—2
+B%-B7- " Sin,B(k—1—2m—j)- f(j)
§=0
k—2
— B 1. A2 <ZSint(k —1-m—yj)- f(ﬁ)
j=0
k—m—2
+B-Y " Sin,B(k—1—2m—j) f(j)
j=0
k—1 k=2
=B 1A Sing, B(k —m = j) - f(j) = Y _ SingB(k =1 —m —j) - f@)
k7m7]2:0 -
+B- Y SingB(k—1-2m—j)- f(j)
j=0
k—2
=B A SingB(=m + 1)+ f(k = 1)+ Y Sin, Bk —m — j) - ()
E—2 j:lco—m—2
3 Sin, B(k - 1—m—j)-f(j)> +B-)_ Sing Bk —1=m=j)- ().
§=0 7=0
By Definition 2, Sin,, B(—m + 1) = B. So we get:
k—2
L—=B1.A B.f(k_1)+z (Sint(k:—m—j)'f(j)
j=0

k—m—2

—Sint(k—l—m—j)-f(j)) —l—B-Z Sin, B(k —1—2m —j) - f(5)

k—2
= Af(k—=1)+ B A)  ASin,B(k—1—m—j)- f(j)

J=0

k—m—2

+B->  SingB(k—1-2m - j)- f()).
j=0

By Theorem 1,
k—2

L:Af(k_1)+3*1.AZb~CosmB(k—1—m—j)'f(j)

J=0
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k—m—2

+B-Y " Sing,B(k—1—2m—j)- f(j)
=0

k—2
=Af(k—1)+ A CospB(k—1—m—j)- f(j)
j=0
k—m—2

+B.Z Sin,B(k—1—2m —j)- f(j)

k—1
= Af(k —1+ZCosm (k—m—j) ZCOSm k—1—m—3)-f(j)
7=0

k—m—2

+B.Z Sing, B(k — 1 —2m — 5) - f(5)

k—2

= Af(k 1)+ CosyB(—=m+1) - f(k— 1)+ Y CospB(k —m —j) - f(j)
j=0
_ k—m—2
—ZCosmB —1—-m—=j)-f(j)+ B- ZSmm kE—1-=2m—7j)- f(4).

By Definition 1, Cos,,, B(—m + 1) = I. Therefore
L=Af(k=1)+f(k—=1)

+Z(cosm (k= m =) F) = Cosy Bk~ 1=m ) 1) )

k—m—2

+B-Y) " SingB(k—1-2m—j)- f(j)
i=0

k—2

= f(k) = f(k—1)+ f(k—1)+ ZACosmB<k —1-m~—j)- f(j)

+B-> " SingB((k—1-2m—j))- f(j).
=0
We use Theorem 1:
+Z( —B-Sin,, B k—1—2m—j)-f(j)>

k—m—2

+B.Z Sin,B(k —1—2m —j) - f(4)

k—m—2

Z Sin,B(k —1—2m —j) - f(5)
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k—2 k—m—2
—|—ZSlnt(k —1-2m—7j)-f(4)|+ B ~ZSint(k —1=2m—j)- f(j)
j=k—m—1 J=0
k—m—2
= f(k)+ B Sin, B(k —1—2m —j)- f(j)
k—m—2 = k—2
=2 S Bk —1=2m = j) - f(j)| = B-Y_ Sin Bk — 1= 2m — j) - ()
7=0 j=k—m—1
k—2
= f(k)=B-)_ Sin,B(k—1-2m—j)- f(j)
j=k—m—1

= f(k) — B-{Sint(—m) -f(k—m—1)+---4+Sin,, B(—2m+ 1) - f(k —2)|.

Since, by Definition 2,
Sin,, B(—m) = --- = Sin,, B(—2m + 1) = ©,

we get

where R is the right-hand side of (I3).

Theorem 4. Solution x(k) of the problem (1)), (1)) can be represented in the form

z(k) = (Cos,, Bk) o(—m) + B [ (Sin,, Bk) Ap(—m)

+ Z Sin,, B(k —m — j) - Ap(j — 1) }

Jj=—m+1
k—2
+ B " Sing, Bk —1—m—j) - f(j),
j=0

where k € 7>°,,.

4 EXAMPLE

Example 1. It is given a two-dimensional (n = 2) nonhomogenous system :
A2z (k) + Bx(k —3) = f(k)

with initial function

2(=3) = ¢(~2) = p(~1) = (0) = (0,0)" (1) = (0.001,0.001)",
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where

(D" if k=0,
f(k) = { (0,007 otherwise.

Solution. We used program Maple 13 for computation 250 points of the given discrete equa-
tion. At the first we get calculate values of delayed cosine Cos,, Bk and delayed sine Sin,, Bk (in
Maple 13, they are called simply Cos [k] and Sin[k]) for k& € Z*%) by Definition 1 and 2. Then
we compute values of (k) (called x [k]) by Theorem [4]

0.001 —0.001
B:<0.001 0 ) and

> s:=ceil ((k-1)/ (m+2)):

> for k from -m to 250 do Cos[k]:=evalf[100] (sum
((=1) "3*B” (2*7) *binomial (k—j*m+m, 2% 73), j=0..s)) od:

> for k from —m to 250 do Sin[k]:=evalf[100] (sum
((=1) "J*B" (2xj+1) *binomial (k—j*m+m,2%xj+1), j=0..s))
od:

> for k from 2 to 250 do x[k]:=evalf[40] (Cos[k].x[-m]
+ B (-1).(Sin[k] . (x[-m+1]-x[-m])
+ sum(Sin[k-m-J].(x[J+1]-2*x[J]+x[J-11), J=-m+1..0))
+ B"(-1) .sum(Sin[k-1-m—3j].f[j], J=0..k-2)) od:

In Figure [I] there is given the graph of the solution of the problem (17), (I8), where z(k) =
(x1(k), zo(k))T. Points of the solution are represented by black color, their plan view by blue and
side view by red color.

CONCLUSION

In the paper, linear systems of discrete equations (I]) of higher-order are considered. New formulas
(14), (16) were derived for solutions of initial-value problems for homogenous and nonhomogenous
systems with the aid of special discrete matrix functions called the delayed discrete matrix
cosine and sine. The formulas can be used (unlike known numerical algorithms) to qualitative
analysis of solutions (such as impact estimation of initial data on properties of solutions or large-
time behaviour (k — o0) of solutions). An example illustrating obtained results is worked out (by
Maple software) and graphically demonstrated as well.
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Figure 1:  The graph of the solution of Example 1.
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Abstract: A second-order quasilinear parabolic PDE system with random parameters is proposed
to model the spatial-temporal evolution of multiple species dwelling on a common territory. For
the associated stochastic Cauchy problem, the global well-posedness and long-time behavior are
studied in a probabilistic weak functional-analytic framework under appropriate conditions on the
data.
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INTRODUCTION

Modeling and investigating the dynamics of populations is commonly viewed as one of central
topics of modern mathematical demography, population biology and ecology (cf. [12]]). Having
its origin in the works of Malthus dating back to 1798 and historically preceded by Fibonacci’s
elementary considerations from 1202, the mathematical theory of population dynamics underwent
a rapid growth during the 19" and 20" centuries. Among others, one should mention the works
of Sharpe (1911), Lotka (1911 and 1924), Volterra (1926), McKendrick (1926), Kositzin (late
1930s), Fisher (1937), Kolmogorov (1937), Leslie (1945), Skellam (1950-s and 1970-s), Keyfitz
(1950-s through 1980-s), Fredrickson & Hoppensteadt (1971 and 1975), Gurtin (1973), Gurtin &
MacCamy (1981), etc. An age- and sex-structured model has recently been proposed by Pokojovy
& Skvarkovsyi in [12]]. For a detailed historical overview, we refer the reader to the monographs
by lanelli et al. [8]] and Okubo & Levin [11] and references therein.

While a vast number of deterministic models are available in the literature, stochastic models
are still rather scarce and mainly represented by Kolmogorov-type deterministic equations for the
probability density of underlying Markovian diffusions (cf. [10]). Genuine (finite-dimensional)
stochastic models are also available [9, [13]].
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Next, we present our new stochastic spatial-temporal population dynamics model. Consider
a macroscopic description of the temporal evolution of m & N biological species dwelling on a
common territory parametrized by a bounded domain G C R¢. Whereas we require our model to
account for the spatial distribution of the species including the diffusion and drifting phenomena,
for the sake of simplicity, the age structure and (possible) intra-species morphological differences
are neglected, etc. In addition to nonlinear local interactions between the species, stochastic param-
eters are incorporated into the model to better describe the environmental impact on the species. A
detailed overview on related (stochastic and deterministic) models is given in [11].

Let (& )¢>0 and (1:)+>0 be random processes taking their values in some spaces of z-dependent
functions such that & (-, z) and (-, x) describe the environmental, climatic or any other conditions
at time ¢t > 0 and place * € G. Let u;(¢,x) denote the population density of the i-th species at
time ¢ > 0 at point x € G. Consider the vector function u := (uy,...,uy,)T and its Jacobian
Vu = (8% ul)J 1’ ¢ 1In the following, we employ the Einstein’s summation convention. For the
indices i, j, k, [, we have i,k=1,...,mand j,l = 1,...,d. Imposing a continuity equation and
a Fick-type relation (reminiscent of the Fourier law of heat conduction) between the flux and the
concentration gradient, we arrive at the equation

atui (ta IL’) = aﬂcj (aijk’l (t7 T, U’(ta Zlf), VU(t, I)v ft)aarluk (ta ZZ'))
+b; (t,x,nt,u(t,x), Vu(t,:c)) for (t,z) € (0,00) x G,

(1

where b; (¢, x) stands for the local animal (net) “creation” intensity typically given as a polynomial
in u;’s. Since additive noise terms are less realistic for macroscopic population dynamics phenom-
ena, we let the diffusion and the drift depend on stochastic ‘parameter’ processes.

Let I'g, I'; be relatively open, disjoint subsets of OG and let v(x) denote the outer unit normal
vector to GG at point z € 0G. With u; standing for the size of the i-th species at part [y of the
boundary and ¢; denoting the flow of ¢-th population in the direction of the outer normal at I';, the
boundary conditions read as

ui(t, ) = u(t, )
for (¢,x) € (0,00) x Iy,
_ (2)
(az]kl (ta T, U( vu(ta Z’), ft)axluk(ta 33')) =d; (ta :C)
for (t,x) € (0,00) x I';.
Usually, u; = const and ¢; = 0. Finally, the initial conditions are given as
u;(0,2) = u)(x) for v € G, 3)

where 1 is the size of the i-th species at the initial point of time.

The goal is to analyze Equations (I)—(3), discuss their well-posedness and study the long-time
behavior in an appropriate probabilistic functional-analytic framework proposed below. See [7] for
details. In contrast to the vast majority of stochastic partial differential equation (SPDE) models
with additive — white or colored — noise studied in the recent literature, Equation (2)) rather depends
on (possibly) quite irregular stochastic data and/or parameter processes.
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WELL-POSEDNESS

Let H,V be separable Hilbert spaces such that the embedding V' — H is dense and continuous
and let (2, F, P) be a probability space. Further, let ©1, ©, be separable Hilbert spaces (or closed
subsets thereof). Let

{A(t,w;6))|t>0,weV,0, €0} C L(V,V)

be a family of bounded, linear, self-adjoint, positive operators with

loc

(t,1,60) 1= At w;01) € Lz, (0,00 Lin(V x ©1, L(V, 1))
such that for any 7" > 0 there exists a number x = x(7") > 0 with
(A(t,w; 0))v, v)vry > k|v|fi fort € [0, T),v,w € V, 0, € 6.

Further, let
(t,w,0s) — f(t,w;0) € L%OC(O, oo; Lip(V x ©4, V’)).

For given L? (€2, LY (0, 00; ©1); P, F)- and L (€, L} (0, 00; ©,); P, F)-stochastic processes

loc loc
(§t1) 4o and (@2) +>o consider a quasilinear stochastic Cauchy problem

Au(t) + AL, u(t); & )u(t)
u(0) =

f(t,u(t); &) in V' forae. t > 0 P-as. in €, 4)
u’ in H P-a.s. in Q. (5)

Theorem 1. For any initial data v° € L? (Q, H; P, F), there exists a unique weak solution

we L2(Q, Hi (0,00, V') 1 L, (0,00, V)i P, F)

loc

0

to Equations @—. Moreover, u continuously depends on u" in respective topologies.

Sketch of the proof. The proof is based on a Kato-type linearization and application of the clas-
sical linear variational parabolic theory (see, e.g., [2, Chapter XVIII]). For a given realization of
(€1,£2), using standard techniques, the resulting quasilinear deterministic problem can be solved
using Banach’s fixed-point theorem. Next, using the Lipschitz-continuity of nonlinearities, the so-
lution is shown to be a Lipschitzian function of (£, £?). Since the solution process can uniquely be
represented as a composition of the solution operator with the data processes (£}, £?), the unique
existence and measurability of the solution process follow, while the integrability is a direct conse-
quence of the solution operator Lipschitzianity. [

Remark 2. Under additional regularity assumptions on the “data” process &}, &2 (cf. [3]), the
weak solution in Theorem/[l|can be shown to possess the regularity of a strong solution, i.e.,

ue L? <Q,Hﬁ)c(0, 00; V);P,f) with A(-,u;g,l)u € L? (Q, L2 (0, oo; H);P,]—").

loc
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To put the original problem from Equations (I)—(3) into the framework above, we let

— (LQ(G>)m7 FO#@ an - 1 m
H._{ ey, T2 wdV = ()"

and consider fort > 0, w € V and 6, € O,
A(t,w,01): V = V' ur —div (a(t, - w, Vw, 91)Vu)

and
f(t,w,0) :=b(t, -, w,Vw, ) fort > 0,w € V,0; € O,.

Now, the conditions of Theorem [I|can easily be interpreted in terms of appropriate assumptions on
the functions/operators a = (a;j5;) and b = (b;).

Remark 3. For Equations —@) to possess a weak solution, both processes &}, need to be
time-square-integrable. While the later is true, e.g., for respective Hilbert-space-valued Wiener
processes, the “white noise” would violate this property. If the solution process is additionally
required to be (P-a.s.) a strong solution, an extra regularity assumption on & such as the bound-
edness of the total variation (cf. [J|]) or the Holder-continuity of degree o > % becomes important.
This rules out the possibility of £ being a Wiener process. At the same time, an integrated Wiener
process or a vast class of semi-Markovian processes would comply with this requirement.

LONG-TIME BEHAVIOR

Stability of stochastic systems has attracted considerable attention in the recent literature [1, 3,
4, 16], etc. The more prominent solution approaches include Lyapunov energy methods, spectral
techniques, moment equations, stochastic observability instruments, etc. In the present work, we
adopt the classical Lyapunov’s method.

Theorem 4. Suppose there exists a number k > 0 such that
(A(t,v;01)v,v)vry > E|v||} forallt > 0,0 € V, 0, € 0.
Further, let
(f(t,v;0),v)g <O0fort>0,v€V andb, € Os. (6)

Then, under conditions of Theorem|[l] the unique weak solution u to Equations (#)—([5) is exponen-
tially stable on H in the 2-mean, i.e., there exists a number o > 0 such that

Ef[lu(t)||%] < exp(—2at)E[|[u’||3] for t > 0. ()

Sketch of the proof. Assuming for the moment, Equations (@)—(5) possess a strong solution, con-
sider the Lyapunov functional

B0) = 3]

where the Einstein’s summation convention is employed. Multiplying Equation @) in H with u(t),
taking the expectation with respect to the probability measure P, ‘integrating by parts’ and using
the uniform coercivity of A along with Equation (6), we arrive at the estimate
d
th[E( )] < —2aE[E(t)] forae. t >0
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for an appropriate constant o > 0 that neither depends on u° nor on (&}, &?). Using Gronwall’s
inequality, Equation (7)) follows.

Turning to the general case, i.e., v is a weak solution, select sequences to approximate the
initial data u° and the data process (£}, £2) such that every element of the approximating sequence
admits a strong solution. The respective solutions satisfy Equation (7). Recalling the solution map
is Lipschitzian in (£}, £?) and continuous in u°, we pass to the limit and observe that the limiting
(weak) solution satisfies Equation (/) as well. ]

CONCLUSION

We presented a new quasilinear stochastic PDE model to describe the spatial-temporal evolution
of multiple animal species and proposed an approach to studying the well-posedness for the un-
derlying stochastic Cauchy problem. Further, under additional conditions on the diffusion and
source terms, the exponential stability in the 2-mean was discussed. Future research directions
will include deduction of moment equations for the case of Markovian and semi-Markovian data
processes (£}, £2) and their application to stabilization and optimal control problems, etc.
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Abstract: In the paper we studied fundamental properties of conformal and geodesic mappings
of (pseudo-) Riemannian spaces. We study in detail compositions of conformal and geodesic map-
pings. In the case that an assembling of conformal and geodesic mappings is commuting, then this
composition is either only conformal or only geodesic. We discuss also the exceptional case of
dimension 2 .
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INTRODUCTION

In differential geometry conformal and geodesic mappings play a very important role in the theory
of surfaces, Riemannian and pseudo-Riemannian manifolds.

J. Lagrange [11] began to study problems in cartography in 1779. He presented stereographic
and gnomonic projections of a sphere onto a plane. These projections are examples of conformal
and geodesic mappings. The above mentioned mappings of surfaces, Riemannian and pseudo-
Riemannian spaces are used in many applications, for example in theoretical mechanics, physics
and especially in the general theory of relativity [4} 15,16, 7,8, (9, 15, [16].

The general theory of conformal and geodesic mappings of (pseudo-) Riemannian manifolds
was studied in [7, 18, 9} 10, [12} [13} [14, 115, 17, [18]]. Further conformal and geodesic mappings of
special spaces were studied for example in [4} 8, [16]. This problem is connected with the solution
of differential equations, for example [2].

Since from the time of T. Levi-Civita [[10] it is known that geodewsic mappings which in the
same time are conformal and geodesic are homothetic, i.e. the metrics of these spaces are propor-
tional.

As known, conformal as well as geodesic mappings give rise to classes of conformally and
geodesically equivalent metrics, i.e. they are reflexive, symmetric and transitiv.

We prove that “commutativity” of the composition of conformal and geodesic mappings leads
to triviality, 1.e. this composition is either conformal or geodesic.
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1 CONFORMAL AND GEODESIC MAPPINGS

1.1 Conformal mappings

Conformal mappings are mappings which preserve angles. These mappings are characterized by
the condition that their metrics are proportional, i.e. the following equation

Gij(x) = e gy () (1)

holds, where = = (x',. .., 2™) are common coordinates respective to the conformal mapping V,, —
Vi, 9ij(x) and g;;(x) are the metric tensors of the (pseudo-) Riemannian manifolds V;, and V,,,

respectively.
In the coordinate free form we can rewrite formula (TI)) in the following form

1

g= e g.
If 0 = const, then the conformal mapping is called a homothetic, and if o = 0 then this
mapping is isometric. B
From equation follows that the Levi-Civita connections of V;, and V,, are in the relation:

where 0" = ¢"*0,, 0; = V,0, 6" is the Kronecker symbol, and I'}; and T/, are the Christoffel
symbols of V,, and V/,.
In equivalent form under the conformal mappings the following relation for any vector fields
X, Y holds
V(X,Y)=V(X,Y)+o(X)Y +o(Y)X — g(X,Y)o,
where o is a gradient one-form o(X) = Vo, o is a vector field for which o(X) = g(X, o),
V and V are the Levi-Civita connection on V,, and V,,, respectively.

1.2 Geodesic mappings

A diffeomorphism f: V,, — V,, is called a geodesic mapping, if any geodesic on V,, is mapped onto
a geodesic on V/,. B
A diffeomorphism f: V,, — V, is geodesic if and only if the Levi-Civita equation holds

[l(x) = Tl(x) + 00y (x) + 6hpi(), 3)
where FZ— and 1_“% are Christoffel symbols of V,, and V,,, and 1;(z) are components of a linear
form 7). Geodesic mapping for which ¢; = 0 is called trivial or affine. Evidently, a homothetic
mappings is a special affine mappings.

In the coordinate free form we can rewrite formula (3)) as follows
VxY =VxY +¢(X)Y + (V)X

for any vector fields X, Y.
If V,, and V,, are (pseudo-) Riemannian spaces, then 1) is a gradient like form

&-ln ‘g s
g

1
n+1

i =

where g = det(g;;) and g = det(g,;).
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1.3 Geodesic mappings which are conformal

We prove the following lemma, see [18, p. 75].

Lemma 1 A diffeomorphism f:V, — V, (n > 2) which is at the same time conformal and
geodesic is homothetic.

Proof. 1t follows that a geodesic and conformal mapping must at the same time satisfy conditions

and (3)):
f?](x) — F?j (x) = 5ihaj (x) + 5?01-@) — ahgij = 5?1/@- (x) + 5Jhwz(x)
From that follows
(ﬁle + 5;%1]1 - O'hgij = 0,

where w; = 0; — ;.
We can see that if n > 2, then from the last formula follows ); = ¢0; = 0, and ¢ = const.

2 COMPOSITION OF CONFORMAL AND GEODESIC MAP-
PINGS

2.1 General properties

As we have said earlier conformal and geodesic mappings are very important. We will be interested
what happens, if we make a composition of these mappings. One of the important property is that
their composition is commutative. Hereafter we prove that in the case when the mappings commute,
the result is either conformal or geodesic.

Now we will study the compositions of conformal and geodesic mappings, and their “commu-
tativity”. We demonstrate the composition at the following diagram

n

Fig. 1. The composition of conformal and geodesic mappings
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Here

1
f1: V,, = V,, is a conformal,
1 _
f2: V,, = V,, is a geodesic,
2
f3: V,, =V, is a geodesic, and

2 _
fa: Vi, = V, is a conformal mapping,

12 — ) ) ) ) 12 _
where V,,, V,,, V,, and V,, are (pseudo-) Riemannian spaces with metric tensors g, g , ¢ and g,

12 _
respectively, and Christoffel symbols I', I' , I' and I, respectively.

2.2 Main theorem of commutativity of composition of conformal and geodesic
mappings

We prove the following theorem

Theorem 1 If the dimension n > 3 and mapping

f:f10f2:f30f4ivn—>‘7n, “4)

then f is conformal or geodesic.
Moreover, fy and f3, or fi and f,, are homothetic mappings.
Note. From condition (@) follows that the conformal and the geodesics mapping commute.
Proof. These mappings be can seen at the above diagram. From the condition of the theorem

1 2 _
follows that the Christoffel’s symbols of the spaces V,,, V,,, V,,, V,, satisfy the following conditions

1 1 1 1
Th(z) = Th(z)+0! o+ 0} oi— o'y

_ 1 2 2
Li(x) = Ti@) + 67 s+ 67 ¢

2 3 3 )
Tih(z) = Th(x)+ 0+ 07 o
= 2 4 4 4,2
F?J(l’) = FZ(ZL’)"‘(SZL 0j+(5§l 0;— O'hgij,
102 3 4 . 2 . 2
where 03, 15, 15, 0; are gradient covectors, g;; and g;; are metric tensors on V;, and V.
We add the first two equations in (5)) and subtract the third and the fourth.
After the calculation we get
4y, 2 4
O'h gij_ O'hgij -+ (Sile -+ 5;le = O, (6)

1 2 3y
where w; =o;,+ V;— ;— 0;.
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Now we analyze equation (6). If w; # 0 then there exists a vector a’ such that w;a’ = 1. We
contract (6) with ¢’ and obtain
4y 2 1
5;‘ = —a"w,— " §ina®+ o gina®.
From that follows in the case n > 3 a contradiction. This means that if w; = 0, from (6)) follows
that:

4, 2 1
o gij = Uhgij' (7

. _ 5 2 . s
Because f; is conformal and g;; = . gi;, from equation (/) follow two possibilities:
a) gi; is proportional to g;;, i.e. V;, and V;, are conformally equivalent, or

h=0.

b) o = o

In the case b) the mappings f; and f, are homothetic and f5 and f5 are geodesic (in fact identi-
2

3
cal) mappings. From the condition w; = 0 in that case follows ©; = ).
In the case a) we have that the mapping

f=fiofa=fs0fs (8)

is conformal.
Because the mappings f; and f, are also conformal, from (&) follows

fo=f"of and f3=fof;'

are conformal.

On the other hand f; and f5 are a priori geodesic mappings. From Lemma 1| follows that these
2 3
mappings f, and f3 are homothetic. Therefore ¢; = v; = 0.

From the above analysis, it can be observed that in the considered “commutative” combinations
of geodesic and conformal mappings either the geodesic or the conformal mappings is homothetic.
The theorem is proved.

2.3 Notes about compositions of conformal and geodesic mappings

By analysis of equations (1)) of conformal mappings we can convince ourselves that the composition
of conformal mappings is commutative. More generally it is known that (pseudo-) Riemannian
spaces form closed equivalence classes with respect to conformal mappings [14], p. 238.

From the Levi-Civita equation (3)) follow analogical properties for geodesic mappings of (pseu-
do-) Riemannian spaces, so we can speak about geodesic classes [14], p. 262.

In general Theorem (]is not valid for n = 2. This follows from the fact that all two-dimensional
Riemannian spaces are locally conformal equivalent. Analogically this holds for two-dimensional
pseudo-Riemannian spaces. We can easily see that under geodesic mappings the signatura of the
metric need not be conserved.
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CONCLUSION

In the article we introduced conformal and geodesic mappings and some relations between them.
Afterwards we studied the composition of geodesic and conformal mappings and we proved that if a
composition of a conformal and a geodesic mapping commuts then this mapping is only conformal
or geodesic. We showed that this is not true for the dimension equal to two.
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Abstract: The paper deals with the mathematical description of the problem of finding the spectral
sensitivity S of a photodiode with a linear response. Knowing the responses of the photodiode on
testing lights, we try to find the function S. The lights are represented as functions depending on
the wave length. It is shown that one of the possible solutions is to use an orthogonal projection to
the space of certain functions.

Keywords: orthogonal projection, spectral sensitivity, quantum efficiency

INTRODUCTION

We are searching for the so called spectral sensitivity — the relative quantum efficiency of light
detection of a silicon photodiode or luxmeter. Luxmeter is a measuring device of illuminance and
it is basically a photodiode with correction filter to human eye sensitivity V' (\) (see figure |1} for
more about this theme see, e.g. [1]). We will denote this sensitivity function as S(\) where A means
the wavelength of the light. We are trying to find S on the basis of knowing the responses of the
photodiode or luxmeter on testing lights. Each of the lights is described by its spectrum. For the
i-th light, it is the function

Luxmeter

II'
|III

Light source

biA

/

V(A) correction filter Silicon Photodiode

Figure 1: The measuring system scheme

The responses of the photodiode are

b
Ri:/ SNGN A, i=1,.. n. 0
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The values a and b represent the end points of the range of the wavelengths, practically they can be
set to approximately
a = 380[nm]J, b = 780[nm].

So the task is: Find the function S if we know the values of integrals of the products of S with n
known functions ¢;. One of the possibilities how to do it is to use the orthogonal projection.

1 ORTHOGONAL PROJECTION ONTO A SUBSPACE

Let V' be a vector space with the inner product (-,-) and let L be its subspace with the basis
hi,hs, ..., h,. To find the projection of the vector v € V into L, we have to find the vectors
v,w € V such that

(1) U =7v + w9
(i) ve L,
(iii) (w,z) = 0 forevery x € L.

At the same time, the orthogonal projection v is the best approximation of the vector « in L.
It is well known that the vector v can be found as

v=aihy + -+ ayh,
where the coefficients o; are computed as the solution of the system of linear equations
<h1,hi>041+<h2,hi> Q2++<hn,hz> ap = <U,hi>, Z:]_,,TL (2)

It is also well known that on the space of functions that are continuous on the interval (a, b), the
inner product can be introduced as

b
(f,9) :/ f(z)g(z)dz.

2 APPLICATION TO THE SOLVED PROBLEM

Looking at the system (2)) and at (I)), we can realize that the responses R; can be seen as the right-
hand sides of (2)). The left-hand side, i.e. the matrix of the system, can be constructed by computing
the integrals

b
| eenan 3)
Finally, the approximation of the function S can be found as
S(A) = idi(N) + azda(A) + - + andn(N).

Theoretically, all seems to be nice and clear. But practically, several problems arise.
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2.1 Problems with practical implementation

The main problem is that all the values R; and the functions ¢; are obtained by measurement and
thus they contain errors (noise). In fact, the functions ¢; are given as tables of (measured) function
values. Hence, the integrals (3) cannot be computed analytically. We have to compute them by
some numerical method.

Another problem is the quality of the testing light functions ¢;. They can be gained from various
sources. ‘“Nice” lights come from a programmable light source device which is able to produce any
visible monochromatic light, but the system operation is very expensive. A cheaper variant is to
use an incandescent light source (bulb) or xenon lamp with a colour filter, but the lights obtained
this way can have unpleasant properties. For comparison, see figures [2] 3] It is very important to
design the experiment properly, see, e.g. [2].

-3

x 10
3.5

15 b

.5
440 450 460 470 480 490 500 510 520 530

Figure 2: Three monochromatic ligths

In figure 4] we can see the result of a numeric experiment. The computation was performed in
Matlab, using 62 monochromatic testing lights ¢;, ¢ = 1,...,62. The integrals in system (2)) were
computed numerically with help of the Simpson method. The values of the resulting approximation
of the function S(\) are depicted as blue points. The red curve was obtained by smoothing these
values by the moving average method.

CONCLUSION

We have to admit that the numerical experiments still do not give results with the desired precision.
The main cause lies in measured noise within the data and the fact that the used “monochromatic”
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Figure 3: An example of an incandescent bulb light with filter
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Figure 4: The result of a numeric experiment
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test lights are not truly monochromatic. However, calculated sensitivity function fits well with ex-
pectations. The research goes on and some other possibilities how to find the spectral sensitivity S
are in consideration, too. But, if nothing else, such an application of basic concepts of linear alge-
bra can be shown to the students which permanently doubt about the usefullness of mathematics.
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Abstract: Extremal index is the primary measure of local dependence of extreme values and plays
important role in extreme value estimation for stationary processes. The maxima estimators are
often preferred in practical situations. These estimators, based on properties of the block max-
ima, are asymptotically characterized by the Generalized extreme value distribution. In contrast
to other methods, the maxima estimators gain advantage in stability to the choice of auxiliary pa-
rameters. Still the main part of the maxima methods is selection of a proper approximation to the
marginal distribution of the underlying process. Although the suitability of the approximation may
significantly affect the estimation quality, to the effect of available approaches has not been paid a
great interest in the literature. The aim of this contribution is the comparison of available sampling
schemes and the assessment of sensitivity of existing maxima estimates of the extremal index.

Keywords: extreme value, extremal index, stationary series, block maxima, resampling.

INTRODUCTION

Characterization of rare events in natural processes is the objective in many application areas.
Mostly, the practitioners restrict the inference to observations of independent and identically dis-
tributed (IID) random variables. In such cases the estimation of extreme values can be obtained
through classical results of extreme value theory (see [11]). Recently the peak-over-threshold
model is often preferred - a high threshold is selected and the independent threshold exceedances
are modelled by the Generalized Pareto distribution. However, provided a time series is available,
the requirement of independence enforces application of auxiliary techniques first in order to draw
out an approximately IID series. This usually requires the use of a suitable sampling scheme lead-
ing to excessive data reduction, while the assumption of independence may still be harmed.

More efficient seems to deal with the raw time series. In order to be able to reach some specific
inference, the attention is usually limited only to a stationary series satisfying the D(u,,) condition
of Leadbetter et al. [11]. The D(u,) condition restricts the long-range dependence at extremal
levels, so that the distant observations can be considered approximately independent. The extremal
behaviour of such series is managed by its marginal distribution and by its dependence structure
capturing the tendency of extreme values to cluster. Extremal index 0, 0 < 6 < 1, is thereby the
primary measure of the short-range extremal dependence. Review of this area is given, for exam-
ple, in [5]. The case # = 0 is also possible, but in some sense degenerative (see [2] for details), and
will not be further considered. There has been provided many interpretations to extremal index.
One of the most descriptive is that ! represents the expected value of the cluster size distribution
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[11]. Thus as 6§ — 0, the extremes tend to cluster. Clearly, for an IID series one obtains # = 1. The
reverse implication however does not hold.

There have been proposed various approaches to the extremal index estimation. In summary the
most methods deal with suitable identification of clusters. Lately, the interest is lied in estimation
under the framework of the peaks-over-threshold model (see e.g. [2, 6, 8]). However it is typ-
ical that such methods are extremely sensitive to the choice of auxiliary parameters such as the
threshold value or separation period. Still the most stable estimates are usually obtained by one of
the maxima methods within consideration of the block model. For the maxima method, as it was
introduced by Gomes [7], there is only one parameter to choose - the block size. Its sensitivity to
the estimation quality has been already the object of study in [9], for example. Although it was
not considered in [7], it turns out that proper estimation of the marginal distribution is also crucial.
The main objective of the paper is to compare available methodologies for the estimation of the
marginal distribution of the underlying stationary series. We aim to the sensitivity assessment of
the maxima methods under various conditions, and study particularly the bias of extremal index
estimates.

Let Xy,..., X, be a stationary series satisfying the D(u,) condition with marginal cumulative
distribution function (CDF) F'(z). In the following denote X7, ..., X an IID series associated to
the underlying sequence X7, ..., X, i.e. an IID series drawn from the same distribution F'(x).
Let M, = max{Xi,...,X,} and M} = max{X7,..., X} be the sample maxima, and denote
Fyr:(x) the CDF of M. From the extreme value theory follows that, if there exist normalizing
constants a,, > 0, b,, such that

Fyps(anz + b,) = F"(apx + b,) = G(2) (1)

for some non-degenerate CDF G(z), then G(z) is CDF of the Generalized extreme value (GEV)
distribution. Hence, the function G(x) is of the form

G(x)=exp{—{Hf(f‘;“)}:m}, @)

where a; := max(a,0), and pu, 0 > 0, £ are the parameters of location, scale, and shape,
respectively. Occasionally we write GEV(u, 0, ) to emphasize the parameters of the distribu-
tion. The corresponding result for the distribution of M,, gives, under the conditions lied on (1),
P (M, < anz+b,) = Gy(x), where G(z) and Gy(x) are related by the equation

Gy(z) = [G(2)]". 3)

Thus the limiting distributions of M,, and M are both GEV with respective parameters (119, 09, &p)
and (i, 0,&). From (3) it can be easily derived that the parameters, assuming £ # 0, are further
related by the following equalities

g

o = [ 5(1—95)7 op = a0, & =& “4)

Note, the particular form of G(z) for £ = 0 (i.e. the Gumbel distribution) can be obtained by taking
limit of (2) with £ — 0. In that case can be the parameters (g, 0y) again rewritten in terms of (i, o)
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similar to (4). Nevertheless, the case ¢ = 0 will not be explicitely emphasized in the paper. Hence
the corresponding relations can be found in [3] for example.

1 MAXIMA METHODS

The main idea of the maxima estimates of # consists in comparison of the two triples of parame-
ters (i, 0, &) and (e, 09, &). Given sequences X1, ..., X, and X7, ..., X} . denote M, ;, M}

mn> n,.’

¢ = 1,...,m, the corresponding block maxima of size n, i.e. M, ; = maX{X(i_l)nH, ooy Xin}d
and M, = max{X (im)n10 - - - , X }. For block size n large enough, the distribution of both

entities can be approximated by a limiting GEV distribution, as it follows from equation (1). The
D(u,,) condition limits the dependence at extreme levels, and hence for large n the block maxima
M., ;s are approximately independent, too. Such assumptions about block maxima of a time series
are usually taken into account in practical situations (see e.g. [10, 1, 12]). Hereby standard tech-
niques can be applied to fit a GEV distribution to M,, ;8. Typically the maximum likelihood (ML)
method is applied.

In order to estimate the extremal index 6, Gomes [7] in her first paper to the maxima methods
proposed to fita GEV (ug, 0y, {p) distribution to the series of M,, ;s and a GEV(y, o, §) distribution to

M, ;s. Hereby are obtained the ML estimates (/lg, 09, ég) and (ﬂ, o, é ) The particular parameter
estimates are then combined at the basis of relations (4) to get the extremal index estimator

R Y3
eaz(i) , (5)
of

Ancona-Navarrete and Tawn [2] combine the two GEV fits into one by maximizing a joint likeli-
hood function of a sample (M1, ..., My m, My, ..., M, ). According to (4) can be the param-
eters (ug, 09, &) rewritten in terms of (i, 0, €, #). The joint maximum likelihood function is hence
maximized with respect to the parameters (u, o, &, 6), yielding the extremal index estimator Oar.
Actually, the block maxima M,, ;, M, ; for i, j = 1,...,m are not independent. This is because of
the construction of M, ;s as described below. However, the authors of [2] argue the dependence is

asymptotic insignificant.

A ~

where £ = (5 — d9)/ (it — fip)-

In contrast to ég, the estimate 6 At 1s obtained directly. Nevertheless, there are still present several
nuisance parameters u, o, and &, which are estimated with no specific purpose to be embedded into
an estimator of . To avoid this, Northrop [13] proposed a semiparametric maxima estimator On.
The estimator is based on factorization of a GEV likelihood function to be able to make indepen-
dent inferences about 6 and (up, g, &»). The maxima M,, ; are rewritten in terms of order statistics
within X7, ..., X,,,. Northrop [13] further suggests an approximation to the part of the likelihood
function associated to the rank. This is based on properties of the variable V; = —nln F(M,;),
whose distribution can be according to (1) subasymptotically approximated by exponential distri-
bution; see the paper [13] for details.
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Northrop [13] also suggests an extension to the framework of sliding block maxima, i.e. except the
(disjoint)  block maxima M,; are considered the sliding block maxima
M, ; = max{Xj,..., X, 1}. Similarly to the above, the inference about ¢ based on the (mn —
n + 1) sliding blocks is done by factorization of the GEV likelihood. Note, the disjoint block max-
ima form a subsequence of the sliding blocks, i.e. M, ; = M(Sifl)n+1 fori =1,...,m. The My ;s
should contain more information about ¢ than A, ;s. Hence the sliding-block estimator of 0, say
éfv, is expected to be more efficient, particularly in terms of variability. However, besides of the
dependence structure of the underlying series X1, . .., X;,, the maxima M, ; from nearby blocks
are strongly positively associated. Hence the suitability of the approximative likelihood estimation
is weakened.

The foregoing considerations relied on the assumption that an associated IID series of X s is avail-
able, or equivalently the marginal distribution F'(z) of the series X7, ..., X,,, is known. Gomes
[7] suggested to obtain approximation to X},..., X by randomizing the index of the original
series. This way the series of X/s should follow the same marginal distribution as X;s, never-
theless due to the independence there is no need to preserve the order of the variables. The same
approach was applied in [2]. However, to the suitability of this random resampling has not been
paid a great interest in the literature. Obviously the block size may play here an important role.
For a reasonable large block size n (with respect to the series length mn) one could consider the
underlying blocks should be dispersed rather uniformly after the resampling. A pragmatic choice
n = m has been early adapted by Gomes [7] and later used also in [2]. The maxima estimators of
0 show here a good balance between bias and variability (both dependening on n, m; see [9] for
details). On the other hand, as it is pointed out in [14], under the random resampling one can expect
strong intra-block dependence. Even for the choice n = m the dependence within block remains
significant. Possibility to overcome this issue may lie in repetitive permutation, say / times, of the
underlying series and taking an estimate 6 as mean or median of individual ék, k=1,....K.

Other approach was discussed in [14]. Under regular resampling the 1ID series is obtained as
Xl 1ymyr = Xi, where s = (¢ mod n) and r = [i/n]. Fors = 0 weset X, ;. = X,
Thus, the values of the original series are placed exactly m points apart, so that the observations
within an underlying block are spread uniformly in the IID series. As discussed in [14], the intra-
block dependence should be minimized. However in comparison to random resampling, one would

expect significant inter-block dependence between the block maxima M, ;.

A different approach of F'(z) estimation for the purpose of the semiparametric estimator O was
discussed by in [13]. Typically, there is a need for determination of the value F'(M,, ;). To avoid the
intra-block dependence, Northrop [13] suggests to construct an estimator F_; of F which is deter-
mined as empirical CDF of the (mn — n) values X s not present in block corresponding to M, ;. If
the rank of M, ; is R; then the value F'(M,, ;) is estimated at the basis of out-of-block distribution
by F_i(M,;) = (mn —n+1— R;)/(mn —n + 1). To ensure positivity of F_;, for z below the
out-of-block observations Xs is the value F'_;(x) set to 1/(mn — n + m + 1). Nevertheless this
case is unlikely to occur unless the block size n is small. Similarly it is proceeded for the sliding
block maxima M ;.
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Some of the properties of the above discussed estimators are already known. The study [9], for
example, shows that f; rather overperforms 0 a7 in terms of bias with exception 6 being close to
its bounds 6 ~ 1 or @ ~ 0. On the other hand, 6 47 has uniformly slightly smaller variability than
fc:. Nevertheless, all the maxima methods rely on proper estimation of the marginal CDF F'(z) of
the underlying process X1, ..., X,,, to construct an IID series X7|,..., X}

2 SIMULATION STUDY

For simulation study we consider two stationary processes satisfying the D(u,,) condition to meet
the extremal short-range dependence. Let Z;, Z, ... be an IID random sequence drawn from the
standard Fréchet distribution, i.e. with CDF F;(z) = exp(—1/z) for z > 0. First, we construct the
max-autoregressive (maxAR) process X, Xs, ... which is defined by

Xz' :max{ﬁXi,l,(l—ﬁ)Zl-}, 1= 1,2,..., (6)

where 0 < 8 < 1, and X; = Z;. The extremal index of the maxAR process is equalto § = 1 — 3
(see [3]). Further, we also consider the moving maxima (MM) process

X; —Jn%ax {ojZipi}y, i=1,2,..., @)
where ag, vy, . . ., o, are constants such that ag > 0, a,, > 0,and o; > Oforj =1,...,p — L.

Moreover, it need to be fulfilled Z?:o a; = 1. MM process is generalization of maxAR, and it can
be shown that the extremal index is 8 = maszo,m,p{ozj} [3]. Several realizations of maxAR and
MM processes for various ¢ are visualized in Fig. 1.
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Fig. 1. Realization of maxAR and MM processes with extremal index ¢ = 0.1,0.5 and 1 (the IID
series). Small € leads to clustering of extreme values.
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2.1 The effect of repetitive random sampling

For sensitivity comparison of simple and repetitive random resampling were drawn 1000 realiza-
tions of the processes above. Extremal index was estimated by the estimators 0(; and 0 ar, always
taking either single (K = 1) or K = 300 permutations of the realization to obtain an IID series ap-
proximation. Extremal index was estimated for each permutation, and the corresponding estimate,
say K{-mean estimator 6%, is observed by mean of such K estimates. The results for maxAR and
MM processes with n = m = 100 and the estimator f are shown in Fig. 2 and Fig. 3, respectively.
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Fig. 2. (maxAR process) Extremal index estimated by simple random resampling O K =1)
and mean of K = 300 repetitive random resamplings (9%). True value ¢ indicated by dashed line.
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Fig. 3. (MM process) Extremal index estimated by simple random resampling (be; K = 1) and
mean of K = 300 repetitive random resamplings (6% ). True value 6 indicated by dashed line.

In the above plots there is evident small improvement in estimation stability of 6 under the repetitive
random resampling. The estimator 0% exhibits slightly smaller variability as the histograms are
clustered closer to the true value of . This is because of the nature of its construction as the mean
value. However the little gain in precision is compensated by significantly higher computational
demands. For this reason we will further omit the repetitive case and consider only the simple
random resampling (K = 1), which shows very comparable properties - particularly in terms of
bias. Note that similar results were obtained also for the estimator ¢ AT

2.2 Extremal index estimation under diverse estimation of the marginal distribution

Next we assess the sensitivity of random and regular resampling applied to the estimators fc and
6 47. We draw 10,000 independent realizations of maxAR and MM processes with again n = m =
100. Hereby we follow the selection of optimal block size determined in [9]. The specific results
are visualized in Fig. 4 and Fig. 5 for various values of 6.
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Mostly, the estimators ég and 0 ar (the first and the second row of the plots) exhibit similar
behaviour if random or regular resampling is employed. For large 6 both resampling methodologies
result in very comparable estimates. On the other hand for 6 small, typically § < 0.3, the regular
resampling leads to underestimation of the extremal index (see Fig. 6). Remind, the value 6!
is related to expected cluster size [11]. Hence the stationary series exhibits for small 6 extensive
clusters of extremes which are followed by strong inter-block dependence after regular resampling.
The lower rows in Fig. 4 and 5 show the estimates obtained by Oy and éf\, with marginal CDF es-
timation based on out-of-block observations. Especially for small 6 this estimators exhibits much
smaller variance. As it is visible in Fig. 6 for § small, in terms of bias are both 0 N, éf\, comparable
with the other estimators under the framework of regular resampling, i.e. they show rather poor
performance. On the other hand, éN and éfv exhibit only small bias if € is taken close to 1. This
is also in agreement with [13], where the approximation of the likelihood function was constructed
under the assumption of block maxima independence.

Note that by the nature of construction, both ég, 6 47 are not constrained to be less than or equalto 1.
So in practice we use min{é(;, 1} instead; for O is the boundary enforced by additional constraint
in the ML maximization procedure. Hence, the restriction § < 1 is significantly reflected in high
concentration of the estimates near the upper boundary (Fig. 4 and 5 right).
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Fig. 6. Mean bias obtained from 10,000 simulations of maxAR (upper fig.) and MM process
(lower fig.) with various . Extremal index estimated by 6 and 6 47 with random and regular
resampling, and by 0 and 03.

3 CONFIDENCE INTERVALS AND THEIR COVERAGE PROBABILITIES

The properties of the estimators are in practical situations usually approximated by its limiting be-
haviour. Especially, under the consideration of large number of blocks m, one deals with the limit-
ing normal distribution of ML estimates. The variance of O ar is directly estimated from the inverse
of the observed Fisher information matrix (FIM), i.e. matrix of negative second partial derivatives
of the joint log-likelihood function evaluated at the obtained ML estimates. For O the variance
estimation can be obtained by delta method [4] from the observed FIMs related respectively to the
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GEV distributions with parameters (u, o, &) and (g, 09, & ). Hereby the pairs (7, 79), 7 € {u, 0,&},
are usually assumed to be independent.

Variance of 0 is estimated by its “naive estimator” m202 (m — 2)~*(m — 1)~2 emerging from
the exponential approximation to the likelihood function (see [13] for wider discussion). Simi-
larly, such naive estimator can be applied also for éf\,. Nevertheless, as already discussed in [13],
this variance estimator shows rather poor performance in the latter case. The naive estimator is
constructed under the assumption of block maxima independence. Thus, for Af\, that is based on
the sliding blocks becomes such assumption completely unrealistic. Moreover, the dependence
between the block maxima is related to . Hence the use of the naive variance estimator for éj”v
is totally inappropriate for practical purposes. For this reason we omit éj’v from our further con-
siderations. Reader interested in this topic can find more information in [13] where are discussed
another possibilities for the variance estimation of 65, . g. block bootstrap method or the sandwich
estimator.

The confidence interval of any considered estimate § is determined at the basis of asymptotic nor-
mality, i.e. of the form

~

(6= w1 aja - T5(0),0+ ur oo V(D) )

where u;_,s is the (1 — §) quantile of standardized normal distribution, and \?&T(é) is the variance

estimator of #. In Table 1 are summarized coverage probabilities of 95% confidence intervals of
particular estimators of #. Clearly, although it depends on the specific estimator, for small ¢ the
asymptotic confidence intervals exhibit overall poor performance. Nevertheless, random resam-
pling overperforms the regular resampling in coverage in the majority of cases. In Fig. 4 and 5
for small 6, there was revealed significant non-symmetry in the distribution of both O and 047
in the regular case. The ML estimates show here quite slow convergence to the asymptotic nor-
mal distribution. There are thus serious doubts about the suitability of approximative normality.
The estimator 6y shows overall good coverage except very small values of f. On the other hand,
large coverage proportions for large or even intermediate # indicate relatively high variances of the
estimators that should be refined. Here lie possibilities for further research.

CONCLUSION

Recently, there is significant interest in development of proper methods for extreme value estima-
tion for stationary series. The extremal dependence in such sequences is hereby characterized by
the extremal index 6. Since the first paper of Gomes [7] belong the maxima methods to the most
common techniques for estimation of extremal index. Besides other tuning parameters, the estima-
tion of the marginal distribution F'(z) of the series significantly affects the properties of maxima
estimators. At the same time, there is lack of discussion about the suitability of various estimates
to F'(z).

In this contribution were compared two resampling schemes, the regular and the random resam-
pling, and a semiparameric methodology meant for replacement of F'(x). Despite some logical
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_ Table 1. Extremal index coverage probabilities by 95 % asymptotic confidence interval for
Oc, 047 and 0. 10,000 simulations drawn from maxAR and MM process and 6 estimated with
various resampling methods.

Estimator Resamplin Extremal index 6
PINZ 1 905 01 03 05 07 09 095
z i random | 057 0.76 097 098 0.99 099 1.00
9 G regular 029 053 0.89 097 099 0.99 1.00
Qj“ i random | 0.60 0.62 0.71 0.83 0.92 096 0.96
< AT regular 0.19 031 0.60 0.79 091 096 0.97
cs ~
g O n disjoint | 0.69 0.92 0.97 098 0.99 0.99 0.99
i random | 050 0.69 096 0.98 0.99 0.99 1.00
% G regular 039 055 090 0.96 0.99 0.99 1.00
Q
g i random | 045 051 068 081 091 096 097
= AT regular 021 029 0.59 0.77 091 0.96 097
= Oy disjoint | 0.67 0.96 0.99 0.99 099 0.99 0.99

arguments, the regular resampling for 6c; and 6 47 shows either worse or similar behaviour if com-
pared to its random counterpart. Especially for small values of 6, the regular resampling leads to
introduction of extra bias. Moreover, the regular resampling results in very poor coverage proba-
bilities for 6 < 0.3 — 0.5 (dependent on the specific estimator). However, it must be kept in mind
that the behaviour of particular estimators under various resampling approaches is strongly related
to the block size selection. The bias-variance trade-off is typical for this issue. The above results
were observed under the suggestions derived in [9], where the authors dealt purely with random
resampling.

All over the best properties were observed in semiparametric estimation by O and éj”\, proposed
by Northrop [13]. Particularly, for small 6 the use of any of those estimators leads to significant
reduction of the estimation variance. Both estimator exhibit also good properties in terms of bias
for large extremal index. This emerges from the nature of their construction. Nevertheless, for
small 6 the bias of both § ~ and éfv increases, and the estimators perform as poor as éG orf) A7 under
the regular resampling. For such cases could be recommended one of the estimators above under
the scheme of random resampling. On the other hand, Ox shows its strength in suitable coverage of
the asymptotic normal confidence intervals. This holds even for 6 relatively small (about § > 0.1).
Inappropriateness of the naive variance estimator for éf\, makes its use more difficult, and requires
advanced - mostly computational demanding - techniques.
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Abstract: The paper is dealing with risk assessment of emergency cases occurring at cargo
transport of hazardous substances by rail. 2008-2016 data provided by the company CD
Cargo, a.s. cover incidents related with leakage: data were sorted out, analysed, processed
statistically and discussed in terms of possible risk segments and sources of threats resulting
from handling hazardous material. The paper finally presents trends and offer possible
measures to prevent risks and reduce threats to the population and environment.
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INTRODUCTION

This paper is based on the results of the PhD thesis [1] and follows up the conference paper
[6] from MITAV conference 2017 focused on the risk assessment of emergency cases
occurrence in freight rail transport, in particular, cases arising due to the hazardous substance
leakage. The paper also shows the risk of emergency case origin and current trend when
hazardous material is transported by rail. For calculations, data from 2008-2016 period were
used. All graphs and figures where processed by the authors [1,7] and data from [8] were used
for all calculations. Program MAPLE and EXCEL was used to calculate the risk.

Transport by rail is the most efficient type of land transport compared to other modes of
transport. Its characteristics consists in ability to transport economically people, goods and
bulk material over long distances. [1,10] One of the railway transport advantages is the relief
of high-congested highways and roads. Thus, the transport by rail improves the traffic
fluency and safety, affects the safety of people and goods against damage or loss. However,
accidents, incidents and emergency cases have become undesirable and inseparable part of the
transport process in railway transport. [9] Causes of their occurrence result from a number of
various interrelated and combined factors.

1. RISK ASSESSMENT AT TRANSPORT OF HAZARDOUS SUBSTANCES

The term risk is linked to the probability or possibility of damage. Actually, it is the result of
triggering a particular hazard, resulting in a certain negative result or damage. Risk is
therefore a function of the probability that the frequency, intensity and duration of the
activation will be sufficient to transform potential state of danger into a negative consequence
(damage to health, environment or property). This term expresses the likelihood of a negative
phenomenon as well as consequences of this phenomenon. The risk has always two
dimensions:
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e likelihood of a dangerous situation occurrence (threat),
e the severity of the possible consequence. [4,5,6,7]

The risk analysis is a process of detailed identification and analysis of risks, determining their
sources and size, examining mutual interrelationship and predicting the range of negative
effect on the system in case the security incident occurs and associated security situation. The
analysis is a risk assessment and management; it also provides a rational basis for decision-
making considering the fact that the assessment is strongly subjective where there are
emphasized likelihood, number and even explicit quantification of uncertainty. The objective
of the analysis is to provide sufficient ability to respond to upcoming adverse situations and
restrict the impact of security incidents. [3,9,10] Risk assessment is a systematic reviewing of
all aspects of the system. Its principle is to assign a numerical value or verbal evaluation to
each risk identified.

For risk assessment purposes, the following groups of methods are used:

e quantitative methods using numerical risk assessment,

e qualitative methods using verbal evaluation,

e semi-quantitative methods using qualitative scale descriptions with assigned
numerical values.

The risk assessment process is the first step of the health and safety management approach; if
this process is not carried out properly or not at all, identifying and adopting preventive
measures is unlikely. Risk assessment is a dynamic process that enables an enterprise to
adopt a proactive risk management policy at the workplace. It is very important for any type
and size of the enterprise to make regular evaluations. Assessment management comprises,
among others, the assurance that all the relevant risk had been considered (and not only
immediate or obvious), checking the effectiveness of the security measures taken, recording
the evaluation results and regular reviewing accomplished. [1,4,5,10]

Railway accidents with hazardous substances presence are characterized by a variety of
factors affecting the emergency case occurrence. In order to identify the risks for a particular
emergency, at first, it is necessary to review input data available, possible methodologies and
analysis objectives.

When characterizing a hazardous substance, it is necessary to realize that these substances
become hazardous only after an emergency occurs. Some substances are considered
automatically hazardous, such as chemicals, radioactive or petroleum products; others become
hazardous depending on how, where and under what conditions they are transported and
stored.

Hazardous substances are susceptible to explosion, fire, gas leakage or other threats, which at
particular conditions or after disturbance can seriously affect the safety of people and cause
material damage and damage to the environment. It is the characteristics determined by
physical and chemical properties of a substance, which are inseparably related to the
substance itself. In terms of the hazard (dangerous consequences), hazardous chemicals can
be divided into:

e energy class, which includes explosive and flammables substances (substance

turbulent reacting with water, oxidants, liquids with explosive vapours, etc.) ,
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e toxic class, which are further divided into substances toxic to humans (pose a health
risk) and eco-toxic substances, i.e., toxic to the environment (pose ecological risk) .

This classification of hazardous substances proves that the most significant hazardous
characteristics of leaked substances present at incidents are as follows:

e explosiveness,

e flammability,

e toxicity,

e solubility,

e reactivity. [1,2,10,11]

In terms of emergency case prediction, the most critical are phenomena as follows:

Insufficient data storage.

Different forms of data storage, therefore further data compatibility problems.
Frequent changes in data categorization and registration.

Complications caused by secondary effects associated with the main cause of an
emergency.

Eall el =

Table 1 shows the number of railway carriages with hazardous substances, which had been
transported within the Czech Republic territory by the transport company CD Cargo, a.s. The
following 10 companies had been selected after detailed examination of the database
available: Ceska rafinérska, a.s., Terminal oil a.s., Metrans, a.s., DEZA, a.s., BorsodChem
MCHZ, s.r.o.,Ceské drahy, a.s., Czech Airlines Handling, a.s., ArcelorMittal Ostrava a.s.,
Synthesia, a.s., Lovochemie, a.s. CD Cargo, a.s. provided a database, therefore the data could
be analysed for a 3-year period (2014-2016). The paper considers only the data related to the
transport within the Czech Republic territory and the assessment of transported hazardous
substances covers the total of 141,229 railway carriages.

Year 2014 2015 2016 Total
Nr. of railway carriages 2049,461 | 2053,381 | 2044,684 | 102,526
Ceska rafinérska, a.s. 12,656 | 13,490 | 3,842 29,988

Table 1 Number of transported railway carriages with hazardous substances by ten most
significant companies and number of the most important manufacturers of chemicals in the
Czech Republic (Ceska rafinérska, a.s.)

2. EMERGENCY CASES DUE TO HAZARDOUS SUBSTANCE LEAKAGE

Leakages of hazardous substances represent a significant share of all emergency cases at rail
transport. Despite the seemingly decreasing number of these case, every single incident has to
be investigated and analysed. After examining every case in question, it is found out that the
leaked substance is not classified hazardous because it is either plain water or frequently
leaking operating fluids. Nevertheless, every leakage has to be investigated thoroughly.

The following tables present leakages of hazardous substances at railways, which had
occurred at the operation of the company CD Cargo, a.s. v CR. SZDC (Management of
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Railway Network Company) provided us the access to its database, which was examined in
detail, and the following data could be processed afterwards.

In a 9-year period, 2008-2016, 597 leakages occurred on the Czech Republic railways.[8]
There are recorded all emergency cases available where various quantities of hazardous
substances occurred. In accordance with the Regulations for international rail transport RID,
dangerous substances are classified into categories depending on their hazard class. The most
hazardous substance leakage according to this categorization was in the hazard class 3 —
flammable liquids, class 8 — corrosive substances, and class 2 — gasses. The table 20 presents
number of leakages in a particular hazard class, which had occurred within the Czech
Republic territory.

Year Number of leakages in a particular

hazard class

2 |3 41[142(51]6.1]8 |9 | Total
2008 251107 |1 1 1 |2 315 [173
2009 9 |82 |0 |0 |5 |0 |3 |1 [100
2010 15{73 |1 |0 |0 |2 |9 |1 [101
2011 8 |94 |0 |0 |2 |1 |16|1 |122
2012 2 |45 |1 |0 (4 |0 |9 [0 |61
2013 4 133 |0 |0 |0 |O |9 (1 |47
2014 2 |18 |2 |0 |5 |0 [6 [3 |36
2015 1112 |0 |0 |1 |0 |4 |0 |28
2016 4 |14 |0 |0 |5 |1 |6 |0 |28
Total 80478 |5 |1 |23 |4 |93|12]696

Table 2 Number of leakages at hazardous substances transport in 2008-2016

From the above presented table becomes evident that the highest number of leakages in the
Czech Republic belong to class 3 (according to RID), i.e. flammable liquids. The transport
was arranged by the company CD Cargo, a.s. Graph 1 illustrates the development trend in
terms of emergency cases occurrence due to hazardous substance leakage on the Czech
Republic railways at CD Cargo, a.s. operation. Leakages cover a 9-year monitored period
from 2008 to 2016. [8]

Hniﬂn
El El

2008 2009 2010 2011 2012 2013 2014 2015 2016
year

number of leakages

Graph 1 Emergency cases due to hazardous substances leakage on the Czech Republic
railways at CD Cargo, a.s. operation
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There is a significant number of leakages in 2008, however, in the following years there is a
significant downward trend of such cases. The estimation of the trend for the next two years is
presented in Graph 2.

Trend estimation

200
180
160

é
g y = 206.50¢0.235%
E: . 1= 0.9211
5100 N
58 e
S T,
Ee60 N
s T e,
S e
0 y=-6486In(x) + 169.59 . o
0 RE=0871 e
2008 2009 2010 2011 2012 2013 2014 2015 2016

Year

Graph 2 Emergency cases due to hazardous substances leakage on the Czech Republic
railways at CD Cargo, a.s. operation

The estimation of the trend was determined by the exponential equation, which in this case
has the form
y=206.59e-0.235x.

The graph of this function is the red one in Graph 2. The determination coefficient in this case
is high R?=0.921.
The logarithmic trend has the equation

y=-64.86In(x)+169.59
and is in the Graph 2 marked in blue dotted line. Its determination coefficient is lower R? =
0.8711. For more details see [1,7].

3. PREDICTION OF ACCIDENT DISTRIBUTION TREND USING MAPLE

In order to create an accident distribution trend, the least squares approximation can also be
used by the first, second and third algebraic level polynomials; the LeastSquares command
from the package CurveFitting. For illustration, we provide the source code. [1,7]

The source code for the above presented approximation:

restart:

with(CurveFitting):

with(plots):
data:=[[2008,173],[2009,100],[2010,101],[2011,122],[2012,62],[2013,47],[2014,36],
[2015,28],[2016,30]];

p:=LeastSquares(data,x);

p2:=LeastSquares(data,x,curve=a*x"2+b*x+c);
p3:=LeastSquares(data,x,curve=a*x"3+b*x"2+c*x+d);
plot([p,p2,p3,data],x=2007..2017,style=[line,line,line,point],color=[red,green,blue,
brown],symbol=solidcircle,symbolsize=15,thickness=2);
with(Student[LinearAlgebra]):
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500644 331

15

Resulting approximation by the first level polynomial: p = >
996577849 _ 9220327

Resulting approximation by the second level polynomial: p, = v ea X T %xz.
Resulting approximation by the third level polynomial:
_ —14334263599 N 1820450945 305735 N 1,
Ps = 99 8316 2772 © 54"

The graphical illustration of the least squares polynomials is in Graph 3. Polynomial p; is
red, polynomial p, is blue, and polynomial p5 is green. The difference between blue and the
green graphs is minimal, which means that the approximation by the second or third level
polynomial is similar. To find the best fitting approximation the least squares errors and
maximum errors of each approximation were calculated.

T~

2008 2010 2012 2014 2016

x

Graph 3 The least squares approximation

Comparing the errors that are made by approximating the function f by the least squares
method by algebraic polynomial of the first, second and third level was done, again using
MAPLE.

The source code for the above presented approximation:

infolevel[Student[LinearAlgebra]] := 1:
datal:=[[8,173],[9,100],[10,101],[11,122],[12,62],[13,47],[14,36],[15,28],[16,30]];
LeastSquaresPlot(datal,[X,y],curve=a*x"2+b*x+c,axes=boxed);
LeastSquaresPlot(datal,[X,y],curve=a*x"3+b*x"2+c*x+d,axes=boxed);
plot([p,data],x=2008..2016,style=[line,point],color=[red,green],symbol=solidcircle,symbolsiz
e=15,thickness=2);

Final comparison — MAPLE program output:

Fitting curve: 480.0-52.16*x+1.484*x"2

Least squares error: 51.44

Maximum error: 36.19

Fitting curve: 450.7-44.38*x+.8171*x"2+.1852e-1*x"3
Least squares error: 51.43

Maximum error: 35.99
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When comparing approximations by polynomials of the second and third levels, from the
figure and resulting values of minimal and maximum errors becomes evident that the
approximation by the polynomial of the third level is more accurate in this case. Both types
of error resulted smaller using the approximation by the third level polynomial comparing to
the approximation by the second level polynomial. More or less, they differ slightly. See
[1,7].

4. RISK OF EMERGENCY CASE OCCURRENCE AT TRANSPORT OF
HAZARDOUS MATERIAL

The following overview displayed in Table 3 presents the risk of an emergency case
occurrence at transport of hazardous material. The degree of risk is determined by the
relationship R, which is in fact the

quotient of number of affected units and total number of units.

Year 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016

Nr. of accidents 173 100 101 122 62 47 36 28 30

Nr. of trains/day 848 672 754 774 | 721 | 736 | 689 | 675 | 650

Nr. of trains/year | 10,176 | 8,064 | 9,048 | 9,288 | 8,652 | 8,832 | 8,268 | 8,100 | 7,800

Risk 0.017 | 0.012 | 0.011 | 0.013 | 0.007 | 0.005 | 0.004 | 0.003 | 0.004

Table 3 Risk of emergency case occurrence at transport of hazardous material

The risk trend was calculated by the Excel. It is determined by the exponential equation in the
form: y=0.0211e%?°* and the degree of determination is high; it is R? = 0.9214. Graph of the
exponential function is in Graph 4 mark by the yellow dotted line. The trend line also displays
graphically the prediction for the two following years. It is not appropriate to use this trend
prediction for a higher number of periods because it is evident that although the trend is
decreasing, the rate of decline expressed by this curve is high, and therefore unrealistic in the
next time horizon. The risk is marked in yellow line. The commas in the graph of risk values
means in this case the decimal dots.

Risk
0,020
0,015
% 0010 y = 0.0211e-0:209
= R2 =0.9214
0,005
0,000

2008 2009 2010 2011 2012 2013 2014 2015 2016

year
Graph 4 Graphical illustration of risk and exponential risk of emergency case occurrence

The accident distribution analysis in critical operating units in 2014-2016 presents following
Table 4.
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Number Transport | Number Number | Riskin Risk in
Operating unit of . of operating | operating

loadings PEMSIMIERE) @R accidents unit unitin %
PJ Brno 1,048 0.087 2,091 13 0.0062 0.622
PJ Ceska Tiebova 1,602 0.132 3,196 3 0.0009 0.094
Pl Cfc.Skﬁ? 545 0.045 1,087 3 0.0028 0.276
Bud¢jovice
PJ Ostrava 2,515 0.208 5,018 27 0.0054 0.538
PJ Praha 3,045 0.251 6,075 13 0.0021 0.214
PJ Usti n. Labem 3,359 0.277 6,701 15 0.0022 0.224

Table 4 Accident distribution analysis in operating units in 2014-2016

After analysing risks of emergency case occurrence becomes evident that the risk of
emergency case occurrence is distributed among the operating units very unequally. The risk
in Ostrava and Brno is significantly higher comparing to other operating units.

Another interesting finding based on this analysis is the fact that the operating unit Usti nad
Labem is no longer at high risk in terms of the number of emergency cases at hazardous
material transport; however, it was on the top in the last years. On the contrary, it is the
operating unit Brno, which did not belong among the risky ones in the previous years. It
would also be very helpful to identify the cause of this change. However, there are many
factors affecting this situation, and the detailed analysis would require a number of other,
sometimes difficult available data. The risk in particular operation unit is illustrated at Graph
5.

Risk in operation unit

PJ Usti n. Labem

PJ Praha

PJ Ostrava

PJ Ceské Budéjovice

PJ Ceska Trebova

rw

PIBmo
0,000 0,100 0,200 0,300 0,400 0,500 0,600 0,700

mrizikovOJv % M procento prepravy

Graf 5 Risk illustration by operating units

CONCLUSION
When handling hazardous substances, whether stored or transported, there is a greater risk of

an emergency and its consequences because they pose the risk of leakage to the environment
and subsequent negative effects resulting from hazardous material characteristics.
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The paper is based on the PhD thesis [1]; during the time of work was found out that the
transport companies have poor quality of emergency cases records. Frequently, there is a lack
of precise data on particular emergency cases occurred, what material was transported and
what route the cargo train passed. This problem is being solved step by step, the records are
edited, the emergency cases are documented with higher responsibility and the system is
improving.

Within an 8-year period 2009-2016, 2,384 emergency cases occurred on the Czech Republic
railways at CD Cargo, a.s. operation. Due to different categorization in the monitored years,
the most frequent cause of an emergency case occurrence could be determined only for the
2010-2014 period. The analysis showed that derailment was the most frequent accident over
the reference period. In 2009-2012, the highest number of emergency cases in railway cargo
occurred in the operating units Usti nad Labem and Praha. In 2013-2016, it was again the
operating unit in Praha and Ostrava; we can assume that the reason consisted in higher
number of shipments.

In order to review the company professional specialization, there was made a list of
companies cooperating with CD Cargo, a.s. The company CESKA RAFINERSKA, a.s., uses
the company CD Cargo, a.s. most frequently: in a 3-year period 2014-2016, it transported
29,988 cargo carriages. Further results of the analysis can be found in [1].

In order to increase the traffic safety, the emergency cases issues have to be always solved.
The risk analysis is focused on identifying risks involved in transporting hazardous substances
by rail, and further assessment so that critical locations on the railways could be specified. It
is also essential to pay the attention to prevention, early warning and rapid intervention. The
irreplaceable issue is also a link between information systems within the company, high-
quality and trained staff, i.e., a crucial and critical entity in the entire transport process.
Having followed these necessary requirements, the safety of the population can significantly
be affected.
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Abstract: In the paper there is presented mathematical model of combined bending-gyratory vi-
bration. Especially the paper is devoted a finite element for 1-dimensional linear continuum in
the state of combined bending-gyratory vibration. An application of the finite element method is
designed and tuned a method for calculating eigenvalues and vectors of a stepped shaft in the state
of combined bending-gyratory vibration. The comparison of analytical and numerical methods is
discussed.

Keywords: torque and lateral vibrations, one-dimensional linear continuum, finite element method,
eigenvalues and eigenvectors.

INTRODUCTION

The shafts have a lot of interesting technical properties and they are studied intensively from dif-
ferent point of view. In Ben Arab et al. [1] there is study of the vibratory behaviour of rotating
composite shafts and the effects of stacking sequences and shear-normal coupling on natural fre-
quencies and critical speeds by using Equivalent Single Layer Theory.

The work [4] by Lanzutti et al. presents a failure analysis of transmission gearbox (and its com-
ponents) used in motor of a food centrifugal dryer tested with a life test procedure developed by
Electrolux Professional.

Sinitsin and Shestakov [6] present comprehensive analysis of the angular and linear accelerations
of moving elements (shafts, gears) by wireless acceleration sensor of moving elements.

The coupling problems between shafting torsional vibration and speed control system of diesel
engine is studied by Yibin et al. [8]. The torque is transmitted to relatively long distances by shafts
in engines.

Leidich et al. [S] present current research results for polygonal connections with hypocycloidal
profiles (H-profiles). A comparision with conventional shaft-hub connections reveals the bnefits of
new polygonal connections.

The shafts are constructed long and slim. They are stressed by torque and lateral vibration (=
bending vibrations). It is necessary that the construction of the shafts must include the solving of
torque and vibration problem.

The aim of the paper is to study above properties of propeller shafts by construction on dynamical
models. The first one is model of the shaft element as one dimensional linear contiuum. The second

[Ie4)

model descibes graduated shaft portions determined by “n” parts.
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The natural frequencies are found as eigenvalues of the mathematical model of bending-gyratory
vibrations of graduated shaft. They depend on angular speed rotation and the shape of graph of the
dependence is circle. The different analytical and numerical methods are disscused at the end of
the chapter Natural frequences.

The presented mathematical model is useful for all mechanisms with shafts (e.g. shafts in cars,
gear pumps, ...). The individual parts of the model serve to construct the entire mechanism.

1 MATHEMATICAL MODEL OF SHAFT ELEMENT

Consider an element of the propshaft in the shape of a prismatic section with the circular cross-
section (Fig. 1).

01 ds
e =
CIZ q4

-
w
- 5 e e e N SR A = 5

y

A\

Fig. 1. The element of shaft in state of combined bending-gyratory vibration
Source: own

We denote the generalized coordinates by g;, where ¢ = 1,2, ...4. For the coordinates we choose
immediately displacements and rotations at the edges of the cross section. The deflection y of the
range 0 < x <[ (see Fig. 1) is expressed as

y(x,t) = Zq&t)@(w) (1)

where ®;(x) are 3rd order polynomials
(I),L(.Z') = Clgil'g + GQixz + a1, + ag;

with coefficient as;, A5, A1, Ag;-
The above coefficients we find from calculation of following boundary conditions:

CI)1<0) = 17 (I)l(l) = 07 (Dll(o =Y q)/la) - 07 (1)2(0) = 07 (1)2(l> - 07
D4(0) = 0, ®4(1) = 0, B(0) = 0, V(1) =1
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Hence, the polynomials ®;(z) have the following forms

3 2

By (1) = 2 (%)3 _3 (%)2 +1, ®o(e) = 7 25 4,

3 2 3 2
By (z) = —2 (f> +3 (f) L Bu(x) = <5> T
l l l l
Rewritting of the equation (1) to the matrix form we get: y(z,t) = [®(x)][q] where [®(x)] =

[®1($)7 @2(1’), @3(37)7 @4(1’)], [CI] = [q17 g2, 43, Q4]T-
The potential energy of an element is equal to the strain energy:

1 1 %y 2
E,=-F —= ] d 2
P2 ‘]/0 ((8:13)2) ' @
subtituing (I) to (2) we get
1 1
By =55 [ (0@’ ®)

where [@”(2)] = [@](x), ¥4 (2), ®4 (), ®{(x)] and [q] = g1, ¢o. a3, ] "
The kinetic energy of above element can be expressed by formula

. 1 1 8y 2 2 17 1 82y
Ey = 5#/0 ((E) + (yw) ) dx + éu/o (Gt ax) dx, 4

where p = pr (r3 —r3), i = & (ry —rf) and J = T (rj — r{) (see Fig. 1).

Rewritting (@) to the matrix form with respect (1) we obtain

1

B = o / (1@ ()] ) dr + / (@ ()] [d))? de 5)

g | (@@l

where ¢ denotes time derivation and @’ denotes derivation with respect to .

Mathematical model of the element is represented by the “evolution equations”. The equation one
can easily obtain from calculus of variation. They are well known as the Euler—Lagrange equations.
The Lagrange function L is expressed by formula

L =E, - L, 6)

where I, resp. I, are the forms (5)), resp. (3).
The expresions (3), (5)) and (6)) we substitute into the Euler-Lagrange equations

d (0L oL
E( ) =0, (7)

3%‘ a 3%‘ B

where: =1,2,...4.
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Hence, above Euler—Lagrange equations (/] take the form

{[My] + [Ma] }[g) — {[K1] — [K2]}g]

where

156
221
o4
—131

Ml = [ 017 @] = 2

36
fi 31
300 | —36
31

[Mﬂ:nl[@F@mm:

12

! _EJ| 6l
YT —12

61

156
221
o4
—131

] = ot [0l 8] dr =

221
412
131

—312

3l
4
-3l

2

6l
47>
—6l
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221
47*
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312

=0,
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)

(10)

(11)

(12)

The equation (8] represents the mathematical model of the shaft element according to Fig. 1in a

state of bending-gyratory vibration.

2 BENDING-GYRATORY VIBRATIONS OF THE GRADUATED SHAFT

In this section we generalize previous situation to the finite element method. A dynamic model of

€6_%%

the graduated shaft portions is determinated by “n

sections of the annular cross-section of the “n”

parts (outer radii R;, inner radii r;, lengths [;, 1 < ¢ < n, stiffnesses k;, k2), mounted on bearings

transversely deformable rigidity (left and right) and rotating angular velocity (see Fig. 2).

rz, Rz, IZ

rl, Rl’ |1

1 2 )
1 2 3

rn-1l Rn-1l In-1

n-1

n-1

R

n:s

n:s

n

n+1

Fig. 2. Dynamic model of the graduated shaft

Source: own
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If we choose generalized coordinate ¢- ;1 for lateral displacement of the i-th node and generalized
coordinate go ; (¢ = 1,...,n + 1) for angle of the i-th section then the kinetic and potential energy
of the system have following forms

IR 1 1 1
=5 ZqiTMi%, E, = 5 Z%TKi%' + §k1Q% + §k2q§n+17 (13)
i=1 i=1

where M; resp. K; are mass resp. stifness matrices of the i-th element (c.f. (9)-(12)) and we use
r;, R;, l; instead of r, R, [. Subvector ¢; of the generalized coordinates vector ¢ has the following

form ¢; = [q2i—1, G2, Gi+1, Gaival”
We can rewrite energies (13)) to the matrix expression by following way

=52 4"Md, By=2% q"Kq, (14)
=1 =1

where M and K are mass and stiffness matrices of the entire system. The total mass and stiffness
matrices have blocks - “tridiagonal form” (compare with and (T4)). They have the following
forms

[ My, My, 0 ... 0 0 0
ML My My 0 ... 0 0
M= , (15)
0 0 ... 0 MI,, M, M,
0 0 0 ... 0 ML, My
[ Ky Kip 0 ... 0 0 0 i
Kl, Ky Ky 0 0 0
K= o . (16)
0 0 ... 0 KI,, Kun Kuyps
0 0 0 ... 0 Kl Kepwn

The submatrices of above matrices M and K are square matrices of order 2 and they have the
following form

Kll =

1 1 1 1
R T e
k1g kg Mg Moy

m( 1) (J) (-1 ()

1
K= | B TR Rk
Y Tmyy Mgy Mgy

R el k(’ DD

[ még )+m(]) m:()il l)—I—m%) ]
2] 9
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forj=2,...,n,
753 ) iy )
k2§ k?231 m2j3 m2j4

forj=1,...,n,

Kn n = n n n n
+1n+l k( ) k( ) m( ) (n)

34 34 MMy

ED 4 ky kY M B miy miy
) n+ln+1 — .
44
The mass and the stiffness matrices of the single elements ((9)-(12)) are expressed by M, =

Mathematical model of bending-gyratory vibrations of the graduated shaft has the following form

M{i+ Kq=0. (17)

3 NATURAL FREQUENCIES

Natural frequencies (2; of the above system (17) satisfy the equation of frequences

det (—MQ? + K) = 0. (18)
The eigenvectors (belonging to the i-th natural frequency) satisfy the relation

(—MQ; + K)v; =0. (19)

Because this relation is indefinite, for the uniqueness we normalize above vectors using the so-
called M-norm, i.e. by the relation

V,L'TMVJ' = 51']', (20)

where ¢;; are the Kronecker symbols. The natural frequencies and eigenvectors are found in the
base of the coordinates y which are related with the original coordinates ¢ through transformation

y = B'q, 1)

where B is lower triangular matrix which satisfies M = BB?. Such matrix exists due to the
regularity and the positive definiteness of the mass matrix J . In the coordinates y the mathematical
model (17) has the form

ij+B 'K (BT =o0. (22)

'BK
(via the matrix (BT) _1). The eigenvalues of the original model are the same as eigenvalues

of model (22). Hence, the generalized eigenvalue problem (I8) is transferred to the eigenvalue
problem of the matrix A

Because a symmetric matrix A = B~ K (BT) ! is similar matrix to the matrix M 'K = (BT)"

det (—EQF + A) =0, (23)

136



where I denotes the identity matrix.

The eigenvectors v; of and the eigenvector u; of satisfy relation u; = BTv; (resp.v; =
(BT)~1u, ) analogous to . Note that the u; are solution of equations (—EQ? + A) u; = 0 (see
) and we normalize u; by Euklidean norm uiTuj = 0;;. The utilization of Euklidean norm
follows from substitution M = BB” to (20).

The eigenvalue problem of matrix A is solved by standard procedure by utilization of linear algebra
tools (see [7]). Al solutions of the problems we calculate the eigenvectors u; and the eigenvalues
Q; (i.e., natural frequences).

The natural frequency depends on the angular velocity of shaft rotation. The frequency decreasing
with increasing speed. In the case of k; = ko = 0 the system is isolated system and the first natural
frequency vanishes. If the first natural frequency goes to zero and the system becomes unstable, an
evaluation of the situation makes sence.

Discrete physical model. [3]
Using physical discretization methods we obtain that natural frekquency satisfies j + 2%y = 0
(equation of relative vibrations in rotating plane) and

Q=[5 e, (24)
m

where w is angular speed, £ stiffnes and m mass. For more details we recomend (see [3]).
If we rewrite (24) to the form

P2k (25)
m

we obtain equation of a circle with centre in origin of coordinate system O(£2, w) with radius \/% .
Example. Propeller shaft of prototype Skoda 781

Parameters of the car are r = 0.0105 [m], [ = 0.65 [m], E = 2.1-10" [Pa], p = 7.8-10% [kg-m ™3]
(c.f. [2]D).

In program Mathlab all physical quantities were calculated and Fig. 3 was created. Fig. 3 describes
how the natural frequency of relative vibrations depends on the angular speed of rotation in discrete
physical model.
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Fig. 3. The dependence of natural frekvency upon angular speed- discrete physical mode
Source: own

Analytic model. [3]
The equation of motion of the vibrating 1-dimensional linear continuum in the rotating plane is
given by formula

Iy pSrt Oy pSriw? Py pS Py pSw?
oxr* 4EJ 0x%0t? AEJ 022 EJ Ot? EJ

In procedure of solving above equation we obtain natural frequency formula

4 . pSw? nr

e [B -2 - @]
(55) -

S 14 (e’

(26)

n

We can easily see for first natural frequency and [ >> r (long and slim shafts) we have

1 1
EJ\? [/m\4 pSw?]?
o (E2)[(z) -] 27
(Gs) 1) -7 ] e
In [3] there is obtaned that dependence frequency and angular speed has circle shape.

We apply same parameters (see example - propeller shaft of prototype Skoda 781) for calculation
to Mathlab programe (Fig. 4).
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Remark. Also we obtain from solution by the method of the transfer matrices.

It is very interesting that a significant shift of the natural frequency (the lowest rate) occurs a
transition from n = 1 to n = 2. Further increases in the number of elements doesn’t bring changes.
Graph for each of the elements with considerable precision approaching a circle centered at the
origin of O(€2, w) with a radius 2 .

CONCLUSION

The propeller shaft represents a dynamic evolute system. The natural frequency of oscillations
depends on the angular speed of the rotation. For calculations and creation graphs the utilization of
programs (e.g. Mathlab) is very useful. Standardly the one type of vibrations (torque or lateral) is
studied. The paper is devoted the model with combined types of vibrations.
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Abstract: In traditional Lie theory of transformation groups, the infinitesimal transformations
constitute a classical Lie algebra with certain structure constants. However in the case of quite
general intransitive transformation groups, with the presence of invariants, the structure of trans-
formations may in fact depend on the invariants and need not be constant since the Lie groups may
turn into the pseudogroups. The article starts with simple examples and finish with corresponding
adaptation of the Lie fundamental theorems for the pseudogroups which is new.
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INTRODUCTION

A somewhat provocative title is intended as an invitation for the nonspecialists. While there are
excellent textbooks on the Lie group theory, the general pseudogroups are unknown. We start with
the simplest possible nonabelian Lie group. A slight change of the notation paradoxically gives
“variable” structure constants. The contradiction is subsequently clarified: the Lie groups turn into
the pseudogroups. This provides the occasion to discuss the Lie fundamental theorems and to raise
the main open problem: what is the true interrelation between the Sophus Lie and the Elie Cartan
theories of continuous groups.

Let G be a (local) Lie group. In terms of coordinates we denote
a~(a',....a"), b~ (b',....0"),...€¢ G (a',b'€R) (D
and there is multiplication
aob=c~(c,...,c"), c=g'(ab); i=1,....n )
satisfying the well-known axioms. We recall the unit element
e~ (e',...,e")€G, aoce=coa=a. 3)

In practical applications, every Lie group G is moreover represented by transformations on
certain space M. Then a point [z] € M is transformed into [x] — [y] = a e [x] € M where the
rules

(aob)e[z] = (ae(be[z])), eolz] =z]
hold true.
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1 EXAMPLES

Example 1 Let M = R and G be the Lie group of all invertible linear transformations
2]~z €ER — [yl=ae[z]~y=da'z+a*€R (a~ (a',a®) €G).
One can find the composition rule, the unit
aob=c~ (' c?) = (a'b',a'b* +a*), e~ (1,0)

and the infinitesimal transformations

0 9,
Ti=aw L Zy= L (2% = —Z 4
1 X al” 2 axa [ 1 2] 2 ( )
appearing by differentiation with respect to a' and a?, with the structure constant c}*> = —1. See

also the general formula (9) below.

Example 2 Let M and G be as above but we change the coordinates on G as follows

a=% @=a (k #0)

with a certain constant k. The same transformation as above reads

1 171
c ab _ -1 -
¢ —akr+ @, Elzz:T:kalbl, R==ab +¥=ka b +b
in terms of new coordinates and we have infinitesimal transformations

- 0 — 0 — _

Zi=kx—, Zy=—, |Z,Zy|=—-kZ 5

1 B 2= 5 (24, Z,] 2 5)

with the structure constant c3? = —k.

Example 3 Let M = R? and G be as above. We introduce the transformations

(2] ~ (2!, 2%) € R? — [y] = a e [2] ~ (a'z?x" +a® 27) € R®. (6)
This is the intransitive action, the coordinate z2 is invariant. With 22 = k kept fixed, there are the
same formulae as in the Example 2 (the bars are formally omitted here). It follows that

=2t 0. 9 7,22 4.

0
ox! ox?’ ox! Ox2 7

by using (5)) whence

(21, Zo) = —2® Zs
with variable “structure constant” ci? = —x? which is a function on the space M = R?. This is in
seeming contradiction with the Second Fundamental Theorem of the Lie theory stated below.

The true substance of this fact is of deep nature and can only be informally explained here:
though the transformations @ belong to the group G separately on every leaf 2> = const., this is
not the case on the total space R?. Indeed, the composition

aobelr] ~ (2?a'b! + b* 2a'b! +b*) € R?
is not of the form c e [z] for any ¢ € G. In order to preserve the composition property a o b = ¢,
the primary group G should be included into the large pseudogroup G of all transformations

(¢',2%) € R? — (f(a%)a’ +g(2%),2%) € R*  (f(a?) #0)

when regarded on the total space R?, see below.
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2 FUNDAMENTAL THEOREMS

At this place, some elements of the Lie theory are worth mentioning in order to clarify our obser-
vations.
We recall the group G with the notation (1)), (2)) and (3). Let moreover M be a manifold of
points
(2] ~ (2%, ..., 2™), [yl ~ (..., y™), ...€e M (27, 4/ € R)
in terms of coordinates. In classical theory, the (local) action of G on M is described by certain
formulae

2] — [z] =aefz]=[y ~(y'....y™), ¥ = Fla]a]). (®)
We also recall the infinitesimal transformations
.o, - of7 .
Z; Zzz 50 A= B (e,[z]); j=1,...,m 9)

of the group action. These vector fields are of the special kind completely described in the famous

Theorem 1 (Second Fundamental Theorem) Linearly independent over R vector fields

Zi=)Y 2 % (i=1,...,n) (10)

are infinitesimal transformations @ of action of a certain Lie group G if and only if their Lie
brackets [Z;, Zy| = Z; - Zy — Zy - Z; satisfy certain identities

i1’ A
(Zi, Zi] = E Conr L (i,4',i" =1,...,n)
i
where c}j, € R are constants.

On this occasion, let us moreover mention

Theorem 2 (First Fundamental Theorem) Functions f7 in the above transformation formula (8))
satisfy the Lie system

OPED _ 5™ a7 (@) (P @)oo (e [a]) an

with appropriate (fixed) functions Af.

The actual literature on the Lie transformation groups systematically rests on the mechanisms
of the infinitesimal transformations and the above stated Fundamental Theorems, cf. [2], [3]] and
large literature therein. On the contrary the alternative E. Cartan’s approach [4]], [5] is expressed in
terms of invariant differential forms and invariant functions and involves the pseudogroups as well,
however, then certain results and concepts look somewhat intricate if compared with the more
elementary Lie theory [[1]. The monumental task therefore appears.

Open problem. 7o include the appropriately generalized mechanisms of infinitesimal transforma-
tions into the E. Cartan’s pseudogroup theory.

The problem was also briefly raised in lecture [6]]. In this article, we will discuss only a very
particular subcase related to the above Examples.
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3 THE INTRANSITIVE ACTION

While the action (8)) of a Lie group G on the manifold M depends on a finite number of parame-
ters, namely the coordinates a', . . ., a™, we shall introduce the action of a pseudogroup G depending
on arbitrary functions a'(t),...,a"(t) of one independent variable ¢. This is a very special pseu-
dogroup which may be informally regarded for ”a group G depending on parameter ¢.” Roughly
saying, we return to Example 3 which will be discussed in full generality.

Let us complete, in a way, the collection of our concepts. We introduce the manifold N of
points

[z, k] ~ (', ..., 2™ k), [y, k] ~ (W', ...,y™k),...e N (27,9/,k € R)

and moreover the space G of n-tuples of smooth functions
a(t) ~ (a*(t),...,a"(t)), b(t) ~ (b*(t),...,b"(1)),... € G(—=0 <t <0)

where 0 > 0. For every t fixed and near enough to ¢ = 0, the multiplication (2)) may be applied,

hence
a(t) ob(t) = c(t), ¢'(t) = g'(a(t),b(t),t) (12)

and there is a unit element e(t) ~ (e'(t),...,e"(t)) € G. With these assumptions, we speak of
a pseudogroup G modelled on Lie groups. (This is a slight change, the coordinates a’ in G are
’supplied” with parameter ¢ and we may even denote G = G(t).)

Let us suppose that G naturally acts on N with the invariant k. In more detail,

[z, k] — a(k) o [z,k] = [y, k], v/ = f(a(k), [z, k], k) (13)

where the common composition rules hold true. It follows that the leaves IN(k) C N defined by
k = const. are preserved in the action: on every such leaf, the formulae with @/ = a’(k)
substituted hold true. (The functions f7 in moreover depend on the last parameter £.)

While the multiplications (2)) on G and (12)) on G do not essentially differ one from another very
much, the action formulae (8] and are of other nature. This is demonstrated by comparing the
formulae (9) with the infinitesimal transformations of the pseudogroup G denoted Z;.

Inserting arbitrary function

a'(k,e)  (a'(k,0) =¢€'(k), —6 <e<9)
for a’(k) into (13, it follows that

%= 'ai 40 a%) Zbe(k)gg( (k) [, K], k) (14)

where o
iy 0a .
b<k)__8e(t’o> (1=1,...,n).

Altogether we have the general infinitesimal transformation

Z=> Z=>)» Wk ZW (15)

of the pseudogroup G. One can, e.g., choose a'(k, €) = €'(k) + ¢ b’ (k) and it follows that b*(k), . . . ,
b" (k) (—0 < k < §) may be quite arbitrary functions.
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Theorem 3 Linearly independent over R vector fields Z; (i = 1,...,n) are infinitesimal transfor-
mations of a pseudogroup G acting on the space N if and only if

(Zi, Zo) =Y i (k (i,7,i" =1,...,n) (16)
with the structure constant depending on the invariant k.

Theorem 4 Functions f’ in formula satisfy the generalised Lie system

of’
aai( a(k)

=2 Al gﬁ (e(k), [z, k], k) (17)

with appropriate (fixed) functions Af.

The proofs are routine but somewhat lengthy if presented with details. They rest on the obser-
vation that the action of the pseudogroup G on the space N preserves every leaf N(k) C N. On
every such leaf, the classical Theorem 1 and Theorem 2 can be applied. The procedure described in
[2] leads to certain Lie group G(k) which altogether determine the pseudogroup G on N by using
the action formula . The choice of functions b’(k) in formula on a fixed leaf is clearly
irrelevant and one can suppose b'(k) = 1 which provides the simple final formula (17).

We conclude with the remark that quite analogous results can be obtained if there are more invari-
ants, however, this is still very far from the solution of the general Open problem.

CONCLUSION

The pseudogroups modelled on Lie groups are introduced in order to describe the interrelation
between the well-known theory of Lie groups and actually the rather vague and involved theory of
pseudogroups. The First and the Second Fundamental Theorems with variable structure constants
then appear.
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Abstract: [In this paper we deal with stochastic partial differential equations (SPDEs). We shortly
introduction the variational approach to SPDEs. Finally we apply the theory to the model of trans-
mission line with stochastic source.
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INTRODUCTION

A stochastic partial differential equation (SPDE) is a partial differential equation containing a ran-
dom term. The theory of SPDEs brings together techniques from probability theory, functional
analysis, and the theory of partial differential equations.

Most of dynamics with stochastic influence in the nature or man-made complex systems can be
modelled by stochastic partial differential equations (SPDEs). The state spaces of their solutions
are infinite dimensional spaces of functions, mostly Hilbert spaces or separable Banach spaces. The
representation of the white noise in SPDEs is the cylindrical Wiener process W (t, x), which has
some spatial correlation. First we introduce the standard Wiener process or Brownian motion.

Definition 1 5(t) = {f(t,w), t > 0, w € Q}, a real-valued, continuous stochastic process on
probability space (2, A, P) is called the Wiener process if 5(0) = 0, 3(t) — 5(s) is N(0,t — s)
forallt > s > 0 and the random variables ((t1), B(ta) — B(t1), ..., B(tn) — B(tn—1) for all
0<t; <ty <---<t,,areindependent.

Note: 3(t) = 8(t) — 5(0) ~ N(0,t), E[B(t)] = 0and E[B*(t)] =t fort > 0.
For SPDEs we have to introduce space dependence into Wiener process. Let U be a separable

Hilbert space with norm || - ||; and inner product (-, -);;. We define the cylindrical Wiener process
W (t) = W (t,z) as an U-valued process:

Definition 2 Let U be a separable Hilbert space. The cylindrical Wiener process (also called
space-time white noise) is the process

W(t) =Y x;B(t),
j=1
where {x;}32, is any orthonormal basis of U and (;(t) are Wiener processes.
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If U C U, for a second Hilbert space U, the series converges in L*(2,U;) if the inclusion
1 : U — Uj is Hilbert-Schmidt.

We want to study stochastic differential equations on a real, separable, infinite dimensional
Hilbert space H with a cylindrical Wiener process W (t) on another separable Hilbert space U.

AX (1) = A(t, X(8)) dt + B(t, X(t)) AW (1), 1)

where A : [0,7] x H — Hand B : [0,T] x H — Ly(U, H). Here Lo(U, H) denotes the space of
all Hilbert-Schmidt operators from U to H.The solution X (¢) is a H valued stochastic process, that
satisfies (I in integral form (see [1], p. 73).

Remark. In the case, when B is independent on X () we call (1)) an equation with additive noise,
otherwise it is an equation with multiplicative noise.

Example 1 Ler W(t), t € [0,T],T > 0 be the m dimensional standard Wiener process on the
probability space (X2, A, P). In terminology of the introduction U := R™ and H := R", m,n € N,
We denote M (n x m) the set of all real n x m matrices and define the maps

A:[0,T]xR*"—-R", B:[0,7] xR"— M(n x m),

that are continuous in x € R" for fixed t € [0,T]. Let’s the initial condition X (0) is a given
vector in R". The equation with these functions is an ordinary stochastic differential equation.
Applications of ordinary stochastic differential equations to electrical network, including analytic
and numeric solutions, can be found in [2]].

1 Stochastic partial differential equation

1.1 Stochastic partial differential equation with additive noise

Let H be a Hilbert space, we denote its elements as u;(x), x € R",n € N and W, the cylindrical
Wiener process as in definition 1 for every ¢ € [0,7],7 > 0. Then a stochastic partial differential
equation with additive noise has the form

duy(x) = L(t, us(x), Dyuy(x), D2uy(x)) dt + By(x) dW, )
where D, denotes the first, D,f the second total derivative of u; with respect to x.

Example 2 Let A = " 9 be the Laplace operator. The stochastic version of the heat equa-

i=1 dx?

tion, see [\ll], can be written as

dut = Aut dt + Ot th

1.2 Linear first order SPDE with additive noise

If we have the operator L(t, u(X), Dyus(x), D2us(x)) = L(t, us(x), Dgus(x)) in equation (2)) and it
is linear, we get a linear first order SPDE with additive noise.

Example 3 Letu; : R® = R, 0, : R" — R, n € N, are functions, a is an n-dimensional vector
and b a real number. Then the following equation is a linear SPDE with additive noise:

dug(x) = (a- Vu(x)" +b - u(x)) dt + o (x) dWs.
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2 Transmission line model with stochastic source

2.1 Deterministic transmission line model

The uniform transmission line (TL) of length [ is described with per-unit-length primary parameters
R, L, G and C as telegraphic partial differential equations for current and voltage as

di(t,z) ov(t, x)
—T—Gv(t,QT)‘FC ot s
ou(t,x) . Ji(t, x)
e Ri(t,x) + LT’

where z is the length from the TL’s beginning. This equation has the following matrix form

SOGHEDM)

We can solve this equation with given boundary conditions by analytical and by numerical methods
as well, see [3].

2.2 Stochastic transmission line model

For the stochastic model first we rewrite the equation (3) as

0 0
aut(fv) =P %Ut(l’) + S (), “4)

(3 r— (1) s (25)' (2 9)

Let us to allow the source be influenced by some randomness. We will consider

where

v*(t,0) = v(t,0) + "noise”.

Substituting this into the deterministic model we get the stochastic model of transmission line with
random source as

duy(z) = L(ut(x), %ut(a@)) dt + oy (z) AW, )

where L(ut(x), a%ut(:p)> = P Zu(z) + Swu(z), v € (0,00), t € [0,T],T > 0 as in equation

(4) and o;(x) is a 2x2 matrix function on R.

3 Conclusion

The theory of SPDE:s is an interdisciplinary subject in mathemetics and there is a very rich literature
in all three main “approaches” to this theory, as the martingale approach, the semigroup approach
and the variational approach. In this paper we gave a short introduction to the variational approach.
Our aim is to create and solve transmission line models effected by randomness in source. So
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far we solved the problem by modeling the transmission line as a cascade connection of lumped-
parameter circuits, the RLGC cells, which led to a system of ordinary differential equations after
the state-variable method was applied. If we considere this system having noisy source, we get
a system of stochastic ordinary differential equations (see [4] and [S]). We deal and solve such
systems in [6]. But this was only approximate solution as the mathematical model of the transmis-
sion line leads to a linear partial differential equation. If we allow some randomness in source, it
leads to SPDE described in this paper. Our next goal is to solve such SPDEs by numerical methods.
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Abstract: This contribution is focused on a non-parametric estimation of conditional density. Sev-
eral types of kernel estimators of conditional density are known, the Nadaraya-Watson and the
local linear estimators are the widest used ones. We focus on a new estimator - the Priestley-Chao
estimator of conditional density. As conditional density can be regarded as a generalization of re-
gression, the Priestley-Chao estimator, proposed initially for kernel regression, is extended for ker-
nel estimation of conditional density. The conditional characteristics and the statistical properties
of the suggested estimator are derived. The estimator depends on the smoothing parameters called
bandwidths which influence the final quality of the estimate significantly. The cross-validation
method is suggested for their estimation and the expression for the cross-validation function is de-
rived. The theoretical approach is supplemented by a simulation study.

Keywords: kernel smoothing, conditional density, Priestley-Chao estimator, statistical properties,
bandwidth selection, cross-validation method.

INTRODUCTION

A conditional density estimation provides a very comprehensive information about the data set.
The conditional density expresses the probability f(y|z) of a random variable Y| (X = z), it can
be regarded as a generalization of regression. While regression models the conditional expectation,
conditional density models the distribution in a fixed point x, including conditional expectation and
uncertainty.

The conditional density estimator generally depends on the smoothing parameters, called band-
widths. The widths of the smoothing parameters influence the final estimation significantly. This
is the reason why so much attention is paid to their detection. While the optimal values of the
smoothing parameters depend on the unknown conditional (and marginal) density, a data-driven
method is needed for their practical estimation. Such one method, the cross-validation method,
is suggested. The performance of the Priestley-Chao estimator and the cross-validation method is
included via a simulation study.

1 THE PRIESTLEY-CHAO ESTIMATOR OF CONDITIONAL DENSITY

Conditional density f(y|x) models the probability of a random variable Y given a random vari-
able X, represented by a fixed observation X = x. The conditional density estimations provide a
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detailed information about the data distribution. Besides modelling the distribution in fixed obser-
vations, conditional density produces also the conditional expectation and its uncertainty.

In kernel smoothing generally, the main building block is a kernel function, which plays a role of a
weighting function.

Definition 1.1 [[/7] Let K be a real valued function satisfying:

1. K € Lip[-1,1}, ie. |K(x) — K(y)| < Llx —vy

,Vae,y € [-1,1], L > 0,
2. supp(K) = [-1,1]

3. moment conditions:

/_llK(I)d:B: 1, /_llxK(:B)d:B: 0, /_1 22K (z) dz = Bo(K) # 0.

1

Such a function K is called a kernel of order 2.

The Epanechnikov, quartic, uniform, triangular kernel etc. are the examples of the kernel functions.
In practice as well as in our simulation study, the Gaussian kernel is used due to computational as-
pects, although the second condition is not satisfied because of the unconstrained support of the
kernel.

The smoothing parameters, called bandwidths, play a very important role in kernel smoothing.
The smoothing parameters in the x and y direction are denoted as h, and h,, and they control
the smoothness of the estimate. It is very important to work with the “appropriate” values of
the smoothing parameters, otherwise the final estimate could tend to be undersmoothed or over-
smoothed.

This is the reason, why so much attention is paid to bandwidth selection. There are many publi-
cations dealing with this topic, a lot of them proceeds from the methods basically developed for
kernel regression and/or kernel density estimation. We can mention a reference rule method [2],
based on the assumption of uniform or normal marginal density and normal conditional density
with linear mean and linear variance. An iterative method [[12] is the extension of the iterative
method suggested for kernel density estimations and kernel regression (see [8l], [7] and [11]). A
method of penalizing functions [2] and a bootstrap method [2], [4] can also be mentioned.

The beginnings of kernel conditional density estimations date back to 1969 when the classical con-
ditional density estimator was proposed by Rosenblatt ([16]). Despite this, kernel smoothing is still
used in both, theoretical and practical cases. For example in [13], conditional density estimator was
suggested for a left-truncated and right-censored mode, whereas [14] discuss a class of estimators
in the cases when the conditioning variable is either circular or linear. The theoretical as well as the
practical application of kernel smoothing can be found in [10], the authors are focused on a new
estimator of f (y|x) that adapts to sparse structure in &. They also show applications of ZIP Code
data, Galaxy spectra, and photometric redshift estimation. Another example of the application can
be seen in [1], in which authors use kernel conditional density estimation with the incorporation of
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a decay parameter to forecast electricity smart meter data. Thus, their results can help consumers
analyse and minimize their excess electricity usage, and the estimates can be used to devise inno-
vative pricing strategies for suppliers.

Let (X,Y') be a random vector and (X1,Y7), (X9, Y2), ..., (X,,Y,) its observations. Our aim is
to construct a new estimator of conditional density, there are several types of the already known
estimators. Generally, the kernel conditional density estimator takes the form

y’l’ sz Khy Yy— Y)

where w;(x) is a weight function in the point z. The type of the estimator depends on the choice

of the weighting function. The commonly used estimator is the Nadaraya-Watson estimator ([16])

with the weighting function in the form

K, - X

WiV () = 22X
> K, (z — Xi)
i=1

The name of the estimator comes from the popular Nadaraya-Watson estimator of regression. In [9],
the Nadaraya-Watson estimator was improved by a two-step estimator, characterized by lower bias.
The other (but not so widely used as the Nadaraya-Watson estimator) estimator is the local linear
estimator ([3]) with the weighting function of the form

K, (2 = X0) (8a(2) — (2 = X,) 41(x))
50(2)%(@) — 3(x)

wt(z) =

and the auxiliary function 3;(z) = % Z (x — X;) K, (x — X;). Better statistical properties are

the reason for using the local linear estlmator

The Nadaraya-Watson estimator is mostly used for non-uniformly distributed design variable X.
The random design with the non-uniformly distributed variable X is convenient especially when
deriving the asymptotic properties. For equally spaced designs, we introduce a new estimator of
conditional density. The estimator is an extension of the Priestley-Chao estimator of the regression
function, suggested by Priestley and Chao in [15].

The fixed design is supposed in the Priestley-Chao estimator construction. Although the design of
n observations is supposed in the form x; = % 1 =1 ...,n, the design points can not be restricted
only on the interval [0, 1] but generally on [a, b], a < b. In [15], Priestley and Chao suggested even

the kernel regression estimator removing the restriction of equally spaced design.

The Priestley-Chao estimator of conditional density is defined as

fre (ylz) = 52 K, (v — ;) Kp, (y = Yi). (1)

=1

153



As the conditional density estimation is a generalization of regression, the regression function is
represented by the conditional mean

Mpo(x) =06 Ky, (z— ;)Y 2)

The estimator (2)) is the Priestley-Chao estimator of regression function introduced by Priestley and
Chao in [[15]].

2 STATISTICAL PROPERTIES OF THE PRIESTLEY-CHAO ESTIMATOR

In this section, the statistical properties of the Priestley-Chao estimator are focused on. The ex-
pressions of the statistical properties are necessary for appraisal of a suitability of the estimator in
both, the local as well as the global view of the quality measure of the estimator. At first, bias and
variance of the estimator are given.

Theorem 1 Let = be a fixed design, Y random variable with conditional density f(y|z) being at
least twice continuously differentiable, and K be a kernel function satisfying Definition For
hy — 0, hy — 0 and nhyh, — oo as n — oo, asymptotic bias (AB) and asymptotic variance (AV)
of the Priestley-Chao estimator are given by the expressions

AV {fre (i)} = 75 R fola), @

where R(K) = [ K*(u) du.
Proof. The proof is given in the Appendix.

The Asymptotic Mean Squared Error (AMSE) is the local measure of the quality of the estimator at
the point [z, y]. AMSE is defined as a summation of the Asymptotic Squared Bias (ASB, the main
term of squared bias) and Asymptotic Variance (AV, the main term of variance) by the expression

AMSE { frc (yle) b = AV { frc (yl2) } + ASB{ fre (yl2) |

s 02 (yl)
hyhy 0z?

#0Y’

1 2
+ §hy/62(K) ayz

R ) + ( 5h250()

The global measure of the quality of the estimator is given by the Asymptotic Mean Integrated
Squared Error (AMISE) by the expression

. R §
AMISE {fpo (~|~)} = // AMSE {fpc (yy:z:)} dedy = ot cohy + cshyy + cihih (5)
iy
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with the constants ¢, ¢y, c3, ¢4 in the forms

o = /RQ(K dz
o =45 [ (M)Q de dy,
s [[ (32 m) G dy,

0% f(ylz) 0 ( y\x)
52 // 9 dzx dy.

3 METHODS FOR ESTIMATING THE BANDWIDTHS

The values of the smoothing parameters have the essential significance on the final estimate of con-
ditional density. While choosing too small bandwidths, the final estimate will tend to undersmooth
and will contain an abundance of information. On the other hand, the oversmoothed estimate with
the lack of information will be obtained in the case of choosing too large bandwidths.

At first, the optimal bandwidths are derived as the values which minimize the global measure of
the quality (5)). The optimal bandwidths depend on the unknown conditional density, thus the data-
driven method is needed for their estimations. The classical approach, the cross-validation method,
is introduced.

In literature, there are plenty of methods for bandwidth selection. The cross-validation method is
a widely used method, it was suggested by Fan and Yim [4], Hansen [6], and Hall, Racine and
Li [S]. We use the original idea of the method and we derive the cross-validation function for the
Priestley-Chao estimator.

3.1 Optimal values of the smoothing parameters

The optimal values of the smoothing parameters are the values minimizing the global measure
AMISE{ fpc (+|-)} of the quality of the estimate. The optimal bandwidths can be derived by differ-
entiating (5]) with respect to h,, and h, and setting the derivatives to 0. Thus, we get the following
system of two non-linear equations

———C1 + 4eshl + 2¢4h hl = 0 (6)
hxhy

T Aeshl + 2c4h2hy = 0. (7)
iy

Further, making several algebraic simplifications and then adding the equations (6] and (7)) together,

we get
deyhdhy — Acshgh)) = 0. (8)
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Solving the equation (8) with respect to h,, and substituting this expression to (), the optimal values
of the smoothing parameters are given by

5\ M4 - 3/4\ —1/6
h, = 51/601/6 4 (—2> + 2¢4 ( )
C3 C3

3.2 Cross-validation method

In kernel smoothing generally, the cross-validation method is a standard procedure widely used for
bandwidth detection. This method is based on the minimization of the cross-validation function,
which is represented by the global quality measure ISE (Integrated Squared Error). Its derivation
follows the method proposed by Fan and Yim ([4]), the error measure is given by

1SE { fre (- ./ e (4la) — f(ola)) drdy
==//meM@<Mdy—2/‘fm%M@f@Wﬁmdy+/Pf2@W)¢Mm
= [1 - 2[2 + 13.

As the term 5 does not depend on the unknown parameters /1, and h,, the function being minimized
is formed by terms /; and /5 only. This function as called the cross-validation function and it can
be defined as

CV (hy, hy) =1, —21,.

The Gaussian kernel, the symmetry of the kernel function and the symmetry of the kernel convolu-
tion (denoted by *) are used in the computations. The term /; can be derived as follows

hsz%@mw@
- //ZZ(SQKM (@ — z;) K, (v — x5) K, (y = Vi) Ky, (y — Y;) dzdy

:522;2//[(@)1( <t—mjh_mxi) KWK (U—Y}h_Y;> dt dv

Y

:5QZZ/K(7§)K (xﬂh_x —t) dt-/K(v)K (th_yi —v) dv

T Y

=YY (K * K) (xh;fﬂ) (K * K) (Y};YJ)

i
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The term I is given by
I= / fre (vl) F(yle) dz dy
-/ 53 K =) Ka (y = i) F o) oy

//52[( f (Yi 4 hyvlz; + hyt) dt dv

_52//1( f (Yi|a,) dt dv
=5prc (Yilas).

In our computations, we use the leave-one out cross-validation method. It means, that we use the
estimation in the pair of points (x;,Y;) using points {(x;,Y;), i # j}. Finally, the cross-validation
function is of the form

CV (hg,hy) = I = 2L = 8* > Y " hohy K, 5 (i — 2)) K, 5 (Vi = Y)) =20 fre (Yilay).
i j#i i

The optimal values of the bandwidths are given by minimizing of C'V’ (hj;, h;)

(hl, pos by, “Vc) = argmin CV (hy, hy) .
(hashy)

4 SIMULATION STUDY

In this section, we conduct a simulation study introducing the cross-validation method. The simu-
lation study involves two models defined as

My :Yi=e" +e, a=-, i=1...,100, & ~ N(0,0.5?)
n

M, :Y; =sin (37z}) + ¢, x;,=—, i=1...,100, & ~ N(1,1)

At first, one hundred observations are generated from each model to apply the Priestley-Chao es-
timator for detection of conditional density. For both simulation studies, an exactly given grid of
100 times 100 points is considered to construct an estimation and measure of the error term. The
x grid is formed by the observations z;, the y grid is formed by the exact equidistant points at the
range of Y values.

We perform the cross-validation method from several points of view, we assess the accuracy of the

estimates of the smoothing parameters to the optimal bandwidths as well as the measure of quality
is focused on. The measure of quality of the estimate is given by integrated squared error

ISE {fpc y|x / frc (ylx) — (y|x)}2 dx dy.
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Due to computational aspect, we use its estimation

ISE {fpo (ylx) } ZZ (fpc (yslzi) — (yjlxi)>2’

j=1 i=1

where y = (v, ..., yn) is a vector of equally spaced values over the sample space of Y and A is
the distance between two consecutive values of y. The expression ISE,; stands for the integrated
squared error of the estimator with the optimal values of the smoothing parameters.

The procedure of simulating the observations and computing the bandwidths, constructing the con-
ditional density estimation and measuring the quality was repeated two hundred times to get the
required characteristics.

The numerical results for the model M are given in Tab. 1.

~

ha hy  ISE  ISEgy
mean | 0.0757 0.0540 05501 0.0488
median | 0.0746 0.0247 0.4346 0.0487
sd | 00042 00542 04432 00112
IQR | 0.0058 0.0809 0.8727 0.0149

Tab. 1. The statistical characteristics of the results for the model M; with the optimal bandwidths
h; = 0.1157 and h; = 0.2236.
Source: own

It can be seen, that the cross-validation method undervalues the smoothing parameters in both, the
x and y direction. Undersmoothing in the y direction is more significant than in the x direction. The
reason for estimating such small value of the parameter /,, is in the shape of the cross-validation
function, which minimum lies near the lower bound of the range of h,. This is caused by the very
smooth conditional expectation in the definition of the model M ;.

The numerical results for the model M, are given in Tab. 2.

~

ha hy  ISE  ISE.y
mean | 0.0669 0.1544 0.0864 0.0272
median | 0.0658 0.1217 0.0821 0.0266
sd | 00027 00618 0.0358 0.0060
IQR | 0.0022 0.1130 0.0600 0.0080

Tab. 2. The statistical characteristics of the results for the model M, with the optimal bandwidths
h; = 0.0482 and h;, = 0.5604.
Source: own

The simulation M is represented by the true conditional expectation changing in shape instead of
very smooth conditional expectation as in the case of the model M. The cross-validation function
has quite distinctive minimum in the x direction whereas finding the minimum is not so clear in the
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y direction due to its flat distribution. The results show slightly overvalued values of the smoothing
parameter h, and undervalued estimations of the smoothing parameter h,. This simulation study
also gives much better values for the error estimations.

As conditional density can be regarded as a generalization of regression, the estimation of the
regression function is displayed for both models in Fig. 1.

(a) (b)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

X X

Fig. 1. Data (black dots) simulated from the model (a) M; and (b) M5, the true conditional
expectation (red dashed line) and the estimation of the regression function (blue solid line).
Source: own

CONCLUSION

In this contribution, a new estimator - the Priestley-Chao estimator of conditional density - was
focused on. The motivation for introducing the estimator was the Priestley-Chao estimator of the
regression function, its simple construction and implementation. The statistical properties of the
estimator like bias, variance, local and global measures of the quality of the estimates were derived.
As the smoothing parameters play a pivotal role in kernel smoothing, the expressions for optimal
bandwidths were computed. For bandwidth detection, the cross-validation method was suggested.

The appropriateness of the cross-validation method was explored via a simulation study. The sim-
ulations showed that the cross-validation approach can be the satisfactory method for bandwidth
selection, especially in the cases with variable true regression function.

The future research should improve the bandwidth estimation for data with smooth regression func-
tion. The improvement should consist in a modified cross-validation function penalizing small val-
ues of the smoothing parameters. The future research should also be focused on developing other
methods for bandwidth estimation. A method of reference rule given by [2] or iterative method
by [12]], both suggested for the Nadaraya-Watson estimator, can be extended for the new estimator.
The future work could also include an improved estimator for data without restriction on equally-
spaced design as proposed for the kernel regression in [15]].
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APPENDIX

Here, you can find the detailed proof of Theorem
Proof. At first, we prove the expression (3]). We start with the derivation of the expectation of the
estimator.

E{fro (yle) } = ndE { K, (v — ) Kn, (y = ¥i)}
_ / Ky, (2 —u) Ky, (y — v) f (v]u) dudo
= fyle) + 5 h%( )% + %hZBQ(K)% + O (hy) + O (hy) + O (h3h3) .
Then, bias is given as
bias { frc (yl) } = B { fre (gl2) } = fro (yi)
() LU L0 ST 0 1) + 0 (1) + 0 (12m3).

As the asymptotic bias includes only the main term of bias{ f pc (y]x)}, the expression is proved.
For variance derivation of the estimator (I, the following expression is needed. Let X and Y be a
random variables, variance of Y is stated by a well known law of total variance

var {Y'} = E {vary|x {Y|X}} + var {Eyx {V|X}}. )

At first, the expression (9)) is used for deriving the expression of variance for the i-th term of the
estimator (1)), followed by using the expression for variance of the summation of all the terms of
the estimator.

Conditional expectation of the i-th term of the estimator fp¢ (y|2) is given by

T} = /5Khw (x — ;) K, (y —v) f(v]a;) dv

= 0K}, (v — x;) / K(w)f (y — hyw|x;) dw

&1 (ylzi) +O(h§)). (10)

Ejtyia) {0Kn, (. — x;) Kn, (

= 0Kp, (f (ylz:) + %hf,ﬁz( )

The conditional expectation of the squared i-th term of (I)) can be expressed by
Erylz:) {52Kh ( — ) Kh (y—Y) ‘fﬂz} = 52Kh (v — ;) /K2 [y — hylei) dv

= K2 (o~ a) - (RO ) + §h3G<K>%§’J“ L)), an

where G f u?K?(u) du. The conditional variance is equal to the subtraction of the expres-
sions and the second power of (10)

var (e {0Kn, (x — ;) Kn, (y = Y;) |2:}

=022, (o) (GRS Gl = 7 )+ G0 T 0 02)) . a2
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By an application of the expected value to the expression (I2), we obtain
E {Varf(y\xi)} {5Khz ( — ) K, (y — Yi)}

= /52Kix (z —u) (iR(K)f(ym) — 2 (ylu) + %hyG(K)—a f(y’“>) du

hy o
(52R2 K 52 52 hy 82
- (hx})LZj(gAx) T (K)f* (yl) + EER(K)G(K)% +0 (h2). (13)

This is a derivation of the first term of the expression (9). Now, we focus on the derivation of the
second term of the expression (9). At first, we express the expectation of (10).

E {m (x — ) (f (yl:) + %hjﬁxm%ﬂm +0 (hi)) }

_ / SK(t) ( f(ylz — hat) + %h;ﬂg([() i (y’gy; that) L o (hgj)) dt
=5 () + a0 LD L s I Lo ).

Further, the expected value for the second power of the expression (10) is equal to

E {(swﬁ, (w — x7) (f (i) + %hiﬁxm%ﬂm +0 (hi)) }

= [0 (£ Ol = hat) + 125 Gl — o) LT
L4 oo D*f (y|ox — hyt) ? 4
+ Zlhyﬁz(K) < Dy > +0 (hy)> dt
= P R ) + O () + O (7). as)

The variance of the Ej s, {0Kp, (x — 2;) Kp,, (y — Y;)} expression is derived by subtraction

of (I3) and (14)) squared

var {Ef(yje,) {0Kn, (& — ;) Kn, (y = Vi) } }
52
— h—xR(K)fz (ylz) — 6% f* (y|z) + O (6°h,) + O (°R2) . (16)
The expression (16)) is the desired second term of the expression (9)). Thus, the variance of the i-th
term of the Priestley-Chao estimator is given by a summation of (13) and (16))

var {5Khz (z — ;) Khy (y — Y;)}
O R(I) f(yl) 8 (yla) + 26 1 R(K)G(K)

_ 0% f (ylz)
hoh, 2" h,

) 52 52
oy +0 (6°)+0 (h—x>+(9 (h_y) .
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As 0Ky, (v — ;) Ky, (y — Y1) and 6K}, (x — x2) K3, (y — Y2) are stochastically independent,
their covariance can be expressed as

cov {5Khz (x —2;) K, (y = Y1), 0K}, (x — 22) Ky, (y — Yg)} =0.

Finally, the variance of the Priestley-Chao estimator is equal to

var {(52[(;12 (v — ;) Ko, (y — YZ)} = Zvar {6K), (v — x;) Ky, (y — Y1)}

i=1

— 22200\/ {5Khm (2 — ;) K, (y = Y3) , 0K, (x — x;) K, (y — YJ)}

_ hi;i(mf(yx) +0(0)+0 (%) o (h%) '
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Abstract: The use of the latest 3D technologies is increasingly gaining ground in
biomedicine and clinical practice. The experimental biophysical laboratory of 3D printing
was created for a better understanding of the practical impact of these innovations by
students in dentistry and general medicine with the support of E-learning. The aim of the Lab
is to provide students with the theoretical basis and practical skills, especially in the
development of dental crowns and implants. The laboratory has been innovated thanks to
closer cooperation with the Stomatology clinic at the University Hospital in Hradec Kralove.
This allows students to solve real-life situations from practice using the latest treatment
approaches. Innovated Lab expands the elective subject — Medical Biophysics Seminar. The
impact of enhancement of the seminar by the topic of 3D printing has been analysed.

Keywords: biophysics, 3D printing, 3D technologies, education, E-learning, prosthetics
INTRODUCTION

Students during the studies at the Faculty of Medicine obtain through the education
specialization of the Dentistry and General Medicine basic knowledge of physical and
biophysical principles of the physiological processes in a human body. Biophysics leads
the students to logical reasoning in finding solutions to the tasks built on a basis of the
physics. This subject is not one of the most popular and, to students, it is therefore necessary
to lend a hand. Complex processes should be explained to students by attractive and creative
forms of education. Possibilities of physics in medicine are far-reaching and students should
learn the correct orientation in the maze of physical concepts, methods, equipment
and processes. The latest devices and the latest techniques are necessary to include into
specific lecture for a preparation of the future physicians. The preparation should directly
correspond with the possibilities of their future workplace, and current trends in a medicine.

The cornerstone for the attractiveness on the field of the physics is the use of the modern
information and communication technologies and the practical demonstrations that have
specific practical outcomes. Department of Medical Biophysics has been involved in research
and development of E-learning systems. These were found more effective in education
of medical systems [1, 2] and - especially for laboratory experiments [3]. For example,
in the practicum in areas such as nitinol stents [4], materials for dentistry [5] and other several
topics, E-learning courses were created to deepen the knowledge and combine an interesting
education environment with the practical examples. Also, the knowledge of basic branches
of the statistic according to Kordek [6, 7, 8] is an important part of the practical training
of undergraduate students for their future research. In addition to the core topics
of biophysics, students can expand their knowledge in the elective subject — Seminar of
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medical biophysics. There is an effort to attract teaching about the latest trends in medicine
and enable students to express their creativity.

There are a lot of medical branches where it is possible to enforce applications of the 3D
printing. It is known in implantology, dentistry, printing of parts of artificial skeleton, the
newest development in 3D Bio-printing (e.g., artificial blood-vessels, heart, livers) [9], etc.

The specialized laboratory for practical experience with 3D technology was innovated within
the elective course with the use of the E-learning. Practicum is based on design, creating,
and testing of the artificial 3D printing of the cranial implants and it is also extended for
dental crowns and implants. The aim of this work is to introduce the possibility of the 3D
printing technology in combination with the education platform. Students can identify the
advantages and disadvantages of 3D printing, generally applied in medicine, especially in
implantology and dentistry. The laboratory is designed to show how to prepare final real
dental crown element by the stereolithography (DLP) 3D printer with special software. The
virtual preparation with the data pre-processing is used. The real output from the lab is tested
on the printed sample.

There are many scientific articles, where the techniques and methods of the 3D printing
are described (a simple search for “3D printing” in the Web of Science database produces
7. 965 results). This work is over these quite different and it is unique in accessing these
technologies for educational purposes for the students of medicine.

1. DENTISTRY IN THE MODERN CONCEPTION OF LEARNING AND
MASTERING

1.1 Elective seminar — extended topics

The seminar was split into the 8 branches — topics. The 3D technologies were added as the
ninth one. This topic is optional and is intended only to candidates who wish to extend their
knowledge in this field. Topics include several parts which can or must students fulfill. For
a better idea, below in the Figure 1 are the examples of the classification each topic in
multiple step learning (MSL) concepts. The MSL is a way of E-learning course creation in
Moodle sw which reflects the previous knowledge of enrolled students. MSL allow to the
readers choose the optimal level of the text difficulty. There are possible three text setups
from elementary to extended knowledge of the problematic. Student can click on one button
and immediately speedy the learning skills and the amount of displayed information.
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Topic 2
Available from 1 listopad 2014

L Membrane potential, electrical activity of heart

s/ Test 2

Topic 9
Optional topic - Teaching of properties and durability of mechanical structures of artificial bone grafts, dental crowns
and implants - (Innovation in education - practical examples)

After consuttation with Ing. Martin Kopecek, MEng

L 30 Technologies

@ Cranial Implant Designs 7.2MB Video file (MP4]

Fig. 1. Categorization of the topics in the MSL system Moodle
Source: own

1.1.1 3D printing in dentistry

As it was written in the previous text, the course in the laboratory is optional. According
the number of the students what are interested in the 3D printing, the individual time windows
for 2-3 students are created.

The structure of the course is possible to split into several parts: Theoretical preparation
(E-learning form - the study materials, manuals and presentation are prepared in the system
LMS Moodle); Design of the implant, dental crown (the real and virtual skull with the cranial
defect is pre-prepared for the students, design of the implant or crown); Preparation of the
print area (sw CreationWorkshop and individual settings of the printer); Print itself (the time
of printing depends on the position of the printed element in the 3D printer); Finalising the
implant (cleaning by isopropyl alcohol, water, UV lamp hardening); Testing and measuring
the implant (use of the push-pull device); Protocol (working with the data).

1.1.2 Pre-processing

Anonymised data (CT pictures) of real patient are pre-processed because it is very time
consuming. DICOM CT data model with some anatomical defect was used for those
interested in the studies of General medicine and the real CT data were also used for design of
the dental crown and implant for Dentistry. The pre-processing of the dentistry model is
shown in Figure 2. For 3D computer model of the skeleton (reading and editing of data) and
the final .stl data format has been used 3D Slicer sw, Autodesk Inventor sw and Meshmixer
SW.

Fig. 2. Example of the dentistry task with pre-processed model; General DICOM data (on the
left side), Filtering and editing (at the center); Final model (on the right side).
Source: own
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1.1.3 Model creating instruction

Theoretical preparation (LMS Moodle) can take place distantly. The form of theory, module,
is called “Book” and the advantage is also an advanced way of dividing books for chapters
and subchapters. Practical, laboratory part of the course is with the teacher in the specialized
laboratory. There are more workflows how to accomplish the task. There may be many
solutions or can be used prepared datasheet (manual) and E-learning video course. The video
course shows all necessary steps for correct design. The mathematical functions, calculations
and measurements are described and explained. It is not therefore necessary have
the experiences and knowledge in the field of 3D modelling and design.

Virtual solution is different for all groups of the students. Creativity has no limits,
but it is necessary to stick to the task - therefore suggest workable solutions.

Practical solution is realized by 3D printer. The settings of the printer are predefined.
The system of the printing is individual and depends on the size of the printed element.

1.1.4 Materials for printing

It is important for work with the 3D printer to know the basic materials what we can use.
Generally in these days exists materials as (PLA, ABS, photo resins, many types of metals
etc.) Between the processing techniques these materials e.g. melting of plastics (FDM), curing
the photo resins (DLP, SLA, Polylet, CLIP), sintering of the various type of the metals (SLS).
The DLP printer 3DWARF uses the photo-resin. The model is printed in reverse, pulled out
of the beaker filled with the coloured polymer.

1.2 Evaluation of measurement

The printed implant is tested on the push-pull device “Intron”. The material static testing
is used in a compression mode within a single frame on the Instron 1 kN head device. For
example, students with teacher sets the device for simulation the cranial defect caused by fall
to blunt edge. The design of the methods for measuring the mechanical properties of the
elements was taken into account Navratil [10] in the stress - strain characteristic at a certain
temperature. Students have to find the critical points and calculate rigidity of the implant or
other element by the linearization.

1.3 Statistical evaluation

The results were compared, processed, and statistically analyzed using MS Excel 2007
(Microsoft Corp, Redmond WA, USA). The basic descriptive statistics was used.

The cumulative level of active participant, related to the topic “Teaching of properties and
durability of mechanical structures of artificial bone grafts and implants” (3D Technologies)
after application of the modified MSL e-learnig course Medical Biophysics seminar - elective
subject was compared with participant activity in other eight topics of this subject.
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2. RESULTS
The biggest benefit allow to the student compare the virtual solution of their design with
the real prototype of the dental crowns or jaw implants as is shown at the Figure 3. Everything

can be tested and further described in the Protocol to the topic, also with all design flaws
which students find.

~

ol .'-'b' : 5
e g

Fig. 3. Final printed example — jaw (red) and the manual fitting test with the dental crown.
Source: own

-

The time structure of the course may be changed, because the duration of the measuring lab
class is between 50-150 min and the teacher need to know the schedule in advance.
The printing of the element most affects the time course index (Fig.4). There could be set
the same printing position method. This however leads to standardization of the task, because
the same system of the position for printing of the crowns has similar material properties.
Individual solutions so slightly lost.

=" @
Support shape

Fig. 4. Optional printed position of crowns set in the CreationWorkshop sw of the 3D printer.
Printing is performed by layers.
Source: own

To compare the number of participants for the topic 9 — 3D technologies and other topics
were selected only accesses into theoretical parts — books in all topics, because there is no test
in optional innovative topic. Median approach in the course of all topics was 193 total, 3D
printing had 83 participants which is 43 % of students (Fig. 5). Even though the course was
optional, 83 students signed up, which can be regarded as high number of participants and it
clearly shows that students want this type of education. Rating has not even closed, as the
course is open to students into late September 2017. In any case, we can say that the course
has been completed successfully (credit) for more than 90 % of students and the number of
users will not significantly change.
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Fig. 5. Comparison of cumulative activities (participants access) vs the access into the
innovative topic 3D Technologies (Topic 9).
Source: own

All results as design of the implants and crowns, measurement of the rigidity are archived and
may be later analysed. Because the topic of the 3D printing technology was implemented into
the course last year there are still not enough data for more detailed statistical analyses.

CONCLUSION

The innovative 3D Technology course combines the E-learning and distance method of the
theoretical preparation with the practical use of the advanced modern design, production
and measurement methods of the implants, artificial bone structures and dental crowns. The
course is innovated especially for the student in dentistry and teaches students to use their
theoretical knowledge to the design of real solutions that can be “touched”. Teamwork and
discussion of the final prototype simulate the environment for their future careers. Students
significantly improve their knowledge of the biophysics by entertaining and modern form of
E-learning MSL teaching.
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Abstract: The aim of the paper is to acquaint the readers with the process of teaching
medical biophysics at the Faculty of Medicine in Hradec Kralové. In its introduction, the
paper describes the biophysics teaching process at our faculty, including the Moodle access
statistics. The reader is also acquainted with the structure of the Moodle “LFHK” (Faculty of
Medicine in Hradec Kralové) web portal at moodle.Ifhk.cuni.cz. The main part of the paper
subsequently addresses the Moodle Mobile app and the possibilities of its use in education.
There is also a_detailed description of the interactive accessory of the application, which was
created by our IT team in order to get feedback from the users (students). At the end, the
advantages and disadvantages of the mobile application are evaluated and it is compared
with the LMS Moodle version intended for PCs.

Keywords: e-learning, Moodle “LFHK”, Moodle Mobile app, e-learning courses, students.

INTRODUCTION

At first it’s necessary to mention the growing influence of mobile devices (e.g. tablets, mobile
phones, e-readers,...) in teaching. In general this increase is most evident in lower years of
schools. The above mentioned increase is also related to the increased interest of the society
in mobile technology and related mobile applications. With regards to education, e-learning is
becoming more and more popular. E-learning is defined e.g. in [1]. A number of software
tools is used to create e-learning courses as, e.g. WebCT, Blackboard, Adobe Connect, etc.
[2]. There are more forms of e-learning and it’s not the aim of this article to divide them and
characterize them. In this contribution we will only concentrate on the LMS (Learning
management system) Moodle and its mobile application Moodle Mobile. Currently, the
system Moodle constitutes more than a half of all the installations of LMS (Learning
Management System) systems in the world [3]. It’s an application, that contains some online
tools for lessons organization and communication with the students (e.g. chat, forum, news,...)
and it also includes some components, that enable to get feedback about students” knowledge
and attitudes (e.g. questionnaire, test, survey, ...). It also makes the studying materials
available for students (e.g. book, lecture, ...).The students can hand in their homework as
well. The basic unit is a Moodle course, that can include the above mentioned components. If
a quality course is created (not only from the point of view of the content), the participation of
the pedagogical staff is not necessary when filling in. Our faculty, especially the Department
of Medical Biophysics has many years of experience with e-learning as it’s obvious from the
papers [4], [5], [6]. At the faculty e-learning in Moodle is carried out at the address:
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moodle.lfhk.cuni.cz. The students have access to all e-learning courses at this address. In
these courses there are e.g. interactive manuals for practical exercises, in which the scientific
and didactic attitudes to the given problem are combined. As an example e.g. laboratory
assignment of measuring rigidity of a nitinol stent, where the theory of this assignment is
based on [7], [8], [9], [10].

1 THE MOODLE “LFHK” PORTAL

The Moodle “LFHK” portal is divided into several basic categories: Czech courses, English
courses, Preparatory course, the Dean's Advisory board, Study Division, etc. The Czech and
English courses are important for medical students. In both categories there are subcategories
called according to individual workplaces in alphabetical order. The workplaces are in charge
of managing the categories and its courses. However the Moodle “LFHK” is not optimized for
mobile devices and thus is not really appropriate e.g. for the use on a mobile phone, especially
because of a long list of workplaces, that can be further divided into subcategories. The
student can see all categories and courses including those, that they don’t need yet. If the
students want to use the courses in a comfortable and effective way in a mobile device, it’s
better to use the Moodle Mobile app.

2 TEACHING OF MEDICAL BIOPHYSICS

The aim of the report is to present to the reader the learning process of biophysics at the
Faculty of Medicine in Hradec Kralove, particularly to acquaint the reader with the Moodle
Mobile app. The “Biophysics and Biostatistics” course at the Department of Medical
Biophysics is implemented as a combination of traditional forms of teaching and e-learning.
As indicated above, the e-learning system is conducted using LMS Moodle. This system
allows students to both acquire information and complete tasks. All of the information
regarding the subject “Biophysics and Biostatistics” is therefore available to the students on
the Moodle “LFHK” in two courses: Biofyzika a biostatistika — vSeobecné 1ékafstvi
2016/2017 (Biophysics and Biostatistics — General Medicine 2016/2017), and Biofyzika a
biostatistika — zubni Iékafstvi 2016/2017 (Biophysics and Biostatistics — Dentistry
2016/2017). These courses also involve handing_in the assingments and taking exams. There
are also instructions for practical exercises, which can be used as a walkthrough (without the
presence of the teacher) prior to the actual workshop. In addition to this obligatory course,
which each student has to sign up for, there are also various optional supplementary courses.
These courses often involve a lecture activity, offering various structured branching and
multi-choice questions. The combination of these elements allows students to take a course
entirely on their own, simulating an actual class to the greatest possible extent. The
aforementioned obligatory course is among the 3 courses with the highest student activity in
Moodle “LFHK” during the past term, as shown in Table 1.

The highest number of views is shown for the obligatory activities of the course, such as
credit exams, online exams for practical exercises, presentation submissions, etc. Instructions
for practical exercises, also prepared in the form of e-learning courses, represented
approximately 2/3 as many views in comparison to the obligatory parts of the course, as
shown in Table 2.
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Course full name Number of activity
Seminar z lékarske biofyziky 2016/2017 (Medical biophysics seminar- 58735

2016/2017)

Doporucené postupy pro VPL AH (ESH-ESC Guidelines for AH) 56037

Biofyzika a biostatistika — vseobecné lékarstvi 2016/2017 47876

(Biophysics and Biostatistics — General Medicine 2016/2017)

Tab. 1. Courses with the highest activity (winter term 2016/17)
Source: moodle.Ifhk.cuni.cz

The highest number of views is shown for the obligatory activities of the course, such as
credit exams, online exams for practical exercises, presentation submissions, etc. Instructions
for practical exercises, also prepared in the form of e-learning courses, represented
approximately 2/3 as many views in comparison to the obligatory parts of the course, as
shown in Table 2.

Activity Views / user
Test 1 — Statistics 1290/ 187
Test 2 — Biophysics 1449/ 180
CT instruction 545/ 139

Microscopy instruction | 810/ 167

ECG + BP instruction | 460/ 135

Ultrasound instruction | 513/128

Tab. 2. View of selected activities in the course Biofyzika a biostatistika vSeobecné lékarstvi
2016/2017 (Biophysics and Biostatistics — General Medicine 2016/2017)

Source: moodle.lfhk.cuni.cz

From the described facts and the steady increase of views of Moodle “LFHK?”, the affinity of
students to use LMS Moodle to study is obvious.

Year | Number of view of Moodle “LFHK”
2015 194 693
2016 201 788
2017 238 099
Tab. 3. Number of views of Moodle “LFHK” in the period from the 20" of February to the 20™ of
March

Source: moodle.lIfhk.cuni.cz

3 THE MOODLE MOBILE APP

The Moodle Mobile app is an application, that is very well optimized for Android OS and
i0S. The student can get the application for free through Google Play or App Store. Or it’s
possible to get access to the application at the link: https://download.moodle.org/mobile/,
where is also some general information about the application. Installation of the Moodle
Mobile app is a standard installation for both supported OS. After successfully installing the
application into the mobile device the student must fill in the webpage address
moodle.lfhk.cuni.cz/moodle2 on the initial screen of the application and then click on
“connect” as can be seen in Figure 1a. As the next step the students must introduce their
username, that they use to log in the web Moodle and their password, as in Figure 1b.
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Please enter the URL of your Moodle
site. Note that it might not be
configured to work with this app.

moodle.Ifhk.cuni.cz/moodle2
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Thoodle

Moodle 2 Lékarské fakulty
Univerzity Karlovy v Hradci
Kralové
https://moodle.Ifhk.cuni.cz/moodle2

kordekd
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Fig. 1. a. Connecting to the Moodle “LFHK"* web server, b. Introducing the login information
in the Moodle Mobile app
Source: own

< Back

Course categories
@ Practical labs

Courses

(@) Practicals NITINOL
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Precti si 3. odstavec.

Fig. 2. a. Virtual library, b. Interactive complement of the “book”
Source: own

The student can see his/her grades in all activities of the given course and can also contact
other participants of the course as can be seen in Figure 2a. If the study material “book” is
part of the course, the student can see this component Moodle directly in the application.
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Internet connection is necessary for initial loading of the book. However the advantage of the
application is, that when reloading the book in the given course, the student doesn’t need the
Internet connection anymore. The study materials in the form of a book are available in the
students” mobile device. As a part of the module “book” the authors of the courses offered a
created complement, that enables to include multiple choice questions in the book, that the
student can answer in an interactive way anywhere in the text of the book. An example of this
complement is available in Figure 2b. This complement is since used in courses, that are
created in the Czech language. The version Moodle 3.1 enables to fill in the tests in
individual courses in the Moodle Mobile app. There was not this function in the previous
versions and thus the student was redirected to the web Moodle “LFHK”, where filling the
test on a mobile device is not as optimized as in the application. And so this possibility can be
considered another undeniable advantage of the Moodle Mobile app. It's not possible to
attend a lecture in this application. The lecture is among the activities in Moodle, in which the
presence of the teacher is not necessary, so the student can go through the whole topic
including feedback. Unfortunately the activity “lecture” needs JavaScript, that is forbidden in
the Moodle Mobile app. That’s why it is not possible to attend the activity “lecture” directly
in the application. This lack can be partially solved by using the mentioned material “book”
with the interactive feedback, that we have created.

CONCLUSION

In conclusion, it is appropriate to point out the advantages and disadvantages of the
mentioned application, especially with regard to possible usage when studying. Generally
speaking, Moodle Mobile is not for obvious reasons meant to be used to create courses, but
rather to view already finished courses. Once a course for students is created in Moodle, each
course can be viewed on mobile devices in the Moodle Mobile app. The courses may not be
displayed properly as they are not optimized for the application. Problems may occur due to
font size and data size of the images inserted into the studying materials — book, chapter titles,
etc. As was already mentioned, a book is downloaded into the device for offline use, which
means that images should be inserted in the text in a suitable resolution. Large files should be
attached separately to the book or directly to the text body. The major disadvantage of
Moodle Mobile is, that it doesn’t enable the students to attend a “lecture” activity. In such
case, the student needs to use the web version of Moodle, which is usually not optimised for
mobile devices. As was mentioned above, the application allows users to complete exams.
“Books” allow reading study material in offline mode as well. This means that the main
advantage of the application is the ability to create custom virtual “libraries”, even in the
offline mode, providing students access to study materials in places where it was previously
impossible. The own contribution of the team of authors to the issue of e-learning, that they
deal with in the article is the proposal and implementation of the new concept of biophysics
teaching as a combination of e-learning and contact teaching. The contribution presents a new
point of view of this form of teaching, especially with regards to the Moodle Mobile
Application (mobile solution of the Moodle application) and describes the unique innovation
of this application created precisely by the team of authors for the needs of education at the
Faculty of Medicine.
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Abstract: Let (x,,) be a sequence of positive real numbers such that the corre-

[ee]

sponding seires »_ x,, diverges. Then, intuitively, its subseries along “small” sets
n=1

of indices converge, while subseries along “large” sets of indices diverge. Exten-

ding the known results by Estrada and Kanwal, we will present that there are also
some very small sets of indices along which the subseries diverges. On the other
hand, we will show that these kind of results can not be strengthen in some natural
direction.

Keywords: Divergent series, subseries, asymptotic density, lacunary sets

Introduction

We will start with recalling some of the most frequently used characterizations of
small subsets of positive integers. For a set A C N and n € N denote by A(n) the
number of elements of the set AN {1,2,...,n} and define
A - A
d(A) = lim inf (n)’ d(A) = limsup (n)7

n—oo n n—o0 n

the lower and upper asymptotic density of A, respecively. If both these values
equal, we denote the common value by d(A) and call it asymptotic density of A.
Note that sets of asymptotic density 0 play in number theory a similar role as sets
of measure 0 in analysis do.
Further, for A C N and positive integers n and &, denote by A(n, k) the number
of elements of A in the interval (n,n + k] and define

b(A) = lim lim inf Aln, k), b(A) = lim lim sup A(Z’ k),

k—oo m—oo n k=00 pnooo

the lower and upper Banach density of A, respectively. If both these values equal,
we denote the common value by b(A) and call it Banach density of A. Note that
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b(A) = 0 readily implies d(A) = 0, thus every set of Banach density 0 is also a

set of asymptotic density 0, but the reverse implication does not hold.

Aset A= {a; <ay < ...} CNislacunaryif lim (a,.; — a,) = co. Denoting
n—o0

by Z1, By, L families of all sets of asymptotic density 0, all sets of Banach density
0 and all lacunary sets, respectively, we have the following inclusions

L:CB()CZL (1)

For every o > 0 put

Za:{AcN; hmwzo}.

n—oo n

Note that for 0 < o < 3 the inclusion Z3 C Z, holds and Z; is the family of all
sets of null asymptotic density.
In [1] the following beautiful theorem is proved.

Theorem 1 (Estrada - Kanwal) Let ) x,, be a series with positive terms. Then
neN
the series converges if and only if for every set A € Z; the subseries ) x,

neA
converges.

Inspired by the above theorem, let us say that a family F is potent if the following
condition holds for every series with positive terms.

» x,<oo ifandonlyif ) z,<oc0 VFEF. 2)

neN neF

Later in [2]] authors simplified the proof of the Estrada - Kanwal theorem and
added its negative counterpart.

Theorem 2 Let o > 0. Then the family Z, is potent if and only if « < 1.

A function m: P(N) — [0, 0o) is said to be a submeasure if for all pairs A, B C N
the relations

ACB = m(A) < m(B) (i)

and
m(AU B) < m(B) + m(B) (ii)
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hold. Let us denote by Z(m) the set of all sets A C N such that m(A) = 0. A
submeasure m is compact if it possesses also the following two conditions.

m({a}) =0 forevery a € N (iii)

and for every £ > 0 there exists a finite decomposition A; U A, U ... U Ay of N
such that forall: =1,2,....k

m(A;) < e. (iv)
The following very nice and strong generalization of the Estrada - Kanwal theorem
was proved in [3].
Theorem 3 Let m be a compact submeasure. Then Z(m) is a potent family.

Finally, let us mention two generalizations of the Estrada - Kanwal theorem in [4]
and [3]], see also [6] and [[7].

Theorem 4 Let Z be the set of all A C N such that b(A) = 0. Then Z is a potent
Sfamily.

Theorem 5 Let a positive sequence of weights (c,,) fulfill

S = o @

neN

and

D lenss = cal < 0. W)

neN

Then the set of all sets of null density with respect to (¢,,) is a potent family.

1 Some new results

1.1 Positive results

Now we are going to present a new proof of the Estrada - Kanwal theorem. This
proof is simpler and more straightforward than those published in [1] and [2].
Moreover, its slight modification yields a more general result.

Proof (Estrada - Kanwal theorem ) Let Y z,, be a series with positive terms.
neN
First we define by induction an increasing sequence of positive integers (ny)
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as follows. Put ny = 0 and let n; be the smallest positive integer such that

ni

> x, > 1. Suppose that also no, ...n;_; have already been defined. Let ny, be

n=1

the smallest positive integer greater than nj_; such that ny —ny_; is divisible by k
ng

and >  x, > 1. Now we will construct a set J C N by induction determing
n=ng_1+1
J N (ng_1,ng] for arbitrary k£ € N as follows. Decompose each interval (1;_1, 1]

into goups of exactly k consecutive numbers
{nk_1+1, .. ,nk_1+k;}, {nk_1+k;+1, c. ,nk_1+2k}, ceey {nk—k—l—l, ce ,nk}

and pick up the only one element from each group into the set .J by the following
rule:

JN{np 1 +ik+ 1, g + G+ Dk} = {5}, (3)
where & > x, forall s € {ng_1 +ik+1,...,n,_1+ (i+1)k}. From this choice
we have immediately > x> % for every k € N. Consequently

J€IN(ng—1,n4]

Y=Y ¥ mzYyg-c

J€J keN jeJN(ng—1,nk] keN

Moreover, the construction yields directly J(n, k) < 2 for all sufficiently large n
and k, thus b(.J) = 0, consequently d(.J) = 0 follows and the theorem is proved.
Let us remark that from the above proof also the stronger result than Theorem [4]
follows directly. Also note that by a slight modification of the proof we obtain the
following stronger result.

Theorem 6 The family L of all lacunary sets is potent.

In fact, it is sufficient to modify the rule (3) in the above proof only at places
where the distance jF.; — j¥ of elements jF and j¥,; picked from two consecutive
intervals {nj,_1+ik+1,...,ng_1+(i+1)k}and {ni_1+(G+1k+1,... ng_1+
(142)k} is less than k. In this case we remove from J the index with smaller value
of x.

1.2 Negative results

First, let us mention the following negative result generalizing that of [2]. It says
that the Estrada - Kanwal theorem is optimal in some sense.

180



Theorem 7 Let f: N — N be such that lim f(n) = oo and lim @ = 0and

n—o0 n—oo
Zr={ACN; IngVn >ng An) < f(n)}.
Then Z; is not a potent family.
Proof Let f: N — R* be such that

lim f(n) =00 and lim S = 0. 4)

n—oo n—oo M

[e.e]
We are going to construct a divergent series »  x,, of positive terms such that

n=1
> x, is convergent for every A € Zj. First, let (k,) be an increasing integer
neA
sequence such that £, = 1 and the inequality

kn 1
f( +1) < (5)
kni1i —kn  (n+1)2
holds for every n = 1,2,.... Put z; = 1 and for every positive integer ¢ &
1
(kn, kny1] define z; = T foreachn = 1,2,.... Then
IEEIED DD DI ST
ieN n=1 i€ (kn,kn+1]NN n=1

On the other hand, let J € Z; be arbitrary. For simplicity we can assume that the
condition J(n) < f(n) holds for all n € N, as the convergence or divergence of
series does not depend on finite number of indices. Then

Z$j§l’1+z Z —1+Z n+1 kn))k;_kng

JjeJ n=1 je(kn,kny1]NJ

<1+Zf 1)

what finishes the proof.

Note that the result of Theoreml 2| for o > 1 easily follows from the above general
theorem taking f(n) = n . In addition, the followmg stronger corollary following
from the previous theorem for f(n) = n(lnn)~® was observed by G. Grekos.

n+1_k

Corollary 1 Let o > 1 and
A
S:{ACN; L—m}.
n(in @

Then S is not a potent family.
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2 Conclusion

Estrada - Kanwal theorem says that divergence of a series with positive terms can
be discovered by inspecting all its subseries along sets of asymptotic density zero.
We have seen that there are some possible extensions of this theorem related to
inspection of some subclasses of sets of density zero. On the other hand, whenever
one limits the grow of the number of elements in these sets, the resulting class fails
to be able to discover the divergence of all series with positive terms.
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Abstract: F L-hyperstructures are a class of hyperstructures constructed from quasi-ordered semi-
groups. Their construction — in its original version — uses partial ordering. However, antisymmetry
is often not needed to achieve desired results. In this paper we focus on such cases. We also discuss
implications of the quasi-ordering being moreover symmetric, i.e. an equivalence.
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INTRODUCTION

The concept of relation is prominent not only in classical algebra but also in the algebraic hyper-
structure theory. Just as in classical algebra, the hyperstructure theory studies preordered / par-
tially ordered sets, hyperstructure generalizations of (semi)lattices, extensions of BCK-algebras,
preordered / partially ordered semi(hyper)groups, etc.

The concept of I2L—hyperstructures is one of the concepts proposed by Chvalina [2]]. Unlike quasi-
order hypergroups introduced in [[1]] and included in [2], E L-hyperstructures were not discussed
in [3]], which is often considered (together with [4, 9]) to be a canonical book on the algebraic hy-
perstructure theory. Also, since [[1]] was written in English while [2] in Czech only, the concept of
E L-hyperstructures did not spread as widely as the concept of quasi-order hypergroups used e.g.
in 13,1507, 113, [14]. However, since the idea is rather natural, its traces can be found in some earlier
works as well. Already in Pickett [22] can we find an example based on hyperoperation (I). Also
Phanthawimol and Kemprasit [21] in fact work in the E L-context (on top of that using equivalen-
cies). Notice that their hyperoperation was originally defined by Corsini [4].

Notice that while quasi-order hypergroups are sets (H, *), where “x” is a hyperoperation, which
is defined by means of a quasi-ordering (i.e. preordering) “<” on a set (H, <), to construct £/ L—
hyperstructures we need a quasi-ordered (i.e. preordered) semigroup. Originally, E'L—hyperstruc-
tures were constructed ad hoc for suitable semigroups endowed with a suitable compatible quasi-
ordering. Later, in [16, [18} [19, 20] a theoretical background was provided for the idea. Shortly
after this, Anvariyeh, Ghazavi and Mirvakili [10, [11} [12] extended the construction and studied
some particular aspects of it.

The construction of F L—semihypergroups is based on two theorems (quoted below as lemmas)
included in [2]. In their original version they assume that the relation “<” is reflexive, transitive
and antisymmetric, i.e. that it is a partial ordering. However, for many of the results obtained so far
antisymmetry of the relation is not needed, i.e. they are valid also if “<” is a quasi-ordering (i.e. a
preorder). Notice that the abbreviation £ L stands for “Ends lemma”, the name of the construction
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used because of the fact that for an arbitrary a € H the set [a)< = {x € H | a < z} is an “upper
end” generated by a, i.e. we consider all elements of H which are, in relation “<”, “above” a.

Remark 1 Throughout the paper we prefer saying “quasi-ordering” to “preorder”. Also, we
prefer saying “partial ordering” to “partial order” or simply “ordering”.

1 CONSTRUCTION, EXAMPLES AND SETTING THE GROUND

To be exact, we include the theorems from [2]] and — in order to identify the exact place where
antisymmetry (and reflexivity and transitivity) is needed — we also include their proofs.

Lemma 1 Let (S, -, <) be a partially ordered semigroup. Binary hyperoperation * : S x S —
P*(S) defined by

axb=la-b)<={reS|a-b<x} (1)
is associative. The semihypergroup (S, x) is commutative if and only if (S, -) is commutative.

Proof. Suppose a,b,c € S arbitrary. First of all, it is useful to show that the following equality

holds:
U [a-t)< = U [z o)<
telbc)< z€la-b)<
Suppose therefore an abitrary s € | J [a - t)<. This means that s > a - ¢, for a suitable ¢, € S,
tefb-c)<
to>0b-c. Thena-ty > a-(b-c) = (a-b)-candif we set zg = a - b, we get that zp - ¢ < s,
zy € [a-b)<,ie. s € [zg-¢c)< C U [x ¢)<. The other inclusion may be proved in the analogous

way. Now we get that

% (b c) Ua*t— U la-t)< = U T-c)c = U xxc=(axb)x

tebxc tefb-c)< z€la-b)< TEaxb

which completes the proof of associativity. Obviously, if (.S, -) is commutative, then also (.5, *) is
commutative. On the other hand, if (.S, *) is commutative, then for an arbitrary pair of elements
a,b € S wehave that a xb = bxa, ie. [a-b)< = [b-a)<, which means that a - b < b - a and
simultaneously b-a < a-b, i.e. — given the fact that “<” is a partial ordering — means that a-b = b-a.

Definition 1 A semihypergroup constructed using Lemma |l| is called E L—semihypergroup. We
also say that (S, x) is the E L-semihypergroup of (S,-,<). If (S,*) is a hypergroup, we call it
E L-hypergroup.

One can see that the only place in the proof of Lemma [I] where antisymmetry of the relation “<”
is used, is one of the implications on commutativity, in which we prove that the associativity of
the hyperoperation “x” implies the associativity of the single-valued operation “-”. On the other
hand, reflexivity and trasitivity of “<” are essential. Notice that thanks to reflexivity of “<” we
have that [a)< # () for all a € S, i.e. that (S, %) is a hypergroupoid (not a partial hypergroupoid).
Compeatibility of the relation “<” and the single-valued operation “-” are essential in the proof too.
In the following examples we construct £ L—semihypergroups using an equivalence relation, i.e.
a quasi-ordering which is moreover symmetric. By a proper semi(hyper)group we mean a semi-
(hyper)group which is not a (hyper)group.
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Example 1 Let (N, -, =) be the multiplicative semigroup of natural numbers and “=" the relation
of congruence modulo m. Obviously, (N, -, =) is a quasi-ordered proper semigroup and “=" is not
antisymmetric. If we, for a fixed m € N, define that for arbitrary a,b € N that a x b = {x € N |
a-b=x(modm)}, then (N, ) is an E L-semihypergroup.

Example 2 On the set C of all complex numbers regard a binary operation “-|.|” defined as multi-
plication of absolute values, i.e. for all 21, z, € C define 21 -|.| 2o = |21| - |22] and a relation “<,,)”
defined as equality of absolute values, i.e. for all z1,z, € C put z; <), 2o whenever |z1| = |2|.
Obviously, (C, ., <).|) is a quasi-ordered semigroup (and “<|.|” is not antisymmetric, yet it is
symmetric). Thus if we define, for all z1,z, € C, z1 x 29 = {x € C | |z1] - |22| = |x|}, we get that
(C, %) is an E L—semihypergroup.

In the proof of Lemma [I| we used the fact that [a)< = [b)< implies a = b. However, this is true
only on condition of antisymmetry.

Example 3 Regard the E L-semihypergroup (N,x) constructed in Example |I| from (N,- =), in
which we set m = 3. In this case

4)=={rxeN|z=4(mod3)}=[7)=,

yet the fact that [4)= = [7)= does not imply that 4 = 7. Also, in Example [2| the fact that two
complex numbers have the same absolute value does not mean that they are the same.

The following lemma from [2] is a tool to find out whether a quasi-ordered (in its original version
quoted from [2]], partially ordered) semigroup generates a proper semihypergroup or a hypergroup.

Lemma 2 Let (S, -, <) be a partially ordered semigroup. The following conditions are equivalent:
1 For any pair a,b € S there exists a pair c,c € S suchthatb-c < aandc -b < a.

20 The semi-hypergroup (S, %) defined by|l|is a hypergroup.

Proof.

1Y = 2% Suppose t € S arbitrary. Since t * S C S and S * ¢ C S obviously holds, we will prove
the converse inclusions. Suppose s € S arbitrary. We assume that for the pair s,¢ € S there
exists a pair ¢, € Ssuchthatt-c<s,c -t <s,ie.

seft-c)<N[d-t)c=(txc)N(d xt) C (Ut*x)ﬂ(u a:*t) =
x€S zeS
=(t*S)N(S*t),
which means that S C ¢« Sand S C S * t.

20 = 1% Suppose that (S, *) is a hypergroup and a,b € S are arbitrary. Since there is b * S =

S xb =9, there is
acbxS=|Joxt=Jb 1)<
tes tes

which means that a € [b- ¢)< for a suitable element ¢ € S, i.e. b- ¢ < a. In an analogous
way, a € S * b, i.e. ¢ - b < a for a suitable element ¢ € S, which is 2°.
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One can see that antisymmetry of the relation “<” is not needed anywhere in the proof. Thus we
can conclude that Lemma 2|is valid for quasi-ordered semigroups (S, -, <) as well.

Let us now include two important special cases which fulfill the condition of Lemma [2] The first
of them can be found in [2] (for partially ordered groups) while the other one, included below as
Theorem |1} has not been mentioned yet (even though it is truly trivial).

Corollary 1 [f, in Lemma (S, -, <) is a quasi-ordered group, then (S, %), constructed by means
of (1), is a hypergroup.

Proof. Obvious because it is sufficient to set ¢ = b~! - a, which turns the condition b - ¢ < a of
Lemmainto a < a which holds because “<” is reflexive. In a similar way, we set ¢ = a-b~!. The
corollary holds because we already know that Lemma 2] holds for quasi-ordered groups as well.

Definition 2 A hyperoperation “x” on S is called extensive if, for all a,b € S, there is {a,b} C
axb. A hypergroupoid (S, ) with an extensive hyperoperation is called an extensive hypergroupoid.

Theorem 1 Every extensive E L—semihypergroup is a hypergroup.

Proof. Obvious because extensivity in £ L—semihypergroups means that a - b < a for all a,b € S.
Thus it is sufficient to set ¢ = ¢’ = a and apply Lemma 2l Again, “<” can be a quasi-ordering as
well.

Alternatively, we could write that, if “<” is extensive, then

axb={a,b} Ufa-b)-,
which means that the reproductive law a xS = S * a = S turns into

a*S:Ua*b:U{a,b}U[a-b)S:SU[a-b)gzs

bes bes
and likewise for S * a.
Example 4 FE L—semihypergroups constructed from (S, min, <), where S € {N,Z,Q,R} U (a, b),

where (a,b) is an arbitrary interval of real numbers, and “<” is the usual ordering of numbers by
size (which is a partial ordering), are extensive.

Example 5 The E L-semihypergroup constructed from quasi-ordered semigroup (N, gcd, |), where
“gcd” stands for the greatest common divisor of natural numbers and “|” is the divisibility relation,
is extensive.

Example 6 [fwe in Example change “min” to “max” or to “+”, then (S, x) are not extensive.

Thus, one can expect that a great many results regarding £ L-hyperstructures will be valid even
in cases when the relation “<” is not antisymmetric (yet maintains reflexivity, transitivity and
compatibility with the single-valued operation “-”). As a result, we can consider relations “<”
which are equivalencies. Naturally, using the symbol “<” for an equivalence is rather a misleading
choice as “<” suggests a partial ordering (just as “=<” is reserved for proper quasi-ordering). In
fact, we could use the general notation “aRb” to suggest that a and b are in relation . However,
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we prefer either writing “a < b” and specifying the relation (quasi-ordering, partial ordering,
equivalence) or using standard symbols of a given type of relation such as “=" for congruence or
“C” for set inclusion. One could see that in the examples we have already given we also describe
the relation in plain words wherever possible.

Naturally, the main obstacle with “downgrading” from partial ordering to quasi-ordering is the fact
that we loose notions such as the greatest or the lowest element and encounter rather big difficulties
when manipulating maximal or minimal elements. Notice that, in F/ L-hyperstructures, this is an
important limitation because we work with sets [a)< = {z € S | a < z} and very often we need to
prove that [a)< = {a}, or rather that for no b # a there is b € [a)< or that if b € [a)<, then b = a.
Even though the issue of maximal elements actually can be manipulated in quasi-ordered sets (for
an example of use see [15]), in some contexts we can bypass the problem by using the following
definition.

Definition 3 Let (S, <) be a quasi-ordered set. An element a € S such that [a)< = {r € S|a <
x} = {a}, is called an EL-maximal element.

2 SOME RESULTS WHERE ANTISYMMETRY IS NOT NEEDED

In this section we gather a selection of few theorems, in which the antisymmetry of the binary
relation “<” is not needed. As aresult, they are valid also in contexts in which “<” is an equivalence
relation. However, the implications of the symmetry of the relation must always be examined
separately because symmetry of the relation might sometimes lead to trivialities.

First of all, we discuss the issue of hyperstructure identities, i.e. elements ¢ € S such that z €

.,

xxeNexzforall x € S, where “x” is a hyperoperation on S.

Theorem 2 Let (S, x) be the EL-semihypergroup of a quasi-ordered monoid (S, -, <) with the
neutral element u. An element e € S is an identity of (S, %) if and only if e < u.

Proof. =" If e € S is an identity of an EL-semihypergroup (.5, ), then there holds ¢ - ¢ < a and
a-e < aforall a € S. Specifically, this holds for a = u. In this case we get e < w.

”<=": Suppose that e < u. Since (.5, -) is a quasi-ordered semigroup, this is equivalentto e - a < a
for any a € S, which means that for any a € S we have that a € [e - a)< = e * a. In an analogous
way we get that a € a * e, i.e. e is an identity of (5, *).

Example 7 In Example uw = 1. Thus the set of hyperstructure identities of (N, x) from Example
is the set {v € N | x =1 (mod m)} for a given m € N.

It is also rather easy to describe all hyperstructure inverses in F/L—hypergroups constructed from
quasi-ordered groups. Recall that by a hyperstrucre inverse of ¢ € S we mean such an element
a’ € S for which there exists a hyperstructure identity e € S such that e € a x a’ N a’ * a.
Hypergroups in which to every element there exists a unique inverse are called canonical. In [20]
one can find a proof that £¥L—semihypergroups cannot be canonical hypergroups. The following
theorem is included in [20]; notice that i(a) is a notation reserved for the set of hyperstructure
inverses of an element a € S.
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Theorem 3 Let (S, *) be the EL—hypergroup of a quasi-ordered group (S,-,<). Then for an
arbitrary a € S there is
i(a) ={d €S |d <a'}=(a",

where a,a™" are inverses in (S, ).

Proof. In order to prove the theorem, we have to prove the following implications:

1. If ' < a™ !, then @’ is an inverse of @ in (S, x).
Suppose that a’ < a~*. This means that @’ - @ < a™! - @ = u, where u is the neutral element
of (.S, -). It does not matter whether we multiply from the left or from the right. Since u is an
identity of (S, %), @’ is an inverse of a in (S, *).

1

2. If a’ € Sis aninverse of a in (S, %), then a’ < a™!.

Since a,a’ € S are inverses in (S, x), there exists an identity e € S such thate € axa’Na’*a.
This means that there simultaneously holds a - ' < e and a’ - a < e. Denote u the neutral
element of (.5, -). Since from Theorem there follows that e < w, and since “<” is transitive,
we altogether get that @ - @’ < w and a - @’ < u, which implies a’ < a™!.
In other words, if (.S, -) is a group and “<” is an equivalence relation, then i(a) is the set of elements
equivalent to a~*. Thus, one can see that if we define an operation on the set of equivalence classes
of S, we get a group. This can be regarded as an example of how the hyperstructure theory can
generalize some classical concepts. Notice that when Vougiouklis [23] introduced H,—structures
(i.e. weak hyperstructures), it was the equivalence relation on a hyperstructure such that “almost
all but some problematic” elements had the desired property that was the background motivation.
Zero scalars (often called absorbing elements) are elements e € .S such that, for all x € S, there is
zx e = {e} = e x x, where “x” is a hyperoperation on S.

Theorem 4 Let (S, *) be the E L—semihypergroup of a non-trivial quasi-ordered semigroup (S, -, <
). Then (S, *) has zero scalars if and only if (S, -, <) has an element which is simultaneously E L—
maximal with respect to “<” and absorbing with respect to “-”.

Proof. If we realize that “<” must be reflexive, the proof becomes obvious.

Corollary 2 Let (S, x) be the E L—semihypergroup of a non-trivial quasi-ordered semigroup (.S, -, <
). Then (S, %) has at most one zero scalar element. To be more precise, if (S, -) is a monoid, then it
is its neutral element that can be the only zero scalar of (S, ). If (S, -) is not a monoid, then (S, )

is without zero scalars.

Proof. An obvious rewording of Theorem 4]

Example 8 In Example|l} w = 1. However, u = 1 is neither absorbing with respect to “<” nor
E L-maximal. Therefore, (N, x) is without zero scalars. We get the same conclusion in Example
However, the reasoning is different because (C, -|.)) is not a monoid.

By a hyperstructure idempotent element we mean such an element a € S that a € a % a, where “x”
is a hyperoperation on S. If (S, -) is a group, then, in the £ L—context, the notions of hyperstructure
idempotent elements and hyperstructure identities coincide.
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Theorem 5 Let (S, *) be the E L-hypergroup of a quasi—ordered group (S, -, <). An element a € S
is idempotent in (S, ) if and only if it is an identity of (.S, x).

Proof. In the “Ends lemma” context, a € a * a rewrites to a - a < a. In a group, this means that
a < u, where u is the neutral element of (5, -). According to Theorem [2 this is equivalent to the
fact that a is an identity of (.5, *).

The proof of the following theorem, which discusses the case when S is a semigroup only, can be
found in [18]]. Notice that by ¢ we mean the hyperproduct of n elements a, i.e. a" =g * ... x a.

n

Theorem 6 Let (S, %) be the E L—-semihypergroup of a quasi-ordered semigroup (S, -, <). Then
for an arbitrary idempotent element a in (S, -) we have:

(i) a is an idempotent of (S, *),
(ii) a * a is a subsemihypergroup of (S, ),

(iii) [a)< = a®

a’>=...=a" foralln € N,n > 2.

o

Remark 2 Obviously, if the hyperoperation “x” is extensive, then every element of an E L—semi-
hypergroup (or rather, thanks to Theorem[l| E L-hypergroup) is idempotent.

In both of the following examples the relation is antisymmetric.

Example 9 Suppose the E L—semihypergroup ({0, 1), %) constructed from the quasi-ordered semi-
group ((0,1), -, <), where “-” and “<” are the usual multiplication and ordering of real numbers.
In this case, by Theorem 2| every element is an identity. Further, u = 1 is a zero scalar, 0 and 1 are
idempotent elements and 0 x 0 and 1 x 1 are (trivial) subsemihypergroups of ({0, 1), x).

Example 10 Suppose the E L-semihypergroup (N, x) constructed from the quasi-ordered semi-
group (N, ged, |), where “ged” stands for the greatest common divisor and “|” is the usual divisi-
bility relation. In this case, every element of (N, x) is idempotent. By Theorem@ every set

2

axa={xr e N|ged{a,a}l|z} ={r e N|a|z}

is a subsemihypergroup of (N, x). Indeed, if e.g. a = 3, then obviously e.g. 12 € 3 %3, 18 € 3 x 3.
Now,

12%18 = {x € N | ged{12,18}|z} = {x e N | 6]z} C3x3 = {z € N| 3|z}.

If the relation “<” is an equivalence, then by the definition of idempotent elements a - @ and a must
be in the same equivalence class.

Example 11 In Example[2] the set of idempotent elements coincides with the set {z € C | |z| = 1},
i.e. with a unit circle of the Gaussian plane.

Finally, we discuss one hyperstructure generalization of a concept from the lattice theory. The no-
tion of a semilattice is based on a relation which is partial ordering. However, in £/ L-hyperstructures,
antisymmetry of this relation is not needed. First of all we include the definition of concepts intro-
duced by Xiao and Zhao in [24] and studied by Dehghan Nezhad and Davvaz in [8].
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Definition 4 Let L be a nonempty set with a binary hyperoperation “x” on L such that, for all
a,b,c € L, the following conditions hold:

1. a € axa (idempotency)
2. a*x b= 0bx*a (commutativity)
3. (axb)xcnax(bxc)# 0 (weak associativity)

Then (L, x) is called an H,—semilattice. When in the condition 3| we have equality, then (L, x) is
called a hypersemilattice.

The connection between F L—(semi)hypergroups and hypersemilattices / H,—semilattices is rather
straightforward.

Theorem 7 Let (L, *) be the E L—semihypergroup of a quasi-ordered semigroup (L, -, <).

1. If “-” is commutative and (L, -) is a proper semigroup, then the condition that for all a € L
there holds a - a < a is equivalent to the fact that (L, *) is a hypersemilattice.

2. If “-” is not commutative and “<” is antisymmetric, then (L, x) is neither a hypersemilattice
nor an H,—semilattice.

3. If (L, ") is a non-trivial group and “<” is antisymmetric, then (L, x) is neither a hypersemi-
lattice nor an H,—semilattice.

Proof. Condition [3] of Definition ] (in its strong associative version) is secured by default. There-
fore, the question of whether our construction gives rise to hypersemilattices, is for commutative
“x” equivalent to the question of validity of condition in statement|l. Moreover, in our context, the
idempotency condition rewrites to “a - a < a foralla € L”.

If (L, ) is a proper semigroup, this has no special implications and we obtain statement
However, if (L, -) is a group, then this is equivalent to a < w for all @ € L, where u is the neutral
element of (L, -). On condition of antisymmetry of “<” this means that u is the greatest element
of (L, <). Yet a < w is in a partially ordered group equivalent to u < ™! for all a € L, which is
possible only if u = a~'. Yet since this should hold for all a € L, there is L = {u} and we obtain
statement [31

Finally, if “<” is antisymmetric, then (L, -, <) is a partially ordered semigroup and commutativity
of (L, %) is equivalent to commutativity of (L, -) and we obtain statement 2|

Example 12 [f we denote by |C|} the set of all complex numbers such that their absolute value is
smaller than or equal to one 1 (i.e. we regard a unit disc of the Gaussian plane) and regard *-|.)”
multiplication of absolute values and set that z, <. z whenever |z1] < |22], then we get that
(ICI3, *2s <|2|) is a proper quasi-ordered semigroup. Moreover, “<,,” is not antisymmetric. We
define a hyperoperation on |C|} by

21k 2 = [z )< = {2 € [Cly | [z - |2 < [}

Since z € zx z forall z € |C

& we have that (C, ) is a hypersemilattice.
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The case of commutative quasi-ordered groups, where “<” is not antisymmetric is not discussed in
Theorem[7] Therefore, we include the following example.

Example 13 Regard the additive group of complex numbers (C, +) and define, for all z;, z, € C,
relation “<|,-1” by z1 <1 2y whenever |z1| > |z, where |z| stands for the absolute value
of z € C. It is easy to verify that (C,+,<.-1) is a commutative quasi-ordered group, where
“<|,|-1 7 is obviously not antisymmetric. If we define, for all 21,2, € C, that z x z, = {x €
C | |z| < |21 + 22|}, then, by Definition 4| and Lemma |l} (C,x) is a hypersemilattice. Indeed,
|z| < |2+ z|forall z € C, i.e. z € zx z (and the rest is obvious). However, if we regard “<,.”
such that z, <|.| z whenever |z1| < |2 instead of <|.,|-1, then “x” is no longer idempotent, i.e.
(C, ) is neither a hypersemilattice nor an H,—semilattice.

Obviously, idempotent quasi-ordered semigroups always create hypersemilattices. In the following
example, the semigroup is not idempotent. (Mind the difference between idepotence in semigroups
and in semihypergroups, i.e. a-a =a vsa € a * a!)

Example 14 Denote the closed interval of real numbers (0,1) by L. Obviously, (L,-, <), where
“.” is the usual multiplication and “<” the usual ordering of real numbers, is a proper quasi-
ordered semigroup. Also obviously, the condition that, for all a € L, a-a < a holds in L.
Therefore, the E L—semihypergroup (L, x), is a hypersemilattice. Moreover, since “x” defined on
(L,-, <) is extensive, (L, *) is, by Theoremll} a hypergroup.

Moreover — obviously again — if we consider a proper commutative quasi-ordered semigroup
(L,-, <) such that the relation “<” is not antisymmetric, than extensivity of the hyperoperation

.,

«” implies that its £/ L-hyperstructure (L, *) is a hypersemilattice.

3 CONCLUSION

In this short paper we attempted to assign a new meaning to result which have (mostly) already
been used. We have shown that, in some cases, antisymmetry of the binary relation which is used
to construct ' L-hyperstructures, is in fact not needed. This allows us to broaden the applicability
of the construction and to consider another special class of £ L-hyperstructures — those where the
relation is an equivalence. We have included a variety of examples (based on some usual sets) to
demonstrate the many possible uses of the construction.
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Abstract: In the contribution we focused on comparison of two polynomial calibration methods.
We compare a method based on maximum likelihood method, and a method using linearised model
with errors in variables and Kenward Roger’s type of aproximation. First, we introduce models for
boths procedures. Then we estimate unknown parameters of transformation function with use of
these models. We compare both methods in a small simulation study.

Keywords: kalibration, transformation function, transformation curve, maximum likelihood method,
Kenward Roger’s type of approximation.

INTRODUCTION

Calibration is an important part of metrology. It is a set of tasks which gives relationship between a
reference and a calibrated device if some special conditions are fulfilled. In the contribution we as-
sume that the relationship between the calibrated device and reference device is polynomial. This
relationship can be described by a transformation function and represented by a transformation
curve. We can devide calibration proces into two parts: 1) creation of calibration model and 2)
measurement with calibrated device. In the contribution we estimate the parameters of the trans-
formation function by two methods and compare them. Similiar sinvestigations are realized in [[7]
without comparisons of results.

We assume that we have m different objects. Each of these objects is measured with two different
measuring devices (device A and device B), and we repeat the measurement n times. We assume
that device A is less precise than device B. It is assumed that measured values on both devices
are realizations of random variables with normal distribution, and for each of m objects, values
measured errorlessly by device A are p = (pi1,. .., jtm), and by device B are v = (vy,..., V)
where v; = ag + ayp; - + ak,uf and ag, a1, ,ar € R, 2 = 1,2,...,m. The function v; =
ao + ayfi; - - - + agpuk is called the transformation function. The next assumption is that measure-
ments realised by device A and device B are independent and X;; ~ N (p;,02) (X;; is normally
distributed with mean y; and dispersion 02), Yi; ~ N (ag + aipi; + - - - appl, 05), i=1,---,m,
j = 1,--- ,n. The aim is to estimate the parameters (ao, ay-- -, ay, 02, af,, ), wiht using of the
maximum likelihood method and a method using a linearised model with errors in variables and
the Kenward Roger’s type of aproximation, and compare obtained estimates based on the simula-
tion study.
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1 REPLICATED MODEL WITH ERRORS IN VARIABLES

At first we assume that with the devices A and B we realize only one measurement of each
object. In this case we have a vector of random variables - measurements with device A as
X = (X1, ---,X,). Foreachi = 1,--- ,mis X; ~ N (u5,02). Y = (Y,---,Y,,) measure-
ments are obtained with the device B, where Y, ~ N (VZ', 03). We assume that the measurements
are not correlated. So we can write the measurement model as:

X 1 aiIm 0,,
() = L0 () |
If we denote v and ;i as v = aglm + ari- - +agp®, g = (1, 1l) 0 =1,2,- -k, 1y =
(1,...,1)" € R™, we obtain a linear regression model with nonlinear constraints on parameters.

z/zlma0+ua1+-~~+ukak
Using the Taylor expansion in values aio, - - , ko, fto = (K10, » ftmo)s 1 = (130s -+ HEro)s

Spti = i — pio fori = 1,...,m, = (Opi1, ..., Sjtm) and neglecting the terms of the second and
higher order we obtain the linear regression model with linear constraints:

X — 1o - N o 02ly,m 0,
Y v ’ 0,, JSIm

o
a
(diag (a10lm + - - + kagopty ') s — L) ( 5: ) + (L, o5+ 5 1) :1 =0,

ako

(diag is the diagonal matrix with elements of the vector (aiolm + -+ - + kagopg ') on the diago-
nal). If we repeat the measurement with devices A and B n times, we obtain the replicated model:

e ($) e 8]

X — o
Yl

X™ — pig
Yn
with linear constraints on parameters

Qo

. _ 4]
(dzag (amlm + -+ kako/ﬂg 1) ) —Im) ( 5 ) + <1m7/1107 .. MS) : =0,
Qg

where ® is the Kroneker’s product of matrices, X* = (X4, -+, Xpx), Yo = (Yig, -+, Yor)'.
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Denote (5 = ( on ) , B2 =

1.1 Estimators of vectors of paramters (5;, 35

agp
In this section we focuse on the estimators of transformation function paramaters : and es-
a
. o . 0
timators of vector L For this purpose we use the procedure described in [2]].

According to [2 page 129],1let Y ~ (Xp/31, ) be a model with constraint b+B; 5, +By 5, = 0,
where T(XD n7k1) = k’l < n, T(Bla(q,h) ,BQ,(L]Q) =q < k’l + k?g, T’(BQ) = k?g < q and Y is a

positive definite matrix, then BLUE (best linear unbiased estimation) of vector ( b ) 1s:

B
B\l ( CilBllQH ) ( I- CilBllQnBl > ~
2 = — b + )
( 32 Q2 —-Q21B, b
where C = X/,X "X and 3, = C1X/, 21X .

Ua?"(ﬁi) = —Q,
< Blc_lBll B, >_1 _ ( Qi Q2 )
B) 0 Q2 Qn )

Now we apply the procedure on the model . We denote By, = (lm; o - - ;,ulg), B, =

(S,—Im), S = dZClg (amlm + 4 kakoulgfl), A1 = B1C_1B'1 = %(O’gSS -+ O';I), X =
n n ! X7 n n /

% (Zi:l Xiis ooy Ei:l Xmi) Y = % (Zi:l Yi, - Zi:l Ymi) .

Firstly, we compute matrices Q11, Qo1, Q22 for our model with use of [5, page 65] and Bl.
2
11 oL, Op
C _”( 0,, UQIm)’
Yy
-1
Qu = (B,C7'BY)™ — (BC'BY) ' B, (B, (B,CT'BY) ' By) BL(B,CTBY)
-1

Qu = (B,C'B!) ' B, (B’2 (B,C'B/)" BQ) ,

Q12 = Q,215
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-1
Qo = — (Bg (B,C'B/)"! BQ) :

=)

Therefore:

=X 28Qu (S (X — ) ~Y),
P=Y +2Qu (S (X - o) = V).
a
: = —QuB1ji,
ar,
o .
var : = Uar(/@) = —Qq = (B’QAl_lBg)fl.
ar,

For more details, see [[1]], [&]],[9].

1.2 MINQUE estimates of the variance matrix

In subsection [I.1] we assumed that the variance matrix is known. In our case the variance matrix is
unknown therefore we have to estimate it. We use MINQUE (minimum norm quadratic unbiased
estimator) procedure described in [2, str. 97-101] for the estimation.

Before we apply the MINQUE procedure, we have to transform the model with constraints on
parameters to the model without constraints on parameters. We find an arbitrary solution of the

equation b + B + By, = 0, denote it 5y = ( gm
0,2

lution of a homogeneous system of equations B;3; + By, = 0, we can find the arbitraty so-
lution of a system of equations b + B;3; + By3> = 0. All solutions of system of equations
B, 51 +Bsfs = 0 form space ker(By, By). We search for matrices Ky, Ky, where the dimension of

) . With use of this solution and a so-

K,

M ( El ) = ker (By, By) . Put together < b ) = < foa > + < El >7 ’
2/ (katka)x (k1+ka—q) 5o Boz )

where v € RF1th2—a,

K, is k1 x (k14 ky—q), the dimension of K is ko X (k1 +ko—¢q) and ( K, ) = ki+ko—q so that
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We can rewrite the original model to form: Z — T3, ; ~ (TK;~, X) without constraints on param-
eters. We obtain a model (in our model b = 0 therefore also 5y = 0 and 3,1 = 0):

X — po
Yl
UfcIm 0,,
: ~ N (1n ® IQm) Kl’}/, In ® 0 0.21 ) (2)
X" — po Y
Yn

where v € R™T*+1 K| is the matrix of dimension 2m x (m + k + 1), K, is matrix of dimension
(k+1) x(m+k+1).

Now we focus on estimating the components of the variance matrix of the model 2] As

i)
g 1
X
( o2 ) S, zom, )+ F
Yy

_( B
F= (1),

1 [ » ) _ ) _ — ! S ~ ]

R SN (X-X) (X -X) +n(X-p) (X-7)|,
x0 | j—1 -
1 [ n ) _ . — — ~\/ < A~ ]

R (S0 0 W) (¥ ) (¥ 9)|
v |55 -

. ) (n;ﬁl{))m + LTr (SQ11S5Q11S) 5Tr (Q1155Q11)
(MLZoMp)*t = #Tr (Q11SSQ11) % + #TT (Q11Qu1)
where 02, 03 are sample variances, 02, = —— >~ > (X;; — X;)?, 00y = - > > (Vi; — V)%, the

i=1j=1 i=1j=1
variance matrix of [ & | is:
o2
Y

V =28, sy )+ 3)

1.3 Iterative procedure for estimating 3,, 5,, 0., and o,

We estimate unknown parameters (ao, - - - , G, it, ¥, O, ay)' with use of the procedure described in
subsections [[.1land [1.2

1. We make an initial estimate of parameters (aq, - -+ , ax, i, Oy, ay)’ (denote it
(ago, - - - ako, 140, 020, O'yo)/) in two steps. At first we estimate o, and o,

0% =1 2 ; (Xij — i)’

197



2
O-yo—

3=

S (Y — )
i=1j=1

where 1, = = > X5, vpi = + > Vi,
j=1 u=1
Then we calculate an estimate of vectors (3, 32 by the procedure descibed in subsection|I.1}
(in notation of subsection [I.T)):
— 0,2 — —
po =X — =25Qu (S (X - ,UOp) - Y) )

VOZY‘FU‘T%QH (S(X—Nop)—Y)>

Qoo
= —Q2lBlﬁl>

ako
where (aqp, -+, axp) = (ML, - M) - M, - vop, My = (L, flop, -+ - ,Mlép)/,

/ /
M0p2<%Zlea"'7%Zij) ) V(]p:(%zyvlj;"'a% Ym]) >B1:(S;_Im),
j=1 -
S = dZCLg (alplm + -+ (Ikp,UJIS;I), A1 = B1C_1B’ s X = % Z?:l Xli; N Z?:l Xmi),’

e /! /
. We use the initial values (aqo, - - - , Gxo, fto, Yo, 020, 0y0) Of vector (ag, - -, ak, ft, V, 0y, 0y)
obtained in step 1., and calculate estimators of o,, o, (denote them ¢, c,) by the procedure
described in subsection [1.2] (with use of notation in[1.2)):
~9

A2\ _ Q-1 . . . . A oA
(65,0,) =S (M1S% ML)+F, from this equation we can easily obtaint 7, 0.

. We calculate the estimate of (aq, - - - , ag, p, 1/)’ with use of procedure (with use of nota-
tion of [1.1]), denote obtained estimates (aq, - - - , ax, fi, )’ where:

/ ~ A /
(CZOO, T 7ak07,u()7 Vo, 00, UyO) = (a007 e aa'k’07yf07 Vo, Oy, Uy) .

. ! - A~ N A A A ~ /
. We have the estimate of vector (ao, - - - , ax, ft, v, 05, 0,) in form (ao, - - - , ak, ft, U, 64, Gy) -
. . . / ~
So we can refine this estimate, if we put (ao, - - - , axo, fo, Y0, 020, 0yo) = (G0, -, Qk, {1, 7,
0,,0,) and repeat steps 2 and 3. We assume that the estimate is accurate enough if:

|(aoow“7ako7M07Vo,Uzo»Uy0),—(@0»'“v&kvﬂvﬁ’&z’&y)/| < 0.1

1
’(a()()y"'7ak07l1407l’070'z070'y0) ’

For this iterative procedure there are created scripts in Matlab software (progam.m, beta_12.m,
poc_odhad.m, sx_sy.m) available on websites http://www.math.muni.cz/ xsirucko/.
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1.4 Confidence region for (3,

In this subsectin we derive confidence region for 3, with use of the Kenward Rogers method. Ac-
cording to[L.T}

By~ N [52, (B’QA;lBg)*l] .

o
o
985])we calculate an approximate variance matrix:

2
Denote ¥ = (B’2A1’1B2)_1 and o* = ( z ) . According to Kenward Roger (see [3, page
Yy

1
$,=3+2% Z Z Vij(Qi; — Pi¥P; — _Ry) | %, (4)
ie{x,y} je{z,y}

where P,L = 8(.?0:_1, 1= 1,2, o1 = 0'570'2 = O';, B2 = <1m7,uO; s ,/Lg), A1 = %(U:%SS + O';Im)

__ OBLAT'B,

P, = 28 B BN B, — ~BLA; ' 24A B, — —1BA|'SSA['B,,

2 902

_OBYAT'By _ my 9AT Dy A-10A A-lR _ _ 1R/ A-1A-]

do2 2 do2

Qi X g0zt
T Oo; doj 7

Qi = LB,A'SSA'B, (B4A'B,) | BLAT'SSAT'B,,

Qi = 5BLAT'SSA B, (BLAT'B,) T BLAT A B,,

Qa1 = SBLATAT'B, (B4AT'By) T BLATISSA['B,,

Qx = HBLAT'A'B, (BLA['By) BLA'A['B,,

R, = 2—1%2—1.

2 = 1(ByA;'By)  BjA['SSA'B, (B4A'B,)

2% = 1 (ByAT'By) BLATA'B, (ByA'By)

Ry =% [B;A;lsSA;132 (B4AT'By) " B4AT'SSAT'B, — B,A'SSA[!SSA'B,],

Ri» = Rai = 5 | BYbAT'AT'B, (BLAT'Bo) T BLATISSAT'B, — BYAT AT 'SSAT By -
— B)ATISSAT'AT'B, + BLAT'SSA['B, (BJAT'B,) B’2A1_1A1_1B2] ,

Rz = 3 |ByAT'AT'B: (BLAT'B:)  BLATAT'B; — BLATATAT'B; |

Finally we obtain the wanted matrix 34 by substituting in H 2 and &7 instead of o2 and 0.
V,; are elements of matrix V .
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We derive confidence region for 35 with use of statistic:

~ / ~
F = k:+r1 (BAQ - 52) 221 (5\2 — B |, with distribution }Fj4q,. Accorging to Kenward and
Roger [3] we determine parameters A and v. According to [3]] we denote:

="' =B,A['B,,

2 2
Hy =Y Y V;Tr{TSP;T}Tr{T'SP;%},

i=1 =1

1 =1 i=1 =1

2 2
Hy=) > ViTr{TTP;SITP;X},

i=1 =1

2 2 2 2
* —1 * -1 * * * *
Hy=Y Y V;Tr{Z'SP;SX'SP;8} = ) > ViTr{P;XP;T},
i i=1 =1 i=1
(k +2)H; — (k +5)Hy
(k+3)H, ’

g:

1

B* =
2k + 2

(H, + 6H,),

9

TSk 529

k+1—-g

2T 3k+5-2g

k+3—g

ST 3k y5_2g

(k+2)H, — (k+5)H,
(2k + 4)Hy + (3k? + 16k + 25)Hy’

C1 =
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C__-4k+%HH%H+ﬁk+&H2
27 —(2k+4)H, + (3k2 + 16k + 25)H,’

o —(k+2)H, + (K* + Tk + 14)H,
T 2k +4)H, + (3k% + 16k + 25)Hy

Hy \ !
Er=(1-
< k+1) ’

e 2 ( 1+ ¢ B* )
Ck+1\(1—B)(1—c3B%))

P op

The (1 — «) confidence region for vector 3, with use of the Kenward Roger’s method is:

(k+1) Fioro (1 —a)}'

Cuomay = {5 Bom S B ) < .

2 ESTIMATION OF PARAMETERS OF TRANSFORMATION FUNCTION BY MAXI-
MUM LIKELIHOOD METHOD

We would like to find out an estimate of a vector of parameters © = (ag, a1, - - , ax, 02, 05, 1,
t4m)’. Distribution of random variables X;, Y;; is known, fori =1,--- ,m, j =1,--- ,n and we
assume, that random variables are independent. Therefore we know their distribution and we can
use maximum likelihood procedure for calculation of the estimate of the unknown vector of param-
eters ©.

We denote a joint probability density function ¢ = ¢y - - - - -, ©,, Where (; is density of i-th mea-
surement, then:
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2
k 2
(yil_ak“i ——ag i-“l”i—ao)

2
e 20'y

P1 (56'11,"' 7Z/m1;@) = H

2
k 2
(yin_ak F——agui—aq i_a‘O)

©®n (xlnv S Ymng @) = ﬁ ! e | 2[’925. ﬁ 1 6_ 203

We denote p; = v; = akuf +-- ag,uf + a1 ; + ag and derivative dp; = S—Z’% =k- akuf_l +-+
2a2,ui +as.

If 211, -+, Ymn are measured values, we obtain logarithmic likelihood function:

Lz, Ymn; ©) = InL(z11, -, Ymn; O) :—mnln(ZW)—@lna2—m1na —
1 & P )
- 732 (@i — pi) —gz a (yij — pi)”-

We compute a maximum likelihood estimate @*. We search for ®*, where [ (X171, ..., Y, ©) <
(X1, Yo, ©F), VO. ©O* is estimator of parameter © obtained by maximum likelihood
method, where we assume In0 = —oo. We gain estimates of parameters of the transformation
function using Matlab software. All functions used in this contribution are available on website
http://www.math.muni.cz/~xsirucko/.

2.1 Confidence region for vector (ag,ay,- - ,ay)’

We derive a confidence region for ®, especially for parameters ag, ay, - - - , ax. According to [4} pg.
160], ®* is asymptotically unbiased estimator of ® and for n large enough:

1
O~ N (@, ~J (@)1) :

where J (©) is the Fisher’s information matrix of i-th measurements:

. 02lng01 (Xlla ce le, @)
(@)}, = Fo (et e O )
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. . . — ai
We focus on the estimate of parameters ag, ay, - - - , a,. We dentote this estimator ©* = | | and
ak
denote the exact value of parameters ag, a1, - - - , a; as ©F, then according to [4] pg. 160]
D
—_~ _1
N (@k _ @)’“) N (0, J (©F) )
n
(convergence in distribution). For large enough n we can write:
ap
—~ al 1 1
o ~n| "] 23en],
: n
Qy
where J (©") is a submatrix of the Fisher information matrix:
2 k
m 1 m I m 175 . m oy
Zi:l o2+o2dp? Zi:l o2+02dp? Zizl ag+al%dp12 Zi:l anga:%dp?
2 3
m i m M m M
Zizl o2+o2dp? Zi:l o2+o02dp? Zi:l o2+o2dp?
2 3 4
J(©F) = m M m K m Bi
( ) Z’L:l g%-‘,—g—%dp? ZZ:I o-g-i,-g%dp? Zl:l U;—‘,—o'%dpi
i=1 o2+o02dp? i=1 o2+o2dp?
We denote:
-1 4
2
L (27 O o 0
VaI’U%Jg = 5 0 m = 203
204 0 proges
and a covariance matrix
1 -1
F=-J(0") .
n
. . . /
We obtain an asymptotic (1 — «) confidence region for the vector of parameters (ag, a1, - - - , ag)
~ / ~
Qo ap — Qo ap — Qo
ay a, —a -1 a—a
| _ ) 1 1 k 1 1 2
C(lfa)_ : ) (E ) SXk+1(1—Oé) )
ak ax — Ak A — Qg
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where x;,,(1 — «) is quantile of chi square distribution with k + 1 degrees of freedom. Ma-

. -1 . .

trix (Zk) =nd (@k) is unkown. We can replace parameters ag, ay, - -+ ,a, by estimators
—_~ _1 —_~

ap, ay,- -+ ,ay, where (Ek> =nJ <@k) This way we obtain the asymptotic (1 — «) confi-

dence region for the vector of parameters (ao, - - - ,a,)’.

3 SIMULATION STUDY

In this part we compare both methods with use of the simulation study. We focused on empir-
ical coverage of the confidence region derived for the replicated model with errors in variables
(denoted KR) and empirical coverage of the confidence region based on the maximum likelihood
method (denoted ML). We randomly generate matrices of measurement X, Y 1000 times and find
out if the confidence region covers the actual value of parameters ay, ..., a; for each pair of matri-
ces. We use the simulace_mitav.m program for computations.

Simulations are done for a third degree polynomial g(z) = —0,8 + 2,46x — 0,38z2 + 0, 0252°
and a polynomial of the fourth degree h(z) = —0,45 + 0,8z + 0, 3522 — 0,072 + 0,0037z*. In
the first part we select fixed o, = 0,25,0, = 0,125, = 0,05 and observe the influence of the
changing number of measured points. In the second part we have fixed number of the measuring
points and we observe the influence of increasing dispersion of both measuring devices.

10.0
8.0 T
6.0 T
4.0 1
2.0 1
[/ — 2
/‘/ ‘ ‘ T h(x‘)‘
0 20 40 6.0 80 100

Fig. 1. Transformation curves
Source: Created for the contribution’s purposes.
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| 0.=0,25,0,=0,125 | KR | ML |

w=(0;10/3;20/3;10)
n=2 0,858 | 0,612
n=>5 0,918 | 0,826
n=10 0,946 | 0,913
n=50 0,951 | 0,945
w=(0;2,5;5;7,5;10)
n=2 0,878 | 0,671
n=>5 0,941 | 0,877
n=10 0,948 | 0,929
n=50 0,948 | 0,946
1= (0;2;4;6;8;10)
n=2 0,869 | 0,717
n=>5 0,937 | 0,888
n=10 0,946 | 0,917
n=50 0,961 | 0,945
w(05152;3;...;10)
n=2 0,916 | 0,810
n=>5 0,941 | 0,915
n=10 0,950 | 0,929
n=50 0,956 | 0,939

Tab. 1. Results of the simulation study for polynomial g(x)
Source: Created for the contribution’s purposes.

| 0,=0,25,0,=0,125| KR | ML |

w=(0;2,5;5;7,5;10)
n=2 0,851 | 0,556
n=>5 0,926 | 0,840
n=10 0,926 | 0,882
n=50 0,955 | 0,947
1= (0;2;4;6;8;10)
n=2 0,858 | 0,595
n=>5 0,927 | 0,842
n=10 0,932 | 0,889
n=50 0,945 | 0,933
p = (0;10/6;...;10)
n=2 0,889 | 0,642
n=>5 0,930 | 0,856
n=10 0,951 | 0,905
n=50 0,962 | 0,949
w(0;10/11;...;10)
n=2 0,874 | 0,752
n=>5 0,932 | 0,883
n=10 0,949 | 0,922
n=50 0,948 | 0,930

w=(1;3;5;7;9) | KR | ML |
oy =0,125,0, = 0,0625
n=2 0,885 | 0,660
n=5 0,947 | 0,897
n=10 0,957 | 0,919
n=>50 0,942 | 0,936
0, =0,25,0,=0,125
n=2 0,874 | 0,647
n=5 0,936 | 0,854
n=10 0,945 | 0,910
n=50 0,949 | 0,944
oy =0,5,0,=0,25
n=2 0,867 | 0,611
n=5 0,933 | 0,857
n=10 0,935 | 0,897
n=50 0,946 | 0,944
oy =1,0y=0,5
n=2 0,856 | 0,603
n=5 0,877 | 0,812
n=10 0,909 | 0,872
n=50 0,935 | 0,931
p=(0;2;4;6;8;10) | KR | ML |
o, =0,125,0, = 0,0625
n=2 0,855 | 0,573
n=5 0,920 | 0,834
n=10 0,958 | 0,910
n=50 0,956 | 0,930
or = 0,250, =0,125
n=2 0,857 | 0,582
n=5 0,919 | 0,841
n=10 0,932 | 0,885
n=50 0,951 | 0,934
0, =0,5,0y =0,25
n=2 0,863 | 0,607
n=5 0,919 | 0,845
n=10 0,923 | 0,872
n=50 0,943 | 0,922
oy =1,0y=0,5
n=2 0,901 | 0,655
n=5 0,910 | 0,839
n=10 0,912 | 0,878
n=50 0,918 | 0,913

Tab. 2. Results of the simulation study for polynomial h(x)
Source: Created for the contribution’s purposes.



CONCLUSION

The aim of the contribution was to compare empirical coverage of the described method based on a
simulation study. We can see that empirical coverage of the method based on replicated model with
errors in variables is getting closer to the theoretical coverage faster than the empirical coverage
of the maximum likelihood method. We obtained comparable result for both coverages for large
numer of repetitions of measurements. This is caused by asymptotic properties of the maximum
likelihood method.

Results for polynomials g(x) and h(x) are very similar, therefore we can assume that the degree of
a polynomial does not have a significant impact on the empirical coverage (only a minimal number
of measuring points is changing due to the degree of the polynomial). Let’s consider how number
of measuring points can influence the empirical coverage (with a given dispersion). For the repli-
cated model with errors in variables the empirical coverage is near to the theoretical coverage if
we repeat the measurement 5 times, even for a minimal number of measuring points plus one. The
maximum likelihood method gives a good result if we repeat the measurement 50 times.

Finally, lets asses the dispersion impact on the empirical coverage. The method based on the repli-
cated model with errors in variables gives better empirical coverage than the maximum likelihood
method. However, we can see that for some choices of dispersion the replicated model with errors
in variables gives good results for n > 50. We can recommend picking up measuring points so that
the distance between them is at least four standard deviations (otherwise it can cause computational
problems or a large number of repeated measurements might be needed).
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Abstract: Presented paper concerns with rotary mappings of surfaces of revolution. It is proved
that any surface of revolution with differentiable Gaussian curvature admits rotary mapping. Fur-
thermore, same holds even for (pseudo-) Riemannian spaces.

Keywords: isoperimetric extremal of rotation, rotary diffeomorphism, surface of revolution,
(pseudo-) Riemannian space.

INTRODUCTION

Special diffeomorphisms between (pseudo-) Riemannian manifold and manifold with affine or pro-
jective connection, for which any special curve maps onto a special curve, were studied in many
works. For example, geodesic [} 13, 5} 116, 22| 26]], holomorphically-projective [4} |17, [18], and
more special mappings (6} 14, 21} 23| 24]. These problems can be found in the more developed
form in monographs [15, 20].

Leiko studied interesting questions about rotary mapping in [/, 18, 9, [10, [11} 12, 13]]. Newly found
results have their application in the the theory about gravitational fields, for example [7,[10,(12]]. He
proved that certain surfaces of revolution which metric is in special form admit rotary mapping [8].
Leiko continued this research with Vinnik cooperation, see [25]].

New results in theory of isoperimetric extremals of rotation and rotary diffeomorphisms were ob-
tained by Mikes, Stepanova and Sochor [[19]. Generalization of these terms is in the work of Chuda,
Mikes and Sochor [2].

In this paper we deal with rotary mappings of surfaces of revolution and Riemannian manifolds
which are isometric with these surfaces. We manage to prove that any surface of revolution with

differentiable Gaussian curvature admits rotary diffeomorphism and same holds for (pseudo-) Rie-
mannian spaces. These results have local validity.

1 ISOPERIMETRIC EXTREMALS OF ROTATION

Leiko [I8] was the first one to introduce term of isoperimetric extremals of rotation on two-dimen-
sional Riemannian spaces V, and surfaces S, with metric g.
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Definition 1 ([8]). A curve ¢: x = x(t) on surface or on two-dimensional (pseudo-) Riemannian
space is called the isoperimetric extremal of rotation if ¢ is extremal of functionals 0[¢] and s[(] =
const with fixed ends.

Here

s[f]:/t1|>\| dt and ew]:/tl k(t) dt,

to to

where k(t) is the curvature and || is the length of the tangent vector A of /.

In [8[11] Leiko proved that a curve / is an isoperimetric extremal of rotation if and only if its Frenet
curvature £ and Gaussian curvature K are proportional

k=c- K,
where c 1s a constant. For ¢ = 0 we get a geodesic.

Mikes, Stepanova and Sochor [[19]] found new simpler form of equations of isoperimetric extremal
of rotation
Vid=c- K- FM,

where c is a constant, s is the arc length, F' is a tensor G) which satisfies the conditions
F?=—¢-Id, ¢g(X,FX)=0, VF=0. (1)

For Riemannian manifold V5 is e = +1 and F' is complex structure and for (pseudo-) Riemannian
manifold is e = —1 and F' is a product structure. This tensor F' is uniquely defined (with the
respect to the sign) with using skew-symmetric and covariantly constant discriminant tensor ¢;;,

which is defined
i 0 1

2 ROTARY DIFFEOMORPHISM

In [8] there was introduced the term of rotary diffeomorphism between two-dimensional Rieman-
nian spaces Vs, and surfaces S, with metric g.

Definition 2 ([8]). A diffeomorphism between two-dimensional (pseudo-) Riemannian manifolds
V5 and V5 is called rotary if any geodesic on V5 is mapped onto isoperimetric extremal of rotation
on Vs.

Chud4, Mikes, Sochor later generalized the definition itself to the following form:

Definition 3 ([2]). A diffeomorphism f: Vy — A, is called rotary mapping if any geodesic on
manifold A, with affine connection V is mapped onto isoperimetric extremal of rotation on two-
dimensional (pseudo-) Riemanninan manifold V.
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If the definition was formulated the other way around: A diffeomorphism between two-dimensional
(pseudo-) Riemannian manifolds V5 and V5 is called rotary if any isoperimetric extremal of rota-
tion on V5 is mapped onto geodesic on V5. Then this mapping would be geodesic mapping.

Later, some new properties were proved, see [2]: When V, admits rotary mapping f onto A, then
if V, and A, in common coordinate system belong differentiability class C? and C, respectively,
then Gaussian curvature K on Vs, is differentiable. As a result they formulated new theorem: Ro-
tary diffeomorphism V, — A, does not exist if Gaussian curvature K ¢ C'.

Chuda, Mikes Elnd Sochor [2] later proved that (pseudo-) Riemannian manifold Vs, admits rotary
mapping onto A, if and only if in V; holds equation

0", =60"(0; + 0;In|K|) + v " ()

yJ

where 0; = g;o0%, v is a function on V5 and vector field 0" is a special case of torse-forming field.
Here and after comma denotes covariant derivative respective connection V. and 9, = 9/9x".

3 ROTARY MAPPINGS OF SURFACES OF REVOLUTION

Leiko [8] has also studied rotary mappings of surfaces of revolution. Here, he used the metric of
the surface of revolution S, in the following form

ds* = f(r)dr? + r* dy”. (3)

Leiko analyzed the equations (2)) and proved a theorem that vector fields (2)) exist in Riemannian
space V;, if and only if Vy is isometric with surface of revolution S, and the metrics of V, has one
from the following forms:

PN (0
PRV EVIOE

(gij) = B*f(r) diag(f(r),r?), where A+# 0 and B are const.

diag(f(r). %),

Above mentioned was formulated in Theorem 2, see []].

Let us remind that the metric of the Riemannian space V (that is induced by the surface of revolu-
tion Ss) in certain coordinate system can be written in the form

ds* = (dxl)2 + f(zh) (dx2)2, 4)
where f (£ 0) is a certain function of x'.
Note that the metric (@) of the surface of revolution S, is more general than the metric in form (3)),

which was used by Leiko. The metric (@) also includes gorge circles, which are in (3) basically
excluded.
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We note that existence of coordinate system () is connected with existence of anisotropic con-
circular vector field A which is characterized by the equations

h _ _sh
)\i - pd’L )
where p is a certain function on V,,.

Concircular vector fields has been studied in 1940’s by K. Yano and in 1950’s by N.S. Sinyukov,
who called spaces with those vector fields equidistant, see [15] pp. 140—-155. Existence of these
vector fields on the surface is a criteria of local isometry of surface of revolution.

In V5 vector field )\ generates Killing vector. This vector has the following form
V= \F

where F is from formula (I)). Evidently, for v; = vg,; it holds Vi = 0. From the other side
Killing vector " generates concircular vector field.

Locally, V, with metric (4) realises as surface of revolution in Euclidean space E; given by the

equations

r=F(x')cosa?, y=F(z")sinz? 2= z(a'),

here f = F2.
In case the metric ds? is indefinite the surface is given by the equations
= F(z") coshz?, y=F(z')sinh2? 2= z(z"),
where (x,y, z) are coordinates in Minkowski space, which metric has the form
ds? = da? — dy? + dz?
therefore for our example
ds® = (F? + 2?) (dz')” - F? (d?)”.

Further, we are going to prove that any surface of revolution admits rotary mapping. Moreover,
any Riemannian space V, that is isometric with such surface of revolution Ss, and also any pseudo-
Riemannian space V, which metric has form () admits rotary mapping onto space A,.

Note that all the results we obtained have local validity.

4 NEW RESULTS IN THEORY OF ROTARY MAPPINGS

In this section we are going to prove that vector fields (2)) exist in any Riemannian space V, which
is isometric with surface of revolution S;. Firstly, we formulate the following theorem.

Theorem 1. Any surface of revolution Sy with differentiable Gaussian curvature K admits rotary
mapping onto A,.
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Proof. In the proof of this theorem we use Theorem 5 from [2]. Therefore, if we prove that on any
surface of revolution S, exist vector fields which satisfy condition

0" = 0,0" + 0°T%, = 0"(0, + O;In | K|) + v o7, (5)
where 0}, = gn.0" and v is a function on S,, then rotary mapping exists.

We choose the metric of the surface of revolution S; in the following form
ds? = (dz')” + f(a?) (dz?)”. 6)
Components of the metric tensor ¢ and its inverse tensor have the following form
gn =1, g12=0, g2 = f(iUl) and g'' =1, ¢"? =0, ¢ = 1/f(551)

Hence, we can calculate the Christoffel symbols of the first kind I';;;, = 1/2 (0;g;x + 0;gir — Or9i;)
which are

1 1
o2 = Tyo = if/(l'l) and D'y = —§f/(»731)7

the others are vanishing. The Christoffel symbols of the second kind I'}; = ¢"*T';;, are

1 f'(zY) 1
F%2 = Fgl = 5 f(:li'l) and F%2 = _éf/(xl)‘

Well known Gaussian curvature K satisfies formula Ri910 = K - (911920 — 9122), where

Rhpijk = ghOzRiajk
are components of Riemann tensor of first type and

Rl = 0L — O Ll + T Th, =TTl

We calculate the Gaussian curvature K of the surface S,

1 <f/(x1)>2 B % ()

C 4\ fah) flat)”

(7

Let us suppose 8" = a(z') 6%, thus from (5)) we obtain following equations

!/

d@ﬁzdﬁy(dﬁ%%?)+WﬁL

[t
f(zt)

Now we merge these equations and obtain the following relation

a’—aZ—f—a-(E—i—lﬂ). (8)

1

5 a(x!)

=v(a').



The equation (§)) is an ordinary differential equation of Bernoulli type. We use the substitution

u = — and get an inhomogeneous linear ordinary differential equation
a

K 1f
u'z—l—u-(——i——L).

K 2f
Now we use the method of variation of parameters to solve the equation and we get a particu-
1
lar solution u(z!) = #()1) By substituting the particular solution into the inhomogeneous
x

equation, we find ¢/(z') = —K+/ f(x!), thus

u(zh) = ﬁ (—/K\/W dxl) |

As Gaussian curvature K has a special form (7)) then we obtain

wl(zh) = 1 f'(z1)
@) =77 (“2 f<x1>>’

where (' is a constant of integration.

Consequently, the function a(z!) has the following form
2K - f(a)

= , 9
(o) + 20T )

a(x?!
where C'is the constant of integration.

Since the function a(z') in has to be differentiable so does the Gaussian curvature K of the
surface Sy. It is evident, that the function a(x!) in (©) is the solution of differential equation (8.
Therefore, vector fields exist for any surface of revolution and the theorem is proved. [

As was mentioned above, the metric (6)) of the surface of revolution S, is more general than the
metric (3) used by Leiko in [8]]. Unlike the metric (3), it includes gorge circles.

In the proof of Theorem [I] the metric is used in the form (6] therefore Theorem holds for any Rie-
mannian space V, which is isometric with surface of revolution S;. Moreover, this Theorem holds
even for pseudo-Riemannian spaces which have indefinite metric for which f(x!') < 0. In this case

instead of \/ f(x!) we write /| f(x1)].

General solution of (2)) in system (6)) is:
K- f
f'+20VF

0" =a -0t where a(z!) (10)

this solution depends on one parameter C'.

In studied rotary mapping, Riemannian space V, maps onto manifold with affine connection A,.
For chosen constant C' we denote corresponding manifold with affine connection Ay(C'). In the
following part we are going to prove, that there does not exist geodesic mapping between any two

manifolds Ay(C;) and Ay(C;) fori # j.
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Theorem 2. Manifolds A, (C) and A,(Cs) with affine connection for Cy, # C, are not geodesically
connected.

Proof. Let us suppose that A, (C}) and Ay(C5) are images of space V, in rotary mapping. Then
the following equations hold

Ty (@) = T (@) + 0t + 6" - i
7:?(55) = thj (z) + 5&1/_6‘) +6"- 9ij>

where ¢;, 6" are solutions of rotary mapping Vo — A,(C}) respective 1;, 8" are solutions of ro-
tary mapping V, — Ay(C5). Here 7, and 7;} are components of manifolds A,(C) and Ay (C5).

We subtract these equations and get
T () = T (x) = 8(byy — 6y + (6" — 0") - g
therefore )
(S?Z-OJJ') + (¢9h — Qh) . gij = 0.
For indices h = 1, resp. h = 2 we obtain

dawjy + (00 —0') - g =0, resp.  dwj) =0,

thus wy = 0, w; = 0. From w; = 0 it follows that #* = ", Using (T0)), we obtain

1 <02+ f(a) >: 1 (m f/(a) )
K/f(x)) 20/f(xN) ) K\/F@) 2\/f(a?)

thus C'} = Cy which is contradiction with assumption C; # C5 therefore the theorem is proved. [J

CONCLUSION

The paper is devoted to study of rotary mappings of two-dimensional Riemannian spaces, which
are isometric to surfaces of revolution, and also two-dimensional pseudo-Riemannian spaces, which
have analogical metric form. We manage to prove that any surface of revolution with differentiable
Gaussian curvature admits rotary mapping. These results are more general than those presented by
Leiko. Furthermore, there does not exists geodesic mapping between any two manifolds A, (C;)
and A,(C;) (for i # j) mentioned above. In addition, we also proved that any two-dimensional
equidistant pseudo-Riemannian space V, with differentiable Gaussian curvature /K admits rotary
mapping onto As.
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Abstract: In the present paper we consider an extension of the classical Hamilton-Cartan vari-
ational theory on fibred manifold. It is known that in field theory to a variational problem repre-
sented by a Lagrangian one can associate different Hamilton equations corresponding to different
Lepagean equivalents of the Lagrangian. The case of Lagrangians affine in second derivatives is
studied by tools of differential geometry. New regularity and strong regularity conditions and Leg-
endre transformations are found.

Keywords: Lagrangian, Legendre transformation, regularity, Hamilton equations.

INTRODUCTION

The aim of this paper is to apply an extension of the classical Hamilton—Cartan variational theory
on fibred manifolds to the case of class of second order Lagrangians affine in second derivatives. In
the generalized Hamiltonian field theory, to a variational problem represented by a Lagrangian one
can associate different Hamilton equations corresponding to different Lepagean equivalents of the
Euler-Lagrange form. The arising Hamilton equations and regularity conditions depend not only
on a Lagrangian, but also on some “free” functions, which correspond to the choice of a concrete
Lepagean equivalent. Within this setting, a proper choice of a Lepagean equivalent can lead to a
“regularization” of a Lagrangian.

A regularization (by different methods) of some interesting singular physical fields (the Dirac field,
the Electromagnetic field and Scalar Curvature Lagrangians) has been studied in [2], [3]], [S] and
[7], some second order Lagrangians have been discussed also in [11], [12]. In [12] the regu-
larization of non-afinne Lagrangians (singular in standard Hamilton—De Donder sense) has been
investigated. The multisymplectic approach has been proposed in [1]], [9] and [15].

Note that an alternative approach to the study of “degenerated” Lagrangians (singular in standard
sense) is the constraint theory in mechanics (see [13], [14]) and in the field (c.f. [8]).

In the paper [[11]] properties (e.g., regularity, Legendre transformation) of Hamilton p,-equations
for second order Lagrangian affine in second derivatives are studied. The Hamilton p,-equations
for second order Lagrangian are created from Lepagean equivalents whose order of contactness is
maximal 2. This paper is generalization of the paper [11]] to Hamilton equations whose arise from
Lepagean equivalent more than 2-contact.

The paper is devoted to second order Lagrangians affinne in second derivatives. All these La-
grangians are singular in the standard Hamilton—De Donder theory and its do not admit Legendre
transformation. However, in the generalized setting, the question on existence of regular Hamilton
equations has sense. For such Lagrangian the set of Lepagean equivalents (resp. family of Hamil-
ton equations) regular in the generalized sense is found and a generalized Legendre transformation
is proposed. Note that the generalized momenta p¥ satisfy p¥ # p/°.
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The correspondence between solutions of Euler—Lagrange and Hamilton equations is studied. The
regularity conditions are found (ensuring that the Hamilton extremals are holonomic up to the sec-
ond order). These conditions depend on a choice of a Hamiltonian system (i.e, “free” functions).

1 PRELIMINARIES AND NOTATION

Throughout the paper all manifolds and mappings are smooth and summation convention is used.
We consider a fibred manifold (i.e., surjective submersion) 7 : ¥ — X, dim X = n,dim Y =
n+m, its r-jet prolongation 7, : J"Y — X, r > 1 and canonical jet projections 7,5, : J'Y — JY,
0 < k < r (with an obvious notations J°Y = Y)). A fibred char on Y (resp. associated fibred chart
on J"Y) is denoted by (V; ¢), ¢ = (27, y7) (resp. (Vi, ¥p), ¥r = (&%, 47, 47, -, Y% i, ))-

A vector field £ on J"Y is called m,-vertical (resp. m, y-vertical) if it projects onto the zero vector
field on X (resp. on J*Y).

Recall that every g-form 1 on J"Y admits a unique (canonical) decomposition into a sum of ¢g-forms
on J"tY as follows [4]]:

q
W:Jrl,rn = h77 + Zpkna
k=1

where hn is a horizontal form, called the horizontal part of n, and pxn, 1 < k < g, is a k-contact

part of n.
We use the following notations:

]_ 2 . .
wo =dx  Ndx® N Ndx", Wi = 1g/92iW0, Wij = 19/929Ws,

and

w? = dya B y;dl‘j, Tt wZiQ-uik - dyfliQ---ik - yziz---ikjdx]

For more details on fibred manifolds and the corresponding geometric structures we refer e.g. to
[10O].

We briefly recall basic concepts on Lepagean equivalents of Lagrangians, due to Krupka [4]], and
on Lepagean equivalents of Euler—Lagrange forms and generalized Hamiltonian field theory, due
to Krupkova [6].

By an r-th order Lagrangian we shall mean a horizontal n-form A on J"Y'.

A n-form p is called a Lepagean equivalent of a Lagrangian ) if (up to a projection) hp = A, and
pidp is a T4 o-horizontal form.

For an r-th order Lagrangian we have all its Lepagean equivalents of order (2r — 1) characterized
by the following formula

p=0+q, (1)

where O is a (global) Poincaré—Cartan form associated to A and ji is an arbitrary n-form of order
of contactness > 2, i.e., such that hji = p;u = 0. Recall that for a Lagrangian of order 1, © = 6,

218



where 6, is the classical Poincaré—Cartan form of A. If » > 2, © is no more unique, however, there
is an non-invariant decomposition

O =0\ 4+ p1dv, (2)
where
r—1 /r—k—1 8L
0y = Lug + Z ( (=1)'dy,d,, .. .dplaa—> Wl Aw, 3)
k=0 =0 Yj1.gkpr.pii

and v is an arbitrary at least 1-contact (n — 1)-form.

A closed (n+1)-form « is called a Lepagean equivalent of an Euler—Lagrange form E = E,w’ Awy
if pia = FE.

Recall that the Euler-Lagrange form corresponding to an r-th order A = Lwy is the following
(n + 1)-form of order < 2r

OL < oL o
E = (8_y0 - Z(_l)ldpldpz s dplaa'—> w” A wo. )

=1 P1---Pl

By definition of a Lepagean equivalent of £, one can find using Poincaré lemma local forms p,
such that &« = dp, and p is an Lepagean equivalent of a Lagrangian for E. The family of Lepagean
equivalents of F is also called a Lagrangian system, and denoted by [«]. The corresponding Euler—
Lagrange equations now take the form

J*y*igseq =0 for every m — vertical vector field { on'Y, (5)

where « is any representative of order s of the class [a]. A (single) Lepagean equivalent o of E on
J?Y is also called a Hamiltonian system of order s and the equations

d%igae =0 for every my — vertical vector field £ on J¥Y (6)

are called Hamilton equations. They represent equations for integral sections ¢ (called Hamilton
extremals) of the Hamiltonian ideal, generated by the system D? of n-forms ¢¢cr, where § runs over
7,-vertical vector fields on J°Y . Also, considering 7, -vertical vector fields on J**'Y", one has
the ideal Df;“ of n-forms ¢ on J*T'Y, where & (called principal part of «) denotes the at most
2-contact part of «. Its integral sections which moreover annihilate all at least 2-contact forms, are
called Dedecker—Hamilton extremals. It holds that if -y is an extremal then its s-prolongation (resp.
(s + 1)-prolongation) is a Hamilton (resp. Dedecker—Hamilton) extremal, and (up to projection)
every Dedecker-Hamilton extremal is a Hamilton extremal.

Denote by 7, the minimal order of Lagrangians corresponding to £. A Hamiltonian system « on
J°Y, s > 1, associated with £ is called regular if the system of local generators of Dgﬂ contains
all the n — forms

W’ A w;, w?jl AWy, ey w?jl...jroq A wyy, (7)

where (... ) denotes symmetrization in the indicated indices. If « is regular then every Dedecker—
Hamilton extremal is holonomic up to the order 7, and its projection is an extremal. (In case of
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first order Hamiltonian systems there is an bijection between extremals and Dedecker—Hamilton
extremals). « is called strongly regular if the above correspondence holds between extremals and
Hamilton extremals. It can be proved that every strongly regular Hamiltonian system is regular,
and it is clear that if « is regular and such that & = & then it is strongly regular. A Lagrangian
system is called regular (resp. strongly regular) if it has a regular (resp. strongly regular) associated
Hamiltonian system.

2 LAGRANGIANS AFFINE IN SECOND DERIVATIVES
In a fiber chart, second order Lagrangian A = Luwy affine in the variables y7; is expressed by formula
L=1"Ly+ Lf,jy;’j, L9 =117 ®)

where functions Ly, L% do not depend on the variables 3%,.

We shall consider above Lagrangians and their Lepagean forms (I), (2) satisfying p = 0, +d¢ + 1,
where ¢ = 0and i = Y ;' , p;(3) and 3 is defined on J'Y.

In general case, the Poincaré—Cartan forms of second order Lagrangian is defined on J3Y’, but for
Lagrangians of the forms (8] the form 6, is projectable onto J?Y". Our choice of Lepagean form of
the Lagrangian (8] conserves the above Lepagean form defined on J2Y .

In fibred chart, we can rewrite the above Lepagean form by following formula

oL,  OLH .
p = (Lo+ Ly) wo + 8U+aaykl di L7 | w” A w; )

+ LIw] Awj+ag,w” Aw” /\%J"‘bkww A wi Awij

+ FGT AW A wij +

where 4 is at least 3-contact (i.e., u = > . p;(3) for 3 defined on J'Y') and funtions a¥,, b¥J ks
do not depend on the variables y,;, and satisfy the conditions

o 4 iy _ Ji iy _ i

acrl/ - auo? am/ - aow aaz/ auo? (10)

kz] _ kji

byl = —=b,

k:lzy _ lkzy klzg _ kljz

CO’V - VO' ) C cru :

Theorem 1 Ler dim X > 2. Let A\ = Lwy be a second order Lagrangian (8), and o = dp with p of
the form (9), (10), be Lepagean equivalent of Euler—Lagrange form of above Lagrangian. Assume
that the matrix

(B | Clray | (11)

with mn? rows (resp. mn + mn(n + 1)/2 columns) labelled by v, k, [ (resp. o, j, k, D, q), where

) kl ik gl - ]
pii = (P L (0L Ola) i) 12)
dys 2\ 9y} Ay
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and
Cklpq — (Ckpql + Clqu) 7 (13)

has maximal rank equal to mn (n + 3) /2.

Then the Hamiltonian system o = dp is regular (i.e. every Dedecker—Hamilton extremal is of the
form 6p = J*v, where v is an extremal of \).

If moreover 1 is closed then the Hamiltonian system o« = dp is strongly regular (i.e. every Hamilton
extremal is of the form § = J?~, where vy is an extremal of \).

Proof of the regularity of the Hamiltonian system follows from explicit computation o = dp,
& = p1(a) + p2(«) and generators of ideal D3.

Expressing the generators of the ideal D3 we get

0*Ly O Lpa 02 Ly D Lpa

K

ys Oy” + yg Oy” Ypa Oy Oy 8y"8y] 7Y

1o a0 = Byuwy+ ( (14)

0 0 . :
By ay" ——d, LF — Qdka[’?y> w7 Awj + wy A wj

oLy 82L0 o2 L 9 P
( BuayT ~ Byoypie T gy I el — 24ty )
aLkl oLk QL
(5 -3 (G +

ay 6y0 ) - blk/:g'l - bﬁﬁ) wgl A w]
l k
(3@” da  da¥.

+8y )w”/\w"/\wij

daid, b’w ouky
( dy”

5 ( lkzg ablz] ablligj
i ﬁyk oyy

)wg/\w"/\wzj

K g
)wl N wy N\ wij,

e g — o — A A L+ dal, (15)
dyedyy  OyToyy Tt oy Oy "
— 24057 w7 Aw; + W] Aw;

<8L” oLk
ayk 8y

A (a2L0 O2Lpa oLk 9
« —_=

+ 2bF9 — 2pkI 4dlcl’ff,”>
dald. N obky ki
ayy oy° oy*

deyny? | Obl c%’;? o
2(2 - w” AWy A wij
9y Oy Oy
o (00K, 002 | 00
dyy  Oyf Oy

io G = B A w; + C;Jl,klw;’ A w;. (16)
9

+ 200w A w; +2 ( ) W7 AW A wgj

K g
)wp ANwy N wij,
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Since the ranks of the matrix (BJY | C7¢*) is maximal then the w” A w; and wfj, A wy are
generators of ideal D2. We obtain for Dedecker—Hamilton extremals 6, = J?7, where v is a
section of .

Substituting this into (6)), (I4) we get

Opti g, &= Ey 0T

for 2nd order Euler-Lagrange form () and y is an extremal of \.

Let us prove strong regularity: We have to show that under our assumptions, for every section
§ satisfying Hamilton equations, one has § = J?v, where - is a solution of the Euler-Lagrange
equations of the Lagrangian .

Assuming dp = 0 (c.f. (16)), we obtain:

0" (ia/0y7 ) = ((Bkl] | CP) (w7 A w; | Wi A wl))T> =0,

ie. 0*w? = 0 and §*w? = 0 by the rank condition on the matrix (B}Y | C}P7), ie. 9y /0x' = y7
and (‘3%/8@4) = y7; along ¢. Hence, 0" (ig/a,r ) = 0.

The above obtained conditions on ¢ mean that every solution of Hamilton equations is holonomic
up to the second order, i.e., we can write § = J2v, where + is a section of .

Now, the equations J25*(ig /ayga) = ( are satisfied identically, and the last set of Hamilton equa-
tions, i.e., J26*(ig/0,- ) = 0 take the form E, o J*y = 0 proving that  is an extremal of \. This
completes the proof.

3 LEGENDRE TRANSFORMATION

In this section the Hamiltonian systems admitting Legendre transformation are studied. By the
Legendre transformation we understand the coordinates transformation onto J?Y.
Writing the Lepagean equivalent p (9)), (I0) in the form of a noninvariant decomposition we get

p = —Hw0+pjdy /\w]—l—p dyz/\wj (17)
+ al,dy’ ANdy” N wi; + WY dy A dyf N Wij
+ kl”dyk Ady] N\ wij + 1,
where
H = —-L+ (— —d; L”) vy L”yw +2a% y7 vy (18)
1
. (b(k;zg bjzk) yZ yk] . 5 ( klij + czllc] + Ck]zl + ngkl) quky]yl’
. oL y .
pﬂ' = F - d LZ] + 4a0’l/y’L (b,cf'luj + b‘Zer) y;jkn
pd = LI+ (00 +0e) vk — 2 (e +ed?) v

Remark 1 In general, the functions p¥ are not symmetric in the indices 7, j.
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Theorem 2 Ler dim X > 2. Let A\ = Lwy be a second order Lagrangian (8), and let p of the form
(9, (10) be the Lepagean equivalent of above Lagrangian with noninvariant decomposition ([I8)).
Assume that

op, Oy
dyy  Oyy
(19)
Oy, Oy

is regular. Then transformation

o = (=% v,y wi) = (2 87, pg, p) = X (20)
where m(n® +1)/2 of p?"s are indenpendent, is coordinate transformation on open set U C V5.
If moreover functions c&V satisfies conditions

vo
Kilj | dikj _ kjli | ljki
then the functions p are symmetric in the indices i, j (i.e., pi? = p’').

Proof of above theorem follows from explicit calculation of the Jacobi matrix of transformation
(@[). If the submatrix (]'115[) of Jacobi matrix is regular, then the transformation (]2;0[) 1s coordinate
transformation. Similarly, from explicit calculation we can easily see that (21)) are necessary con-
ditions for p”/ = p’’. This completes the proof.

Definition The transformation (20) is called generalized non-symmetric Legendre transformation.
The transformation (20 with condtions p¥ = p’’ is called generalized Legendre transformation.

Remark 2 For first order field Lagrangians the regularity condition and condition for existence
Legendre (resp. generalized Legendre transformation) are identical. This fact contrasts with situa-
tion of second order field Lagrangians. The Legendre transformation (in classical field theories) and
generalized Legendre transformation for second order Lagrangians in field theory do not coincide
with regularity (resp. strongly regularity) conditions.

In these generelized Legendre coordinates the Hamilton equations (6] take a rather complicated
form.

Two interesting cases of Hamilton equations.
a) The lepagean equivalent (9)), (I0), (I7)), (I8) of the second order Lagrangians (§)) satisfies condi-
tion p is closed (i.e., diu = 0). In generalized “symetric” Legendre coordinates (i.e., p¥/ = p’') the
explicite computation of Hamilton equations reads
OH _6]92% N 486@%, ay’f P <8affu N dald N 8@%) 8y"j” 6y”‘
dy° oxl oxi Ozt dy° oy” dy° ) Ox* OxJ
B, opk oy v oy (abﬁfﬁ ) 3653’3) o Oy
Opk 0x' Oz~ Oxd O’ oy° oyt ) Oxt Oxd
05 51 OPn Ok | 0ck’ Oyi: Oy

- 2= - — -
opl. i Ox' Oz’ Oy® Ozt OxJ’
OH 0y | ,0aly Oy Oy Ob Oy" dyy  ,0ci™ Oy Oyt
opi.  Ox Opt. OxJ Ozk Opi. OxJ Ozt opi. dxd dxm’
oH 1 (o o
opld 2\ 0xi Ozt )
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b) The lepagean equivalent (9), (10), (I7), of the second order Lagrangians (8) satisfies condi-
tion p is closed (i.e., du = 0) and p%¥ = pJ'. If moreover dn = 0, where

n = a%dy’ Ndy” Awi+ Ay A dyy A wi + S dyT A dyp A wig

then the Hamilton equations (6)) have the following form

OH _ op OH _0y o _ 1 (0y Oy
oy Oxi’ Opi  ox’ gp¥ 2 \0xd  Oxt)

CONCLUSION

The paper is generalization of classical Hamiltonian field theory on fibred manifold. The regu-
larization procedure of the first order Lagrangians proposed by Krupkovd and Smetanova [6] is
applied to case of the second order Lagrangians affine in second derivatives. Hamilton equations
are created from the Lepagean equivalent whose order of contactness is more than 2-contact (c.f.
Hamilton p,-equations in [11]). The generalized Legendre transformation is studied. The general-
ized momenta p¥ with p¥ = p’* are found.

Contrary to the Hamilton-De Donder theory the regularity conditions of the Lepagean form (9),
(10) and the conditions of existence of the generalized Legendre transformation (20) do not coin-
cide. The regularity conditions do not guarantee the existence of the Legendre transformation. In
other hand, the existence of the Legendre transformation does not guarantee the regularity.
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Abstract: FElectrical engineering has a unique position and extraordinary strategic
importance world-wide. This field of technology is considered to be the moving force of
today’s modern technical civilization. At the forefront is the need for highly qualified
graduates of the electrical engineering fields capable of contributing to the development of
the new advanced technologies and their real-world implementation. The education quality of
the young generation, also known as Digital Natives, is becoming paramount. In this article,
practical experiences gained during expert preparation of the professionals in this field with
the IT support are presented. The article is focused on e-learning projects used not only as a
tool for knowledge, research results and newest developments transfer into the education
process, but also for increasing the interest of youth in science and technology.

Keywords: electrical engineering, digital natives, e-learning, education, science & technology
popularization.

INTRODUCTION

Electrical engineering, as a stand-alone discipline, that examines energy, electrical effects and
properties, started to form in the 19th century [1]. The discovery of electrical current,
electrical laws and electrical devices all contributed to its advancement. Electrical engineering
is currently one of the key branches of the technology that deals with generation, distribution
and consumption of electrical energy as well as the devices used for these purposes that is
widely implemented across many parts of human lives. Importance of all the branches of
electrical engineering, that use progressive technologies of today for improving the quality of
life, for nature and technology symbiosis in the form of alternative sources of energy or
ecological elements in traffic, for development of “smart” cities and networks, for decreasing
the impact of the technical production on the environment, for improving the communication
and signal transmission possibilities, for improving the personal security, etc. is still growing

[2].

Because of this reason, the praxis has an extremely large interest in highly qualified graduates
of the electrical engineering fields, capable of quickly integrating themselves into the
production and development process in top-level companies and research centers. Preparation
of such an graduates rests in quality of technical education of the young generation [3].
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Another important fact to be considered is that today’s university students are the new
generation, so called digital natives [4]. These students, born after 1982, also called as
Millennials, Generation Y, Net Generation, Digital Generation or iGeneration have grown up
in the world of the new information and communication technologies [5]. These students
expect the same technologies they use every day to be present in education — computers,
internet, internet applications, social networks, web 2.0, mobile phones, tablets, videogames,
etc. They are interested in connectivity. They prefer interactivity over passivity, for example
internet over television. Every day, they are in online contact with dozens of their friends.
They have access to alarge amount of information from expert lectures from renowned
universities® professors, to complete ballast.

Modern information technologies, that formed this generation, also opened new possibilities
in the field of education. Multimedia education, cooperative education [6], remote and virtual
laboratories [7], mobile education, micro-education, study supports with internal intelligence
[8], 3D virtual worlds [9], MOOC (Massive Open Online Course) [10], simulations [11],
educational games are gradually becoming a common part of education. These possibilities
can mutually interact and complement, so that a new quality is created, that allows more
effective goals completion in education process. This computer assisted education, often
called summarily e-learning, is becoming a very popular form of education. It has a potential
to become not only as an excellent tool for knowledge, research results and newest
developments transfer into the education process, but also for increasing the interest of youth
in science and technology [12]. It is, of course, important to remember, that virtual world and
theoretical knowledge without the ability to apply them in real world situation is not enough.
The education should be very closely linked to practical knowledge and skills.

Our own practical experiences gained during expert preparation of the electrical engineering
professionals in education and popularization of science and technology with the IT support
since 2004 are presented in this article. It is focused on the original e-learning projects
available at the educational portals eL.earn central.

1 CHALLENGES IN THE ELECTRICAL ENGINEERING EDUCATION

While presenting the challenges in the electrical engineering education, we can look at the
challenges that the whole technical education in Slovakia is trying to solve.

Young people’s interest in studying technology and natural sciences is decreasing. The usage
of “technical devices” is considered to be very interesting and enjoyable, but the study in the
technical fields is generally unattractive for young people across the entire world. Social
prestige if the technical and crafting professions is very low in Slovakia, while at the same
time a lot of top students leave to study at the foreign universities. Young people assume that
all the news and development comes from abroad. Therefore, they are thinking, that there is
no place for such experts in Slovakia.

The number of pupils at secondary technical schools is decreasing, because of the expansion
of the secondary grammar schools (oriented mostly at humanitarian sciences). This causes the
decrease in the knowledge level of pupils — knowledge of the average and worse students is
higher in classes with larger number of talented pupils. Because of this, the total level of
knowledge and skills is lower for the graduates of the elementary schools and, consequently,
of the technical secondary schools.
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Study of electrical engineering is considered to be among the more difficult by the general
populace. It requires good mathematics and physics knowledge, the subjects based on logical
relations and abstract thinking. The level of knowledge in mathematics and physics is
decreasing. The reason for this lower score is lower lessons dotation as well as the
cancellation of the compulsory mathematics leaving examination, not enough young expert
teachers of these subjects and almost total suppression of the technical education at the
elementary and secondary schools.

For several years we are experiencing the demography curve decline. The outcome is the
decline in university students. At the same time, the number of students that do not finish the
technical universities is rising. One of the reason is that students from secondary grammar
schools (% of the students) have low level of technical knowledge and wrong idea of the study
contents. If the study does not fulfil their ideas, they are losing interest in studying.

Education is directly influenced by the development of the science and technology in the 21st
century. While the volume of the knowledge is increasing, the capacities and time schedules
of the education are not. There is an ever-increasing difference between the progress in the
praxis and the education. Schoolbooks and the scripts are becoming obsolete very quickly and
their contents do not correspond with the current requirements. Basics must be taught, but we
cannot forget the news and requirements from the praxis, if we are to reveal the whole picture.
Universities are confronted with major differences in knowledge of the accepted students, that
are mostly evident at technical subjects. Our students are young people, that grew up
surrounded by technologies, that are erasing the boundary between reality and science fiction
— digital natives.

Our basic goal and at the same time the greatest challenge is to lead the students, so that they
will be able to think critically, to be highly adaptable and flexible, to support their
individuality and creativity as well as their ability to work effectively in a team. Very
important task is to affect them so that their internal motivation for gaining new knowledge
and skills is strengthened. In spite of our main duty to provide university education, we also
have to work on the problems of elementary and secondary education, science and technology
popularization for children and general public. Elementary and secondary schools are our
partners at fulfilling our common goal — training of professionals in the field of electrical
engineering for the future. Children that are going to schools today, should be employed as
highly qualified experts by 2034. Thanks to the rapid advancement of the science and
technology it is not possible to exactly determine what would be important knowledge and
skills for successful involvement in the praxis. Because the future cannot be foreseen, it is
necessary to maintain theoretical and practical knowledge of the graduates on the highest
possible level, update educational process so that the graduates leaving to join the praxis are
best prepared for this change.

2 SOLUTIONS IN THE ELECTRICAL ENGINEERING EDUCATION

Some of the aforementioned challenges are possible to solve by an effective implementation
of the communication and information technologies in the education process along with the
new pedagogical approaches [13]. One of the very interesting possibilities is e-learning.
Electronic education has an immense potential to become the source of motivation and
creativity, as well as the carrier of knowledge, and it is necessary to count it as a partner in the
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whole education process from the firsts steps of life, elementary schools, secondary schools to
universities, and it will accompany us during the lifelong education.

Our answer to electrical engineering education was the creation of the alternative sources of
information — educational portals eLearn central on the educational platform MOODLE, that
has the role to present interactive educational materials, courses and projects to our students
as a support for the standard face-to-face education. At the beginning of the development of
the support interactive e-learning materials, we focused on raising the quality of education of
the subject Electronic devices and circuits (Fig. 1).

20 March - 26 March

Bipolar Sto
Transistors Circuits

Lecture no. 6:

My hame » Courses » Elekironika » Elekironika 7S 2017/2018 » EDC ZS 2017/2018

Latest news Weekly outline

Add a new topic...
"Electronic Devices and Circuits" ZS 2017/2018

(No news has been posted yet)

Search forums 8] EDC - Transistor Properties in Circuit

| Go
Advanced search(@

SPractice No. 6

B News forum Unipolar transistor (experimental)

[} Course Outiine

[®) Mode of complstion and credits
[B) Recommended reading

12 Assigment:
Jump to current week

Section links

8 Unipolar transistor - tutorials for exercises

¥ Elektronika

¥ Elektronika ZS

B Forum - questions of exame
%] Exam example

Navigation

: Interactive flash animations

Y 18 September - 24 September

My;:r:lm 2 J £6.1 Unipolar transistor JFET

» Site 4  16.2 JFET applications
pages A Resistors [J 6.3 Ideal MOS structure

» My profile Introduction Fj‘ass.ive Capacitors 7 £.6.4 Real MOS structure

¥ My courses Devices Inductors 16,6 MES FET

> Catriea [} 16.5MOS FET

Sell-tests

2017/2018 [ Test 7.C.1 Unipolar transistors

¥ HIKT [A Test 7.C.2 Unipolar transistors
[A1 UT Autotest 01

¥ CAE 2017

~ EDC ZS 2017/2018
» EPO ZS 2017/2018
¥ FTN_2017

¥ ME ZS 2017/2018 Bipolar Unipolar

» OPTZS2017 Transistors Transistors Jircuits
» PAOZS ;017‘"u1s Bipolar Unipolar
= 5 Circuits Transistors | Transistors
¥ Archiv Elektronika
» sisiC GaN

» APE
¥ Advanced Solar Cells Thyristors
¥ HEMT
¥ oE

» Powar MOSFET The first credit written test (10 points)

Fig. 1. Course Electronic devices and circuits: Exercise instructions; interactive map,
materials and information.
Source: own
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This subject deals with basic principles of operation and electrical properties of electrical
devices and circuits. Emphasis is put on diodes, transistors, operational amplifiers and digital
circuits. This subject is taught in the form of standard lectures, laboratory exercises and
complex e-learning support, where the contents are continually optimized and updated.
Students also have printed scripts at their disposal as well as exercises in the form of exercise
sheets in the pdf format. Practical laboratory exercises from this subject allows students to
validate theoretical knowledge with practical measurements of electrical characteristics of
electrical devices and circuits. Complex e-learning support consists of standard interactive
www course Electronic devices and circuits and informational www course Electronic devices
and circuits — exercise instructions (Fig. 2).
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Fig. 2. Course Electronic devices and circuits: Exercise instructions
Source: own

Basic concepts and physical principles of electronic devices and circuits are available to the
users through the interactive course Electronic devices and circuits [14]. It has 10 lessons and
is available for free at the eLearn central open portal (http://uef.fei.stuba.sk/moodleopen).
Lessons are complemented with one or two types of tests (registration is necessary for taking
the tests, so that the results can be saved). Dictionary of the terms is also present. Original
interactive animations located at the Interactive animations in electronics (Fig. 3), that is
available for free are also part of the course.
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Fig. 3. Course Interactive flash animation (designed for Slovak students - in Slovak
language), bipolar transistor animation view (in English language).
Source: own
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These animations were created with the goal of showing the student in an interactive and
intuitive form the basic internal physical processes in electronic devices as well as operation
principles of the electronic circuits. Passive devices, diodes, transistors, examples of device
fabrication using planar technology, NAND, TTL, CMOS, imaging devices, etc, are present.
Interactive animation are used in all developed courses of the eLearn central, that are related
to the animated problems. Course “Electronic devices and circuits — exercises instructions” is
a course intended only for the students of the second year of the bachelor study. It has a
weekly format, in accordance with weeks in semester. Course contains information about the
subject, successful completion requirements, lectures in pdf, exercise sheets and materials for
exercises, exam questions, discussion forums, tests and announcements (Fig. 1). From the
students results as well as their feedback, we can conclude that this approach (lectures +
practical exercises preferring experimental work in pairs + complex e-learning support) is
working as a possibility of students’ motivation growth, as well as effective tool for
increasing the quality of technical education.

Our experiences were successfully used and are still being used in development of e-learning
support for our students for another subjects, individual and team projects, as well as in
creating e-learning materials for a wide target group: bachelors, elementary and secondary
school pupils and general public in the form of popularization of science and technology.

3 SOLUTIONS IN THE SCIENCE & TECHNOLOGY POPULARIZATION

An example of popularization of science and technology is offline professional interactive
monograph on DVD “The Mysterious World of Energy” [15] and online e-learning project
,Power Engineering dictionary*. Project “The Mysterious World of Energy” (Fig. 4) is our
reaction to a necessity of creating an enviro-awareness between children and youth in the field
of power engineering.
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Fig. 4. Interactive mondgraph ,»The Mysterious World of Energy* (in Slovak)
Source: own
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Its goal is to contribute to popularization of the topics of sources, generation and transfer of
energy, negative effects on environment as well as possibilities of individual effect on
improving the situation, for example saving energy. “The Mysterious World of Energy” is
divided into 5 parts. 3 parts are aimed at the students of secondary schools and bachelors
(Energy sources, Energy conversion, Power Engineering dictionary) and 2 parts are for
elementary school pupils (Why can anybody be a power plant and Games about the world of
energy). Belonging to this monography is the Power Engineering dictionary with more than
750 terms (Fig. 5), it is available for free in online version at the eLearn central open portal
(http://uef.fei.stuba.sk/moodleopen). The ambition of the authors was the creation of the
dictionary with extensive database of terms from the field of power engineering and to cover
most frequent terms of generation, distribution, consumption and price of energy. All this
with a goal to help the children, youth and general public to clarify some questions from the
field of power engineering, provide answers and catch their interest.

n
A IAIBICIDIEIF|GIHICHIJ|KILIMINIO|P|Q|R|S|TIU|VIWIX|Y|Z]V:
Prehfad témy Hiadat: kombinovana

Energeticky slovnik K

— Kombinovand vyroba elektriny a tepla (KVET)
Composite generation of electricity and heat
- Kug a je spisob hospodameho wuitia primérrych en lge1 kych zdrojov. Whada s kambinavaného
B b ol a 7 jeho a tepla v i eina

€ viroby.

GEi i nvan]v,mhylkmny tepla e taky, e
53 VYT ob elektricka energia a potorn sa nizkopaotet Ina tepeind energia odovzdéva zakaznkom, napr.

‘ !
‘)g Y spaltvatia turbina § vimennikom (kotlor) wutivajacin tepio 2 vifuktvich plynov. U mensich spotrebitefov
elektriny a tepla sa Easto presadzuji spalovacie piestové motory na zemny plyn pohaajuci akernator, s
wyuitim odpadového tepla
@ Spalinovy kotol | bina  Generdlor

‘Generator Plynova turbina
8 Slovnik energetickych pojmov '
IAIBICIDIEIF|GIHICH|IIJIKILIMIN|IOIP|QIRISITIUIVIWIXIYIZ |“i '

Cerpadio ||

Register pojmov v Energetickom slovniku

IAIBICIDIEIEIGIHICHI1JIKILIMINIOIBIQIRISITIUIVIWIXIYIZ] 2droj. http/fwww slovenskaenergia skiskfenergeticky-slovik php

Kliitove slovo(4). [wraba energie =

Fig. 5. Power Engineering dictionary (it is designed for Slovak children and youth -
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CONCLUSION

Electrical engineering is actively partaking in improving working conditions of people, as
basic instruments of economy, social, and culture growth. It is the reason for the interest from
the praxis for the highly qualified graduates of the electrical engineering fields. It is necessary
to secure the high quality education of young generation, digital natives, to prepare such
graduates. Work with these people require implementation of modern and effective
approaches to education associated with practical knowledge and skills, with high motivation
of the students supported by the information and communication technologies.

Examples of the original interactive e-learning projects available at two portals eLearn central
http://uef.fei.stuba.sk/moodle/ and http://uef.fei.stuba.sk/moodleopen/ are presented in this
article. Portals eLearn central have been used as a support to a standard face-to-face education
at the STU in Bratislava since 2004, and for popularization of science and technology
between children, youth and general public since 2009. Our interactive online/offline projects
are full of interactivity, multimedia elements, animations, illustrations, tests and discussion
forums. We prefer many graphical schemes and funny images showing basic properties before
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difficult explanation, while we are creating our popularization e-learning projects. Based on
the feedback from pupils and students, we can confirm that e-learning is a great tool for
knowledge, research results and new advancements transfer to education process, as well as
a support tool for increasing the interest in young people for science and technology.
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Abstract: A linear weakly delayed discrete system with single delay

z(k+1)=Ax(k)+ Bx(k—m), k=0,1,...,

in R3 is considered, where A and B are 3 x 3 matrices and m > 1 is an integer. Assuming that the
characteristic equation of the matrix A has a pair of complex conjugate roots, the general solution
of the given system is constructed.

Keywords: Discrete system, weakly delayed system, linear system, initial problem, single delay.

INTRODUCTION
Consider a linear system of difference equations with delay
z(k+1) = Az(k) + Bx(k —m), k=0,1,... (1)

where A = (a;)? ;_1. B = (bi;)};_, are 3 x 3 real constant matrices and 7m > 1 is a natural number.

In the sequel, it is assumed that the system (1)) is weakly delayed as defined below (compare [3]]
and [1], [2]]).

Definition 1 System (1)) is called weakly delayed if the characteristic equations for (1)) and for the
system without delay x(k + 1) = Axz(k) have identical roots, that is, if, for every A € C \ {0},

det (A +A"B — )\E) =det (A — \E),
where E is a 3 X 3 unit matrix.
The below lemma is used.

Lemma 1 [f the system (1) is weakly delayed, then its arbitrary linear nonsingular transformation
again leads to a weakly delayed system.

For the proof, we refer to [5], Lemma 1.2.
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Theorem 1 ([3]) Letl = 3 in (1). Then, (1)) is a weakly delayed system if and only if conditions (2))—
below hold:

b1 + bay + b33 = 0, (2)
b1 bz bis
bai by baz| =0, 3)
bs1 b3z bss
a11 Qa2 Q13 bi1 b2 b3 bi1 bz bis
ba1  bao 523 + |a21 Gz ag3| + ba1 Do b23 :07 (4)
bsi  bsa  bss bsi  bsa  bss 31 Aazz ass

bii bz big bii bz bis 1 0 O
bai bay bog| +]0 1 0|+ |bay Dbaa baz| =0, (5)
0 0 1 bsi b3z bss bsi b3z bss

ail aiz Az ailz a2 ais b1 b2 bis
a1 Qoo Qo3| + |bar baa  bog| + a1 ase ags| =0, (6)
bs1 b3a  bss a31 a3z a3s3 a31 azz2 Aas3
11 Qa2 Q13 ailp Qa2 a3 1 0 0

bay bag baz|+ | 0O 1 0|+ |a21 a2 as
0 0 1 bsi b3z bss bsi b3y b3z

(7
bir bz bi3 biy bz bi3 r 0 0
+laz azx a|+|0 1 0|+ |ba by by|=0.
0 0 1 Ga31 G32 ass az1 a3z G33
For the proof, we refer to [3], Theorem 1.3.
Assume that the matrix A has one real eigenvalue \; = A and two eigenvalues are complex
conjugate, i.e., Ao 3 = p % iq, with ¢ # 0. Then, the Jordan form A assigned to A is
A0 O
A: A=|0 p q]. (8)
0 —q p

For the considered case, it is easy to give a coefficient criterion for the system to be weakly delayed.

Theorem 2 If matrix A has the above eigenvalues, then system (1)) is weakly delayed if and only if
conditions (9) — (14)) below hold:

by =0, )]

baa + b33 = 0, (10)

baz — b3y = 0, (11)

baobss — biabay — bigbsy — basbza = 0, (12)
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(A = p)(b12b21 + bi3bs1) + q(b1absy — bigba) = 0, (13)
b12ba3bs1 + b13b21bsa — bigbaabsy — b1abo1bss = 0. (14)

Proof. Although the proof is given in [9], we give here an improved version to fill some gaps in the
original version.

It is possible to simplify conditions (@), (6) and (7). From (@]), we get

/\<b22b33 - b23b32) +p(b11b22 + b11b33 - b12621 - b13b31)
+ Q(b11b23 + 612631 - bllb32 - 613621) =0 (15)

because

a1 G12 a13 biy bz bz biin bz b3

bar  bao  boz| + |ao1 aza agz|+ |bar Doy bas| =

b3 b3z D33 bs1 b32 b33 asy Gz as3

A0 0 bir b1z b3 bin bz b3

=\ba1 b bag|+ |0 p g |+ |bar b bag| =

b1 b3z D33 bz1 b3z b33 0 —q p

:)\(522533 - 523532) + p(b11b33 - blsbzﬂ) - Q(b1lb32 - 512531)
+ q(b11b23 — b13bar) + p(b11bag — bigber) =

=A(Da2bsz — bagbsz) + p(b11baa + b11bsg — bi2bay — bisbsi)
+ q(b11b23 + bizbsy — by1bsa — bisbar) = 0.

From (6) we get
A(p(bag + bs3) + q(basz — b32)) + 511(]02 + q2) =0 (16)

since

ainl a2 a3 a1 a2 a13 bir b1z bi3
a1 G2 Go3| + |bar bao bog| + |a21 azy ax3| =
b31 b3z D33 31 Aas2 0ass a31 as2 0ass
A0 O A0 0 bin bz bis
=10 p q|+|ba b bu|+|0 p q|=
b31 b32 b33 0 —qg p 0 —q p
=A(pbsz — qbsa) + A(pbaz + gbas) + b1 (p* + ¢°) =
=A(p(baa + bsz) + q(bag — b32)) + b1 (p® + ¢°) = 0.

From (7) we get
A(baa + bs33) 4+ p(2b11 + bag + bs3) + q(beg — bs2) =0 (17)

since

11 a2 Q13 a1; Qa2 a3 1 0 0
bay bag baz|+ | 0O 1 0|+ |a21 a2 as
0 0 1 bsi  bsa  bss bsi b3y b3z
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bii bz big b1 bz i3 10 0
+|ag1 az ax|+ |0 1 0|4 |bar baa bog| =
0 0 1 asy asy ass3 azy asy as3

A0 0 A0 0 1 0O O
=1lby1 Doy b3 +|0 1 O0|4+|0 p ¢
0 0 1 bsi bsa bss bsi bsa  bss

bll b12 b13 bll b12 b13 1 0 0
+ 0 P q + 0 1 0 =+ b21 bgg 623 =
0O 0 1 0 —q »p 0 —q »p

=Abaz + Abzz + pbsz — gbsa + pbi1 + pbi1 + pbaz + gbaz =
:)\(bgg + b33) +p(2b11 -+ 622 + 1)33) + q(bgg — b32) = 0.
From (2)), we have by + b3z = —by;. Step by step, expression yields

A(bag + bs3) + p(2b11 + bag + bsz) + q(baz — b3a) =0,
A(=b11) + pb11 + q(bag — b3a) = 0,
_bll()\ — p) + q(b23 — b32) = 0.

From the last expression, we have q(bag — bsa) = (A — p)by1. A substitution into (16) yields

Since (A — p)* + ¢* # 0, we get
b1y = 0. (18)

i.e. (9) holds and, moreover, (3] reduces to (12). From (2)), utilizing (I8), we derive

bas + b33 =0 (19)
and (I0) is valid. Substituting (I8) and (19) into (I7), we have
bag — b3z = 0,

so (LI)) holds. Simplifying (3] leads to

(b11b92 — b1abar) + (b11bs3 — bigbs1) + (bagbss — bagbsa) = 0,
—b12ba1 — bi3bs1 + baabssz — bagbsy = 0.

Then, from the last expression, we get

b22b33 - b23b32 = b12b21 + b13b31‘
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Substituting this together with (18) into (13)), we obtain (I3)):

A(b12b21 + b13bs1) + p(—b12bar — bisbs1) + q(biabsy — bigber) =0,
(b12ba1 + bi3bs1) (A — p) + q(b12bsy — bigbar) = 0.

Condition (3) can be simplified to (14).

Example 1 Let system (1)) be of the form

ri(k+1) = 2x(k) +x9(k —m) +x3(k —
ra(k+1) = 215(k) +3w3(k) —x1(k —m) —v2x9(k —m),

where k € Zg. In this case

2 0 0
A=A=1[0 2 3],
0 -3 2
A=2,p=2qg=3and
0 1 1
B=|-1 —vV2 0
1 0 V2

It is easy to verify that conditions (O)—(14) are valid and system (1)) is weakly delayed.

In the paper, we consider a solution of initial Cauchy problem (), where

20,1 T_m,1
z(0)=z0=|2o2 |, .., x(—m) =2_p, = | T2
Zo,3 T_m,3
and z; j,©=0,-1,...,—m, j = 1,2, 3 are real constants.

1 RESULT

m)?

m)

(20)

3y

(22)

Assuming, without loos of generality, that the matrix A in (1)) is in its Jordan form A (this is possible

due to Lemmal(I]), we will investigate a system

z(k + 1) = Ax(k) + Bx(k —m)

(23)

together with the initial data as given by (22). Let us transform (23] into a higher-dimensional
system without delay. Let z*, ..., 2™ be the new dependent 3-dimensional vector variables defined

by the formulas

(k) =z(k—1) = 2k +1) = 2(k),
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2(k) = z(k —2) = 2k+1) =2k —1),

2"™(k) = x(k —m) = 2™k +1)=x(k— (m—1)).

Then, an equivalent system without delay is

z(k+1) = Ax(k) +Bz"(k),
ZHk+1) = w(k),

2k+1) = 2H(k),

Bk+1) = 22(k),

k4 1l) = ().

Below, we rename the dependent variables as

yl(k’) = Zlfl(k'), = 1, 2,3,
y]+3(k) = Z]1<k)7 .] - 1)2737
yj+6(k) = Z]2<k)7 J = 172737

yj+3m<k) = Z;n(k), j = 1,2,3

and, instead of (23)), we will consider a system of 3m + 3 equations

y(k+1) = Ay(k), k>0 (24)
where
A © ©® B
E © © 06
A=|© F O 6
® 6 ... F ©

isa (3m + 3) x (3m + 3) matrix, © is a 3 x 3 zero matrix and y(k) = (y1(k), ..., ysmss(k))%.

1.1 Solving the system (24)

The initial conditions for (24), as can be seen from ([22)) and from the performed transformation,
are

y(0) = (11(0),42(0), ..., ysm43(0)" = (2(0), 2(=1),...,z(—m))T. (25)

Let y(k) = Sw(k) where S is a regular transient matrix transforming .4 to a Jordan form. Then,

by (24),
Sw(k + 1) = ASw(k)
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and

w(k +1) = yw(k) (26)
where
v=S"1AS.
System is (3m + 3)-dimensional. The initial Cauchy problem for derived from (23)), is
w(0) = S™y(0), 27)
and the solution of (26) is given by the formula (see, e.g. [7])
w(k) =~ w(0), k=1,2,3,... . (28)

Below, we will need the following auxiliary result.

Theorem 3 Let a matrix A be of the type (8) and let the entries of a matrix B satisfy (9)—(T4).
Then, the eigenvalues j1;,1 = 1,...,3m + 3 of the matrix A are j1; = )\, pis = p+ qi, 3 = p — qi,
Pa = phs = -+ = f3m+3 = 0.

Proof. Computing det(A — pl), where I is a 3m + 3 by 3m + 3 unit matrix, we get (performed
computations are indicated)

E —uk S} ... © S} ©
) E —uFE © ©o ©

A=det(A=puD=| o & o 5 _g o
S) S) S) © E —ub
we

Multiplying the first column of the matrix by p and adding it to the second column, we obtain:

A—pE pA—pf) © ... 6 © B

E C) © ... 6 ©0 )

G} E —-ukE ... 6 © S}

A=l g e © .. E —uE ©

) ) ) © FE —ukE
Ml—l

Further, we multiply the second column p and add it to the third column and to get:

A—pE p(A—puE) p2(A—pk) ... © © B
E © © ... © © S)
) E © ... © © S)
A= . :
) S) S) E —uk ©
) S) S) © FE —ub
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We repeat this until we multiply the m-th column by y and add it to the (m + 1)-st column finally
getting the determinant:

A—=pE p(A—pE) .. p™HA=pE) p™(A—pE)+ B
E 0 e 0
e E e 0
A= ) ) . :
0 0 © 0
0 e E 0

By the Laplace expansion with respect to the last column, we have:
A = (=1)"det (u™(A — uE) + B)

PN — ) + by bi2 bi3
=(-1)" bay W (p — ) + bao qu™ + ba3
b31 —qu™ + b3y w(p — ) + bss

Now, direct computation leads to:
A =(=1)" =™ 4 (A4 2p) > 4+ (=2Xp — p* — )™ + (AP + A’
+ (b1 + bag + bgz) >+
+ (—=2b11p — bas X — boop — basgq + bsaq — bygA — bsgp)”™ !
+ (b11p* + b11G° + baoAp + bagAq — bsaq + bssAp) ™
+ (—b11baa — bi1bss — baobsg + biobar + bigbsy + bazbza) ™!
+ (br1boap 4 b11b23q — b11b32q + b11b3zp — biaborp + b12bs1q — bizbaigq
— b13b31D + boobsz A — bazbsa )™
+ b11b22b33 — b11bo3bsy — biaboibss + b12basbsy 4 bi3ba1bsy — bisbogbsi].
Since (9)—(I4) hold, further simplification of A gives:
A =(=1)" =7+ (A 2”2 4 (=200 = p? = @)+ (0 + AP
=(=D)"™ ™ (= N (6 = 2up + p* + ¢°)
=(=D)"™ ™ (= N (= (p + qi)) (1 = (p — qi))-
Now it is easy to see that the roots of the equation det(A — pul) = 0 are as formulated in the
theorem. [

The following example illustrates the validity of Theorem 3| by using mathematical software.
Example 2 Let matrices A, B be defined by formulas 20), 21)). Then

1 0 00O0O0 O 1 1
02 3000 -1 —vV2 0
0 -32000 -1 0 +2
1 00000 O 0 0
A=10 1. 0000 0O 0 0
00 1000 0 0 0
00 0100 0 0 0
00 0010 0 0 0
00 0001 0 0 0
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It is easy to verify that the eigenvalues of A are
AM=1,A=2+31,A3 =2— 31,

and the eigenvalues of B are
)\4 - )\5 = >\6 == 0

The eigenvalues of A (calculated by WolframAlpha software) are
pr =10 =2+ 3,3 =2 — 3i, g = -+ = g = 0.
Eigenvalues \;;1 = 1,...,6 (derived by Theorem are the same as eigenvalues yi;,7 = 1,...,6.

When using formula (28]), it is necessary to compute powers of the matrix . The computations
depend on the geometrical multiplicity of the zero eigenvalue of matrix B. Below, ©* denotes a
3m X 3m zero matrix.

1.1.1 Case I - the geometrical multiplicity of B equals 1

Due to Theorem [3| we can assume that the transition matrix .S is such that

A\@ ... ©
Y=Y ©
pr— 1: . 5
: Gy
C)
where
010 0O 0 O
0 0 1 0O 0 O
000 -~ 0 00O
Gi=|: o o]
00 0 . 0 1 0
0O 0 0 . 0 01
0 0O 0O 0 O
is a 3m X 3m matrix.
Then,
Ak‘@ C)
S
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where

lLl
O ... 01 00 0
0o ..... 01 0 0
0 ......... 0 1 0
O o 0 1
O e 0
O e 0
and
Ak\@ C)
S
Pyk :’yf: . @* ) k23m

e

where (the following formula holds for £ > 1)
Ak 0 0
A*=10 Re(p+ig)¥ Im(p+iq)*
0 —Im(p+ig)* Re(p+ig)*

In 29),

Lk/2) "
Re(p + ig)" = Z(—l)s( )p"“‘%q%,

2s
s=0

- Nk K s k k—2s—1 2s+1
Im(p +iq)* = > (1) 95+ 1)P g,
s=0

| -] is the floor function and, for the whole numbers £, /,

kl
__" if k>0>
(’Z) N NI it k2020,

0 otherwise.
Assume that the roots A\, A3 are given in the exponential form
Ay = 1€%, Ny =re ",
where > 0 and ¢ € (0, 7). Then,

Re)s = Re(re™)" = Rerke® = r* cos ke,
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ImA; = Im(re™)* = Imr*ek™ = r* sin ko,
ReA! = Re),,
ImAY = —Im),.
Now can be written as
NE 0 0
AN =10 rkcosky rFsinky
0 —rFsinky rFcoskyp

1.1.2 Case II - the geometrical multiplicity of B equals 2

Due to Theorem [3] we can assume that the transition matrix .S is such that

A\@ ... ©
Y=Y ©
= V2 = )
: H,
S
where
000 ... 0 0O
0 0 1 0O 0 O
O0O0 . 0 00O
le 9
00 0 . 0 1 0
000 ... 0 01
O0O0... 0 00O
is a 3m X 3m matrix.
Then,
A’“‘@ S
A= h = @ , 1<k<3m—1
: H,
e
where
k+1
1
0 0O 0 O 0
0o ..... 1 0 0
0 ......... 1 0
Hk:Hf: : ..'
0 ..ooeiia.. 0 1
O e 0
0O e, 0
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and

= , k>3m—1

where powers A* are given by or (30).

1.2 Solution of the problem (23)), (22)
The solution of system is given by the formula
y(k) = Sw(k) = SyFw(0), k=1,2,3,...

where ¢ = 1 if the geometrical multiplicity of the zero eigenvalue of B equals 1 and 7 = 2 if the
geometrical multiplicity of the zero eigenvalue of B equals 2. Using an auxiliary matrix

Q= (F0,..,0),
——

m

we can write the solution of the initial problem (23], in the form

z(k) = QSyFw(0), i =1,2, k=1,2,3,..., (31)
where (by and (27))
w(0) = S~ 1y(0) = S~ (z(0), z(—1),...,z(—m))". (32)

Therefore, the following theorem holds.

Theorem 4 Let the matrix A have the form (8)) with one real eigenvalue \y = X\ and two complex
conjugate eigenvalues Ny 3 = p =+ iq, let the elements of the matrix B satisfy (O)—(14). Then, the
solution of the initial problem (1)), is given by formula where i = 1 if the geometrical
multiplicity of the zero eigenvalue of B equals 1 and i = 2 if the geometrical multiplicity of the
zero eigenvalue of B equals 2 and w(0) is given by (32)).

CONCLUSION

The paper is concerned with weakly delayed systems ((I]). Assuming that the Jordan form assigned
to the matrix A is given by (§)), i.e., the matrix A has one real eigenvalue A; = \ and two eigenvalues
A23 = p=iq are complex conjugate with ¢ # 0, a criterion is given for (I]) to be weakly delayed. To
solve system (I)) (or equivalent system (23]) where A is replaced by (8))), system (23) is transformed
into a higher-dimensional system without delay (24). The solution of system (I]), depending on the
geometrical multiplicity of the zero eigenvalue of B, and satisfying initial data (22), is given by
formula (31).

The present investigation extends the previous analysis of weakly delayed systems in [1]-[6], [8],

[9]
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Abstract: Curvature homogeneous manifolds are Riemannian or pseudo-Riemannian spaces whose
curvature tensor of type (0,4) is “the same” in all points. Connected locally homogeneous mani-
folds are trivial examples. 1. M. Singer [21)] introduced also curvature homogeneity of higher order.
We study here a natural modification of this concept, namely homothety curvature homogeneity and
homothety r-curvature homogeneity [13)], [14].

Keywords: Riemannian space, curvature tensor, curvature operator, locally homogeneous space,
curvature homogeneous space of order r, homothety curvature homogeneous space of order 7.

INTRODUCTION

Curvature homogeneous spaces in the classical setting have been studied by many authors since
60’, starting from the pioneering paper by .M. Singer [21]. Curvature homogeneous spaces are
Riemannian or pseudo-Riemannian manifolds whose curvature tensor of type (0,4) is “the same”
in all points. (In local coordinates it means that around two points, components of the curvature
tensor are the same in the “corresponding” local maps in small neighborhoods.) Connected locally
homogeneous manifolds are trivial examples. Recall that a Riemannian manifold is locally homo-
geneous if the pseudogroup of local isometries acts transitively on it, and if it is moreover complete
then the manifold is locally isometric to a homogeneous space.

In [21], Singer introduced also curvature homogeneity of higher order. It means that not only
the curvature tensors, but also their covariant derivatives (with respect to the Levi-Civita connection
of the metric) coincide up to a suitable order.

We generalise here the concept of curvature homogeneity, introduced by Singer, to homothety
r-curvature homogeneity (called originally curvature homogeneity of order r of type (1,3) in [[13],

(14]).

HOMOTHETY CURVATURE HOMOGENEOUS SPACES

Let (M, g) denote a smooth Riemannian manifold equipped with a positive metric g where M is a
smooth m-dimensional manifold, m > 2.

Denote by R the curvature operator (the curvature tensor of type (1,3)) of (M, g) given by
R(X,Y)Z = [Dx, Dy|Z — Dix y|Z for vector fields X,Y, Z on M, where D is the Riemannian
(Levi-Civita) connection of (M, g), while R denotes here the curvature tensor (of the type (0,4))
of (M, g). These objests are related by the identity R(X,Y, Z, W) = g(R(X,Y)Z, W) for vector
fields X, Y, Z, W on M. R, or R, is the value of the corresponding tensor in the point p € M.
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Definition 1 A Riemannian manifold (M, g) is said to be homothety curvature homogeneous (or
(1,3)-curvature homogeneous, [[13]]) if given two points p, ¢ € M, there is a curvature-preserving
linear homothety f: T,M — T, M, i.e. such that f*(R,) = R, where R, and R, are the (1,3)-
curvature tensors in the points p and g, respectively.

The following was proved in [13]]:

Theorem 1 Let (M, g) be a smooth Riemannian manifold and let R or R denote its curvature
tensor field of type (1,3), or of type (0,4), respectively, p € M. Then the following conditions are
equivalent:

(i) For each q € M, there is a linear homothety f,: T,M — T,M such that R, = f;(R,).

(ii) There is a smooth function ¢ on M such that o(p) = 0 and for each ¢ € M, R, =
eQ‘P(Q)Fq*(Rq) where Fy,: T,M — T, M is a linear isometry.

If one of the conditions (i), (ii) is satisfied (for p € M fixed) then the space (M, g) is homothety
curvature homogeneous.

In what follows we show that we are able to construct examples of homothety curvature ho-
mogeneous spaces in arbitrary dimensions, [13], by generalising a metric from an example by
K. Sekigawa [18].

GENERALISED CURVATURE HOMOGENEOUS SPACES

.M. Singer introduced the following condition, [21]]

P(r): For every p, q € (M, g) there exists a linear isometry F': T,M — T, M
such that F*((D*R),) = (D*R), for k =0,1,...,7r.

A space (M, g) with such a property is said to be curvature homogeneous up to order r. All standard
first order ( = 1) curvature homogeneous Riemannian manifolds of dimension 3 are automatically
locally homogeneous. Singer proved for Riemannian spaces that a connected locally homogeneous
space is curvature homogeneous of all orders, and there is always a finite number s < m(m —1)/2
(m = dim M) such that, if the Riemannian manifold (M, g) is curvature homogeneous up to order
s, then it is automatically locally homogeneous, i.e. ’too nice” in a sense.

We introduce the following condition (for each integer k£ > 0 separately):

Q(k): For every p,q € (M, g) there exists a linear homothety h: T,M — T, M
such that h*((D*R),) = (D*R),.

Definition 2 A space (M, g) satisfying the conditions Q(0),...,Q(r) is called to be curvature
homogeneous up to order r and of type (1,3), briefly homothety r-curvature homogeneous.

Note that in our definition the linear homotheties above are in general completely independent
for different integers k. The following technical result (an analogy for higher order of Theorem
can be checked, [[14]], and used in examples:

Theorem 2 The following conditions for a smooth Riemannian manifold (M, g) are equivalent:
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(1) (M, g) satisfies the condition Q(k), i.e., for every p,q € (M, g) there exists a linear homothety
h: T,M — T,M such that h*((D*R),) = (D*R),.

(i4) There is a smooth function ¢ on M such that p(p) = 0 for a fixed p € M and (D*R), =
eb+2¢(0) F*((DFR),) for each ¢ € M, where F: T,M — T,M is a linear isometry.

We proved [14] that for a 3-dimensional Riemannian manifold of Sekigawa type [18]] the con-
ditions (0) and ()(1) are satisfied, therefore (M, ¢) is homothety 1-curvature homogeneous, Q)(2)
is not satisfied, hence (M, ¢) is not homothety 2-curvature homogeneous, and (M, g) is not locally
homogeneous:

Example 1 Recall that an example by K. Sekigawa on R? [w, z,y|, [18], [14], has a metric ex-
pressed with respect to the particular orthonormal co-frame w® = f(z)dw, w' = dz — ydw,
w? = dy + xdw by the formula g = Y27 (w’)? where a, b are positive real numbers and f(z) =
ae® + be~®. It is known that the space (R3,g) is simply connected, complete, irreducible and it
satisfies the condition P(0), i.e. it is O-curvature homogeneous. But it is not locally homoge-
neous, hence it does not satisfy the condition P(1). In our new (1,3)-setting, it can be checked
that the conditions (0), (1) hold, but the condition (ii) from Theorem [2|is not satisfied, hence
Q(2) is not valid. Together, we verified that the space (R3,g) is 0-curvature homogeneous but
is not 1-curvature homogeneous, it is homothety 1-curvature homogeneous but is not homothety

2-curvature homogeneous, and (R?, g) is not locally homogeneous, i.e. is not ’too nice”.

GENERALISATION OF K. SEKIGAWA’S EXAMPLE FOR ARBITRARY DIMENSIONS

The above example can be generalised for an abitrary dimension m = n + 1 as follows. Con-
sider R"*! with standard coordinates (w, z', ..., z"). Take an open subset U of R*[w, z'], a non-
vanishing (no-where zero) smooth function f: U — R on U, a skew-symmetric smooth (n X n)-
matrix function A(w) = (A%(w)) of one variable, and define the metric g (. (on an open subset

U of R"1) by
n+1

91,A(w) = ij ® W’
j=0

with respect to a special orthonormal co-frame (as it can be easily checked) introduced by
W = flw,a)dw, W =da' +Y " Alw)dldw, i=1,...,n.
j=1

Let (Xo, X1,...,X,) be the corresponding orthonormal basis of vector fields. According to
[12 pp. 51-52] (see also [4] and [S]), the above metric is a generalisation of an example by K. Seki-
gawa [18]]. By standard evaluation we can verify that the Riemannian (0,4)-curvature tensor is given
by the formula ([[12]])

R=—4f1f" ;W' ANw' @ W Aw. (1)

zlgl

1 rn
xlgl

Hence Rpi10 = —Roion = —Riowo = Rioor = f~

(f=1/h.

and all other components R;;; vanish
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Now, the metric gy 4.,y above is nonflat and curvature homogeneous, in the classical sense, if
and only if the function f satisfies f~'f”, , = k where k is a non-zero constant. Equivalently, if
and only if the function f is a solution of the second order homogeneous differential equation with
constant coefficients f”, , — kf = 0. Solving the equation we get that f must take the form

f(w,z") = a(w)exp(VEz"') + b(w) exp(—VEz') if k > 0,
(2)
flw,z") = a(w) cos(v/—kaz') + b(w) sin(v/—kaz') if k < 0

where a(w) and b(w) are differentiable real functions such that f(w, z') > 0in U. (Here U can be
the whole plane in the case £ < 0 and an open strip in the plane for £ > 0). Recall that this class
of spaces is remarkable because it includes all irreducible curvature homogeneous spaces which
are not locally homogeneous and whose curvature tensor R ““is the same” as that of a Riemannian
symmetric space (so-called “non-homogeneous relatives of symmetric spaces”, see [[11]).

For the following, we need a technical Lemma:

Lemma 1 Letr (M, g) be a Riemannian manifold and let (E, ..., E,) be an orthonormal moving
frame on a domain U C M. Fix a point p € U. Suppose that, with respect to this moving frame,
Rijki(q) = ¢(q) Rijke(p) for each point ¢ € U and for all choices of indices, where ¢(q) is a smooth
and positive function on U. Then there is a smooth function o(q) such that ¢(p) = 0 and, for each
point ¢, R, = e**DF;(R,) where F;: T,M — T,M is a linear isometry,

Proof. The condition above means that
Ry(Eiqs Ejg, Exg, Etg) = $(Q)Rp(Eip, Ejp, Erp, Eip)

for each ¢ and all indices. The map F' = F,: T,M — T, M which sends the orthonormal frame
(Ehp, . .., Epp) at p onto the orthonormal frame (Ey,, ..., E,,) at ¢ is a linear isometry. Then we
can write

Rq<Eiq7qu>Ekan€q> = Rq(FEimFEjvaEkvaEfp)

- (F*Rq)(Eipv Ejpv Ekpv Eﬂp)'

This is valid for every choice of the indices and hence F*(R,) = ¢(q)R,. Because ¢ is smooth
and positive we get R, = 1/¢(q) F*(R,), €29 = 1/¢(q), and ¢(q) = 1/21In(1/¢(q)).

Let now f be an arbitrary smooth function on R? such that f and 1 " .1 are nonzero in all
points and such that f”,_,/f is never a constant in an open domain of R*. Then the corresponding
metric § = g7 () defined on R"** has the curvature components as in the formula . We can

see that, for these curvature components I?;;,, we have

Rijre(@) = (f (@) £120(0)/(F 7 () Frar () Rijie (p)

for any pair of points p,q € R™"! and all indices i, j, k, £. Let now the point p be fixed. Then the
assumptions of the Lernma are satisfied, where the corresponding function ¢(q) is defined as

(@) = F N )@/ (f (0) [ (D))

and hence positive. From Theorem [I] and our special assumptions we deduce that the space
(R™1.g) is (1,3)-curvature homogeneous but not (0,4)-curvature homogeneous.
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HOMOTHETY CURVATURE HOMOGENEITY IN DIMENSION 3

In dimension m = 3 we are able to prove more (m = 4 was treated in [19], [20]). We show
that actually, the class of curvature homogeneous 3-dimensional analytic Riemannian manifolds
depends on 3 real analytic functions of 2 variables. In comparison the class of homothety curvature
homogeneous 3-dimensional analytic Riemannian manifolds depends on 1 analytic function of 3
variables and 3 analytic functions of 2 variables, consequently is much bigger.

In the classical setting, a three-dimensional Riemannian manifold (M, g) is curvature homoge-
neous if and only if the Ricci eigenvalues o1, 02, 03 are constant at all points. Indeed, the curvature
tensor R is uniquely determined by the corresponding Ricci tensor g and the metric g, see formula
(3) below. In what follows metrics and functions are supposed to be real analytic. The following
results can be proved by means of the Cauchy-Kowalewski theorem:

Theorem 3 ([6/]) All real analytic Riemannian manifolds with the prescribed constant Ricci eigen-
values 01 = 02 # 03 depend, up to a local isometry, on two arbitrary (real analytic) functions of one
variable.

The case of distinct constant eigenvalues was discussed in [/] and classified in [9]]:

Theorem 4 ([9]) All real analytic Riemannian manifolds with the prescribed distinct constant
Ricci eigenvalues 01>p2>03 depend, up to a local isometry, on three arbitrary (real analytic)
functions of two variables.

The classification of all triplets of distinct real numbers which can be realized as Ricci eigen-
values on a 3-dimensional locally homogeneous space was made in [8]. From these results it
follows that the spaces (M, g) with prescribed constant Ricci eigenvalues are, with rare exceptions,
not locally homogeneous, and on an open subset of R3, the prescribed triplets of constant Ricci
eigenvalues can be realized only on spaces which are not locally homogeneous.

Theorem 4| was later generalized in

Theorem 5 ([10]) All Riemannian metrics defined in a domain U C R3|x,y, z| with the prescribed
distinct real analytic Ricci eigenvalues o01(x,y, z) > 02(x,y, 2) > o3(x,y, 2) depend, up to a local
isometry, on three arbitrary real analytic functions of two variables. Every solution of the problem
is defined at least locally, i.e. in a neighborhood U' C U of a fixed point p € U.

In a domain U C R®[z,y, 2|, fix a point p and choose a real analytic function ¢(z,y, z) on U
vanishing at p. According to Theorem [5| let us construct a (local) Riemannian metric g about p
such that their Ricci eigenvalues are of the form o; = €2 )\;, i = 1,2,3 where \; > Xy > )3 are
nonzero constants. Then po; > g, > p3 at each point as required. Denote by g such a local metric.
Choose a Ricci adapted orthonormal moving frame (Ey, F», E3) in a neighborhood of p. Then we
get 0ij = QZ(S@] = Qj(sij = 6290)\2‘51‘]' = 6250/\]‘(5,‘]‘ for Z,j = ]_, 27 3.

Now the formula for components of the curvature tensor which is valid in the 3-dimensional
case (cf. [IL], [2]], 3]

1
Rijie = m(gikgjf — Git0jk + 9je0ik — Gjk0ie)
3)
+ . (gieGjk — Girgie)
(n—l)(n—?) Yk ikY350),
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(where R;ji¢ denote the components of R, o;; the components of the Ricci tensor and 7 the scalar
curvature, with respect to any local moving frame) is reduced to

2¢
e
Rijre =

n —_

5 (Aj (00 — 0iedji) + Ai(6j00i — Ijwbie)

62§0()\1 + )\2 -+ )\3)

(0ie0j5 — 0i0jr).

(n—1)(n—2)
fori,j, k,¢ = 1,2, 3. In particular, we get
1
Rijre(p) = (Aj(0irdje — 0iedj) + Ni(0;e0ik — 0;105e)

n—2

(A1 4+ A2+ A3)
(n—1)(n—2)

(Giedji — Girdje)-

Now, the assumption of Lemma [I] is satisfied and hence Theorem [I] can be used. Therefore in
general, the corresponding metric g is homothety curvature homogeneous and not curvature homo-
geneous.

A Riemannian manifold is called generic if the Ricci eigenvalues are distinct in all points.
Due to Theorem |[I] we see easily that all generic 3-dimenisonal homothety curvature homogeneous
Riemannian manifolds are constructed just in the way described above. Hence we get the following

Theorem 6 All generic real analytic homothety curvature homogeneous three-dimensional Rie-
mannian manifolds are locally parametrised, up to a local isometry, by one arbitrary real analytic
function of three variables and three arbitrary real analytic functions of two variables.

THE PSEUDO-RIEMANNIAN CASE

In pseudo-Riemannian case the situation is a bit different. Three-dimensional Lorentzian manifolds
were examined in [16], [17]. Pseudo-Riemannian curvature homogeneous spaces, of arbitrary
dimension, signature and order, were examined in [22], [23]].

In [24] the authors constructed irreducible pseudo-Riemannian manifolds of arbitrary signature
(p, q) with the same curvature tensor as a pseudo-Riemannian symmetric space which is a di-
rect product of a two-dimensional Riemannian space form M;(c) and a pseudo-Euclidean space
of the signature either (p,q — 2) or (p — 2,q). Their examples are again inspired by three-
dimensional examples of Sekigawa type but the contruction of metrics is modified in comparison
with the Riemannian case. They consider R"*! with standard coordinates (w,x!,..., z"), a se-
quence (eg, €1, . .., €,) of prescribed signatures ¢; = +1, and a family of positive functions of w,
A(w), ..., Ay—1(w). Further, the matrix function A = A%(w) has the only non-zero entries just
AT (w) = N(w), AL, (w) = —€€6i1\i(w), i = 1,...,n—1. Now we can use the same definition
for 1-forms as in the Riemannian case to arrive to a pseudo-orthonormal co-frame, and introduce
the metric in an analogous way. Conditions under which the space is curvature homogeneous are
settled in [[24]].

Let us also mention here that our results were an ispiration for P. Gilkey and his co-workers
who started to develop our theory for pseudo-Riemannian spaces and constructed new examples,
[15] and the references therein. Among others, the following was proved in [15]:
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Lemma 2 The following conditions are equivalent for a (pseudo-)Riemannian manifold (M, g)
(and the manifold is said to be homothety k-curvature homogeneous if any of them is satisfied):

(i) Given any two points p,q € M there is a linear homothety ® = ®,, , from T,M to T, M so that
if 0 < { < k, then @ (D'R),) = (D'R),.

(i1) Given any two points p,q € M there is a linear isometry ¢ = ¢, , from T,M to T,M and
thyere exists 0 # X\ = X\, so that if 0 < { < k, then ¢*(D'R),) = \"""2(D*'R),,.

(#ii) There exist constants €, ¢;,. i, ., such that for all ¢ € M there exists a basis {¢f, ... el }
for T, M and there exists a real number A\, # 0 so that if 0 < ¢ < k, then for all indices
i1,99, ..., the value g, (e , ef)) = € and (DZR)q(egl, el ... ,6;]“4) = /\(1_5_201-1,”2-“4.

CONCLUSION

We propose investigation of a new topic, namely homothety r-curvature homogeneity (curvature
homogeneity of type (1,3) and order ) for Riemannian spaces. The class of 1-curvature homoge-
neous Riemannian spaces of type (1,3) is much wider than the class of 1-curvature homogeneous
spaces of type (0,4). We proved that for a 3-dimensional Riemannian manifold (), g) of Sekigawa
type [18] the conditions Q(0) and Q(1) are satisfied, therefore (M, g) is homothety 1-curvature
homogeneous, ()(2) is not satisfied, hence (M, g) is not homothety 2-curvature homogeneous,
and (M, g) is not locally homogeneous. So we bring an example of a space that is homothety
1-curvature homogeneous but not homothety 2-curvature homogeneous, and not locally homoge-
neous. Among others, our results were an ispiration for P. Gilkey and his co-workers [15] who
started to develop the theory for pseudo-Riemannian spaces and constructed new examples.
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Abstract: The aim of the paper is to discuss some properties of the matrix transformation of
sequences of elements of Banach space.
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INTRODUCTION

In this article we will investigate some matrix methods of summability of sequences of
elements of an arbitrary Banach space (X,||[). Let A=(a,) is an infinite matrix with real

numbers and let o =(c,) is asequence of elements of the space (X,||). A transformed

sequence S =(p,) is defined as g, =Zf=lankak provided that the series on the right side

converges. We will present the necessary and sufficient condition to existence of the
transformed sequence S =(p,) for all sequences « =(e,) Which are converge to the zero

element of the space X . Next, that the f=(f,) to be bounded for all bounded sequences
a = (e, ). Finally, that the g =(8,) to converges to the same element as the sequence
a = (¢, ) . These conditions will relate to the infinite matrix A=(a,,).

1. PRELIMINARIES

In this section we will investigate the sequences of elements of Banach space. Les as first we
show some properties about these sequences. The notion Banach space we will considered as
well-known notion. The elements of Banach space we denote as «, 3, .... The zero element as

® and the unit element as ¢.

00

Definition 1. The sequence («, )

| convergesto « if

Ve>03dn,eN VneN : n2n0:>||an—a||<g.

Let A=(a,,) is an infinite matrix with real numbers. The linear transformation defined by

this matrix, transforms each sequence (e, );" to (8, ), if the series

ﬁm = i A, (1)

converges for all m=12,.... Note that the expression (1) we can interpret as a series in
Banach space.
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Proposition 2. The series z:;lfn converges if and only if

Ve>0 3npeN vnmeN : m>nxn=|& ., +-+& | <e.

Then provided that the series (1) converges for all m=12,... we have the sequence (8, ); .
Now we show which properties must have the matrix A=(a,, ) to existence the sequence

(B,) for a=(a, ) @, —©. Next that the (5, ), to be bounded for all bounded sequences
(e, ) . Finally that the (3, );" converges to the same element as the sequence (e, ); .

2. MAIN RESULTS

Now we introduce some results which generalize the statements from [2] and [3] for the
sequences of elements of Banach space.

Theorem 3. Let A=(a,,) is an infinite matrix with real numbers.
a) Then A« exists for all bounded sequences if and only if A« exists for all sequences
a=(a,) a —0.
b) A necessary and sufficient condition for Aa to exists for all sequences
=(e, ) e, — O is that

S Jay| <o, forall m=12,... @
n=1

Proof. b) The condition (2) is enough to existence of A« for an arbitrary bounded sequence
a=(a,) ie., the series Z a,,a, converges. This follows from Theorem 3 a). The

-1 °mn™n

sequence a =(a, ) is bounded ie., a,[<M,MeR. The series > " a a, converges,

-1 °mn™n

because

&
Hamn+105n+1+"'+a H<MQ B+ +‘a ‘)<M'V=g

mp p

for all m=12,.... Suppose that the (2) is not true. For example m=1, >" |a  [=co. Then
there exists a sequence of non-negative integers 0=n, <n, <---<n; <---, such that

> law] > j=12,....

k=n;j+1

Put akzﬁsignalk, le]=1 for n,+1<k<n;,, j=12.., then clearly «, —® and

J+1

z Q|| =

k= nj+1

M 3 H

k= nj+1

nj+1
z Q|| =
k=1

series Zf:lalkak diverges, hence Aca does not exist. Therefore the condition (2) is

= z Z e

i=1 k=n; +1

>Z— We proved that the

equivalent to the existence of Aa for all sequences a =(e, )" if and only if a, — ©.

a) If Aa exists for all bounded sequences «, then it exists for every sequence which
converges to ®, because such a sequence is bounded. Now if Aa does not exist for some
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bounded sequence « then the (2) is not true and from the first part of the proof we have, that
there exists such a sequence converges to ® . Hence A« does not exist. m

Example 4. Now we show that if o is a bounded sequence of real numbers and the condition
of Theorem 3 is true for the matrix A=(a,, ), then the sequence Aa may not be bounded.

Denote S = A« . The condition of Theorem 3 guarantees the existence of the sequence g, but
it is not enough to be bounded sequence £ . Let
10000

-

, then Aa =

0 ..
0 ..land a= =(123,.)=4.
0

N N I
R R R R
SN NN O
W w o o
-~ O O O
-0 O o o

1 2
A=1 2
1 2

- W w O
- b~ O O

e Wk N

It is easy to see that the sequence £ is not bounded sequence of real numbers. We need more
conditions for >" |a,,| to be bounded sequence 3.

Theorem 5. Let A=(a,,) is an infinite matrix with real numbers. A sufficient and necessary

condition for A to transform all bounded sequences « :(an)f to bounded sequence S = A«
is that there exists a constant M > 0 such that

D |am/ <M (3)
n=1

forall m=12,....

Proof. The condition (3) is sufficient. It can prove same as in Theorem 3. Let

lim supi|amn|:oo.
n=1

m—o0
Then we have two cases:
a) thereisan j suchthat lim supja,|=co,

b) the case a) is not true, i.e. lim sup|a,,| <o forall n=12,....
m—oo

In case a) put
a; =¢ for |¢| =1 and a, =0 for | = j.

o0

Therefore S, =Z ana, =a,e forall m=12,... and

n=1 -mn~n

lim sup) 3, = r!]iLr{LsupHamng -

m—oo

Hence for the sequence a =(e, )’ the sequence B =(8,); is not bounded, while o —©.

lim supla,||¢] = lim supja| = .

m-—o0 m—oo

In case b) lim sup|amn| <o forall n=12,.... Then forany i=12,... there exists K, such that

la,| < K; m=12,.... Now put M(r)=K, +---+K, and from this
3ay|<M(r) forall m=12,... (4
=1

i
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Since »'” |a,,[<o for m=12,... (see Theorem 3) and rLiLQOSUpZ::1|amn|:°° we can

00

choose two increasing sequences of non-negative integers (m, )7, (n, )" such that their terms

1

satisfy the following conditions. Chose m, =1 and n, such that z::n +l|a1n| <1. Let we have

m,_, and n,_, . The other terms we chose as m, >m, , such that

Z‘am n

>(k+1)M(n_,)+k*+1 (5)

and n, >n,_, such that

a

m,n

S lan.| <1 (6)
n=n, +1

>(k +1)M(n,_,)+k? and from this and (4) we get

Then from (5) and (6) we have Z:kﬂ a

n

Z am n (nkfl)—i_ k2 (7)
n=n,_;+1
Now put
a;=¢,|e|=1,j=12,...n and azn:Esignamkn forn_, <n<n k=23,....
Then @, > ® (n— ), hence ||ozn||:‘Esignamkn =||.9||.%signamkn =H Therefore ||e,| >0,

because %—) 0. From (4), (6) and (7) we have:

H/Bmk Hz m,n n = ) nZa'mn n Za‘mkn n nnZ?mn n
> . Z menl ] = Z\amkn lell =2 lamallel
>E.(k.M(nk_1)+ kz)—M(nk_l)—l
=k -1.
Therefore the sequence £, is not bounded. m

The method of summation defined by the infinite matrix A=(a,,) is called regular if it
transforms the convergent sequence to convergent sequence with the same limit (see e.g. [1],

[4]). Now we show that this is also true for the sequences of elements of Banach space.
Theorem 6. Let A=(a,) is an infinitt matrix with real numbers. The sequence

Zn _@m@®, converges to « for m—oo and «, —>« if and only if the following
condltlons hold:
a) AM >0, vm=12,..., >~ |a,[<M,
b) vn= 12 m—>aoamn_ '

lim m—moZn —1 %mn =1.
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Proof. 1) Suppose A=(a,,) satisfies the three conditions. Let a=(a,), @, > is a
sequence of elements of Banach space. Since «, - a, (,); is the bounded sequence. Since
the condition a) holds, from Theorem 5 there exists a sequence £, Z L Am®,, M=12,..,

such is also bounded. We show that g, —> « .
Let £>0. The o, > a i.e. Ve>0an,e NVneN:n>n, = |a, —af <&, and by c) there is

an integer m,, such that

<&

1- z A,
n=1

forall m>m,. Using also a) we then have for m>m,

|8 = al =

mn n

o0

> ap (e, —a)+ a.(g a., —lj <

n=1

< 2. [amHat, ~ el +

Ny

ZI oHer, =l +eM + eal,

a.(i a, —1j <
n=1 n=1

0 Ny 0
Zamn—4<2|amn|-nan afre SJan]+ el <
n=1 n=1

n=ng+1

iamn(an —a){ +

But by assumptlon ) there exists m, > m,, such that for all m>m,

|amn|<L,
(L+1)n,

wheren=12,...,n, and L=max ﬂ|oz1 —a”,...,‘an —a”}. Then from the previous for all m>m,

we have |3, —a| <&(l+M +|a]). The sequence 3, =Y a,a,, m=12,... converges to

a.
2) Let B, =z:: a,.a,, m=12,... converges to «, where «, is a sequence of elements of

mn~"n !

Banach space, «, — « . The necessity of condition a) has already been proved in Theorem 5.
For every k =1,2,... define the sequence &® :(gr(]k))f by

d”:gifnzk”ﬁzl and ¥ =0 if nzk.
Then AY=>" a e¥=a,e. Sincelim _ &¥=6, for all k=12,... follows that
lim g =lim a,, £ =0. Itis true if and only if lim, &, =0 forall k=12,...i.e. b) holds.

Next consider the sequence (o, ) =(g,,...)|lg]=1 which converges to &. Therefore the
sequence S, =>" a,a,=>, a,c convergesto & only if " a  converges to 1 for

m—oo. Then B, =>" a,c=a,e+-+a,e+--=£) _ a., B, &, thus necessarily

lim,.. > a,=1,ie.c)holds. 0

We showed that the results for the regular matrix method of real sequences can be applied for
the sequences of elements of Banach space. Another results could be find in [1].
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3. EXAMPLES

Example 7. Define the sequence of continuous functions on (0,1) by
1-nx
f(x)= .
=1

It is clear that if n—oo, then f (x)— f(x)=-x where xe(01) according to the norm

HE max| f(x). Let Z=(a,,) is a regular matrix defined as follows:

= =3, M=12,... and a,,=0if m<nn>m+1.
Then the sequence g, (x)=>_"_a,, f,(x), xe(01) can be written as g, (x)=1(%++1;)-x.

Clearly g,, — g =0 according to the norm | f || in the space (C((O,l)), ||||)

Example 8. Let o = (") is a sequence of elements in the space 12 defined as follows
=(1,00,...) '=(0,2,0,..) ... a™=(0,...020,..).

In?

Clearly o —(0,0,0,...) according to the norm ||x||=(zi°°=1xi2)z. Let C=(c,,) is a matrix
defined as:

cmnzﬁifn<m and =0 1if n>m.
(m) _ (e
Create a sequence B =) 1a _=Ca™. Then g™ ( Am#O) Therefore

B™ —(0,0,0,...) because

Hﬂ(”’)—OH#m;)z+---+@=J%(1+l+'“+ﬁ)3% £ —0 for m=12,.

CONCLUSION

In this article we have generalized the notion of convergence through regular matrix. In
monographies [2], [3] and [1] are mentioned conditions for infinite matrix A=(a,, ), which

transforms the sequence of real numbers to another sequence of real numbers and preserves
the boundedness and convergence to the same limit. In [4] is stated a theorem without proof
which says about the transformation of sequences of elements of Banach space. We give the
proofs of three theorems which say about the form of regular matrix, transforms a (bounded)
convergent sequence of elements of Banach space to (bounded) convergent sequence. There
are listed examples of transformation of sequences of different spaces.
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